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PREFACE 



TiiE Treatise on Algebra, by Bourdon, is a work of sin- 
gular excellence and merit. In France, it is one of the 
leading text books, and shortly after its publication, had 
passed through several editions. It has been tranalaled, in 
part, by Professor De Morgan, of the London University, 
and it is now used in the University of Cambridge. 

A translation was made by Lt. Ross, and published in 
1831, since which time it has been adopted as a text book 
in the Military Academy, the University of the City of New- 
York, Union College, Princeton College, Geneva College, 
and in Kenyon College, in Ohio. 

The original work is a full and complete treatise on the 
subject of Algebra, and contains six hundred and seventy 
pages octavo. The time which is given to the study of Al- 
gebra, even in those seminaries where the course of mathe- 
matics is the fullest, is too short to accomplish so voluminous 
a work, and hence it has been found necessary either to 
modify it, or abandon it ultogether. 



" IV PRBFACS. 

The work which is here presented to the public, is an 
abridgment of Bourdon ; with such modifications, as expe- 
rience in teaching it, and a very careful comparison with 
other standard works, have suggested. 

It has been the intention to unite in this work, the scien- 
tific discussions of the French, with the practical methods of 
the English school; that theory and practice, science and 
art, may mutually aid and illustrate each other. 

MiUTARV AcADBMY, JlfercA, 1835. 
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ALGEBRA. 

CHAPTER I. 

Preliminary Definitions and Remarks. 

1* QvAKTiTT 18 a general terni embracing every thing which 
admits of increase or diminution* 

2. Mathbkatics is the science of quantity* 

3. Aloebba is that branch of mathematics in which the quaoti- 
ties considered are represented by letters,and the operations to be 
performed upon them are indicated by signs. 

4. The aign +» is called plus ; and indicates the addition of two 
or more quantities. Thus, 9+5 is read, 9 plus 5, or 9 augmented 
by 6. 

In like manner, a+b is read, a plus b ; and denotes that the quan- 
tity represented by a is to be added to the quantity represented 
by 6. 

5. The sign — f is caUed mmus ; and indicates that one quantity 
is to be subtracted from another. Thus, 9—6 is read, 9 minus 5, 
or 9 diminished by 5. 

In like manner, a— &, is read, a minus b,or a d im i nish ed by b. 

6. The sign Xt is called the sign of multiplication ; and when 
placed between two quantities, it denotes that they are to be multi- 
piled together. The multiplication of two quantities is also fre- 
quently indicated by simply placing a point between them. Thus, 
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33x25, or 36.-25, is read, 36 muHiplied by 26, or the product of 
36 by 25. 

7. The multiplication of quantities, which are represented by' let- 
ters, is indicated by simply writing them one after the other, without 
interposing any sign. 

Thus,a5 signifies the same thing as axhf or as a.h; and abc 
the same as aX^X^* or as a,b.c. It is plain that the notation 
ab, or abc, which is more simple than axhy or a XbXCy cannot be 
employed when the quantities are represented by figures. -For 
example, if it were required to express the product of 5 by 6, and 
we were to write 6 6, the notation would confound the product with 
the number 56. 

8. In the product of several letters, as abc^ the single letters, a, b 
and c, are called /actor* of the product. Thus, in the product aft, 
there are two factors, a and b ; in the product acd, there are three, 
a, c and d 

9. There are three signs used to denote division. Thus, 

a-^b denotes that a is to be divided by ft, 
-^ denotes that a is to be divided by ft, 
a|ft denotes that a is to be divided by ft. 

10. The sign =, is called the sign of equality, and is read, is 
equal to. When placed between two quantities, it denotes that they 
are equal to each other. Thus, 9—5=4 : that is, 9 minus 5 is 
equal to 4 : Also, a+b^zc^ denotes that the sum of the quantities 
a and ft is equal to c. 

11. The sign >, is called the sign of inequality, and is used to 
express that one quantity is greater or less than another. 

Thus, a>ft is read, a greater than ft ; and a<ft is read, a less 
than ft ; that is, the opening of the sign is turned towards the greater 
quantity. 

12. If a quantity is ad<fed to itself several times, as a-fa-f-a+a 
+a, we 'T'^nerally write it but once, and then place a number before 
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it to express how many times it is tak^i. _ Thus, 
a+a+a+a-|-a=6a. 

The number 5 is called the co-efficient of a, and denotes that a is 
taken 5 tunes. 

Hence, a co-efficient is a number prefixed to a quantity, denoting 
the number of times which the quantity is taken; and it also indi- 
Gates the number of times jilus one, that the quantity is added to 
itself. When no co-efficient is written, the co-efficient 1 is always 
understood. 

13. If a quantity be multiplied continually by itself as ax^X^ 
X^Xa, we generally express the product by writing the letter 
once, and placing a number to the right of, and a little above it : thus, 

aX«XaXaX«=«* 

The number 5 is called the exponent of a, aad denotes the number 
of times which a enters into the product as a factor. 

Hence, the exponent bf a quantity shows how many times the 
quantity is a factor ; and it also indicates the number of times, plus 
one, that the quantity is to be multiplied by itself. When no expo- 
nent is written, the exponent 1 is always understood. 

14. The product resuitii^ from the multiplication of a quantity 
by itself any number of times, is called tlie power of that quantity : 
aod the exponent, which always exceeds by one the number of mul- 
tiplications to be made, d^iotes the degree of the power. Thus, d^ 
ia the fifth power of a. The exponent 5 denotes the degree of the 
power ; and the power itself is formed by multiplying a four tines 
by itself. 

15. In order to show the importance of the exponent in algebra, 
suppose that we wish to express that a number a is to be multiplied 
three times by itself, that this product is to be multiplied three times 
by b^ and that this new product is to be multipHed twice by c, we 
would write simply fi^W&. 

I( then, we wish to expess thai this last result islo %e added t» 
itself six times, or is to be multiplied l:^ 7« we wxMiid writei 7<Wc*. 
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This gives an idea of the brevity of algebraic language. 

16. The root of a quantity, is a quantity which being multiplied 
by itself a certain number of times will produce the given quantity. 

The sign y/ ^ is called the radical sign, and when prefixed to 
a quantity, indicates that its root is to be extracted. Thus, 

y a or simply Va denotes the square root of a. 

Va denotes the cube root of a. 

Vfl, denotes the fourth root of a. 
The number placed over the radical sign is called the vnAtx of the 
root. Thus, 2 is the index of the square root, 3 of the cube root, 
4 of the fourth root, 6^c. 

17. Every quantity written in algebraic language ; that is, with 
the aid of letters and signs, is called an aJ.g€braic quantity^ or the 
algebraic expression of a quantity. Thus, 

c is the algebraic expression of three times the 
i number a ; 

c is the algebraic expression of five times the 
i square of a ; 

C is the algebraic expression of seven times the 
i product of the cube of a by the square of b ; 
-- C is the algebraic expression of the difierence be* 

( tween three times a and five times b ; 
^ is the algebraic expression of twice the square 
2<^— 3a6+4d^< of a, diminished by three times the product of a 
\ by b, augmented by four times the square of i. 

18. When an algebraic quantity is not connected with any other 
by the sign of addition or subtraction, it is called a numamidl^ or a 
quantity composed of a single term, or simply, a term. 

Thus, Soy bc^f 70^^, are monomials, or single terms. 

10. An algebraic, expression composed of two or more parts, 
separated by the sign + or — , is called a po^ynomioJ, or quantity 
involving two or more terms. 
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For example, 8a— Gd and 2^— 3c5-f4^ are polynomiali. 

20. A polynomial composed of two terms, is called a bmomiai ; 
and a polynomial of three terms is called a tHnamidL 

21. The ntimeriaiZvaliie of an algebrucexpresnoDyis the number 
which would be obtained by giving particular values to the letters 
which enter it, and performing the arithmetical operations indicated* 
This numerical value evidently depends upon the particular values 
attributed to the letters, and will generally vary with them. 

For example, the numerical value of 20^=54 when we make 
a=3 ; for, the cube of 3=r27, and 2x27=64. 

The numerical value of the same expression is 250 when we 
makea=:5; for, 5"= 125, and 2x125=250. 

22. We have said, that the numerical value of an algebraic ex. 
pression generally varies with the values of the letters which enter 
it : it does not, however, always do so. Thus, in the expression 
a— &, so long as a and b increase by the same number, the value 
of the expression will not be changed. 

For example, make a=7 and &=:4 : there results a— 5=3. 
Now make a=74-5=12, and 5='^-f5=9, and there results 
a— &= 12—9=3, as before. 

23. The numerical value of a poljmomial is not affected by 
changing the order of its terms, provided the signs of all the terms 
be preserved. For example, the polynomial 4a'— 3a'34-5a<j'= 
5ac»— 3a**+4a3=— 3<i»*4-5ac»+4a'. This is evident, from the 
nature of arithmetical addition and subtraction. 

24. Of the different terms which compose a polynomial, some 
are preceded by the sign +, and the others by the sign — . The 
first are called additive termsy the others, subtractive terms. 

The first term of a polynomial is commonly not preceded by any 
sign, but then, it is understood to be affected with the sign -|-. 

25. Each of the literal factors which compose a term is called a 
imensum t>f this term ; and the degree of a term is the number of 

2 
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these factors or dimensions. Thus, 

da is a term of one dimension, or of the first degree. 

bah is a term of two dimensions, or of the second degree. 

7cPb(^=z7aaabcc is of six dimensions, or of the sixth degree. 
In general, the degree, or the nuTnher of dimensions of a term, is 
estimated hy taking the sum of the exponents of the letters which enter 
this term. For example, the term Sc^bcd^ is of the seventh degree, 
since the sum of the exponents, 2+1 + 1+3=7. 

26. A polynomial is said to be homogeneous, when all its terms 
are of the same- degree. The polynomied 

3a— 2^+c is of the first degree and homogeneous. 
— 4ai+i^ is of the second degree and homogeneous. 

5a^c— 4c'^+2c'd is of the third degree €uid homogeneous, 
8a'— 4a^+c is not homogeneous. 

27. A vinculum or bar , or a parenthesis ( ), is used to 
express that all the terms of a polynomial are to be considered to. 

gether. Thus, a-\-b-\-cx^i or {a-\-hxc)Xh denotes that the 
trinomial a+h+c is to be multiplied by b ; also a+A+cXc+d+/ 
or (a+^+c)x(c+^+/) denotes that the trinomial a+J+c is to 
be multiplied by the trinomial c+d+/i 

When the parenthesis is used, the sign of multiplication is usually 
omitted. Thus (2x+J+c)X^ is the same as {a-^-h-^-c) K 
The bar is also sometimes placed vertically. Thus, 
+a X 
+3 is the same as (a +3+ c) a? or a+^+cX* 

+<= . . 

28. The terms of a polynomial which are composed of the same 
letters, the same letters in each being afiTected with like exponents, 
are called similar terms^ 

Thus, in the polynomial 7a&+3a3— 4a**i^+5a'5^, the terms 7ab 
and 3ai, are similar; and so also are the terms— 4a*^ and So^^, 
the letters and exponents in each beirUE the same. But in the bino- 
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mial So'J-fTaJ', the terms are not similar ; for, although they are 
composed of the same letters, yet the same letters are not affected 
with like exponents. 

29. When a polynomial contains several similar terms it may 
of^en be reduced to a simpler form. 

Take the polynomial 4a"^— 3a*c-f 7a*c— 2a*^. 
It may be written (Art. 23)^ A€?h--2c^h+lcPc—Mc. 
But 4a=»i— 2a?6 reduces to 2a»J, and lo^c—^u^c to 4fl'c. 
Hence, 4a"^— ao'c+Tij^c— 2rt'A=2a?*-}-4a*c. 
When we have a polynomial with similar terms, of the form 
4-2a''Jc«- 4a33c»+6a'3c'— 8a=*(r'4- 1 \c?b&y 
Find the sum of the additive and subtractive terms separately, and 
take their difference : thus, 

Additive terms. Subtractive terms. 

+ ^M - 4a'ic» 

-I- ^o?h& - Sa^bd" 

J^lWh? Sum -12a'ic« 



Sum -\-\%a^b(^ 

Hence, the given polynomial reduces to 

I9a^c'-12c^bc'=l(^bt^. 

It may happen that the sum of the subtractive terms exceeds the 
sum of the additive terms. In that case, subtract the positive co- 
efficient from the negative, and prefix the minus sign to the 
remainder. 

Thus, in the polynomial; S(^b+2(fb—5(^b-^Sa^b, in which the 
sum of the additive terr©s is 5a'5, and the sum of .the subtractive 
terms —8a^3, we say that the polynomial reduces to —^c?b. 

. For, since —Qc^b is equal to --bc^b—^a^ we shall have, 

5a«^— 8a23=5a^^— 5a^3— 3^33= ~.3a33. 
Hence, for the reduction of the similar terms of a polynomial we 
have the following 
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• RULE. 

!• Form a single additive term of all the terms preceded by the sign 
plus : this is done by adding together the coefficients of those terms, 
and annexing to their sum the literal part^ 

IL Formy in the same manner, a single suhtractive term. 

IIL Subtract the less sum from the greater, and prefix to the 
result the sign of the greater * 

Rbmark. — ^It should be observed that the reduction affects only 
the co-efiicients, and not the exponents. 

EXAMPLES. 

1. Reduce the polynomial 4a^&—8fl^&— 90*^+1 la?3 to its sim- 
plest form. Ans. --^c^h. 

2. Reduce the polynomial lah(?^ah&—lah^'^Babf?-\-^h<? to 
its simplest form, Ans, —Sabt^. 

3. Reduce the polynomial 9ci^— 8ac*4-15c^+8ca+9ad»— 24ci* 
to its simplest form. Ans, a<^+Sca. 

The reduction of similar terms is an operation peculiar to algebra. 
Such reductions are constantly made in Algebraic Addition, Sub^ 
traction. Multiplication, and Division. 

30. It has been remarked in Definition 3, that the quantities con- 
sidered in algebra are represented by letters, and the operations to 
be performed upon them, are indicated by signs. The letters and 
signs are used to abridge and generalize the reasoning required in the 
resoltUion of questions. 

31. There are two kinds of questions, viz. theorems and problems. 
If it is required to demonstrate the existence of certam properties 
relating to quantities, the question is called a theorem ; but if it is 
proposed to determine certain quantities from the knowledge of 
others, which have with the first known relations, the question is 
called a problem. 

The given or known quantities are generally represented by the 
first letters of the alphabet, a, b, c, d, &c. and the unknown or re- 
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quired quantities by the last letters, «, y, Zj &c. 

32. The followiug question will tend to show the utility of the alge- 
braic analysis, and to explain the manner in which it abridges and 
generalizes the reasoning required in the resolution of questions. 

Question. 

The sum of two numbers is %ly and their difference 19 ; what are 
the two numbers 7 

Solution. 

We will begin by establishing, with the aid of the conventional 
signs, a connexion between the given and unknown numbers of the 
question. If the least of the two required numbers was known, we 
would have the greater by adding 19 to it. This being the case, 
denote the least number by x : the greater may then be designated 
by a;+19 : hence their sum is a?+a;+19, or 2a;-f 19. 

But from the enunciation, this sum is to be equal to 67. There- 
fore we have the equality or equation 

2x4-19=67. 

Now, if 2x augmented by 19, gives 67, 2x alone is equal to 67 
minus 19, or 2a?=67 — 19, or performing the subtraction, 2x=48. 

Hence x is equal to the half o£ 48, that is, 
a?=V=24. 

The least number being 24, the greater is 
a;+19=24+19=43. 

And indeed,we have 43-|- 24=67, and 43 — 24=19. 

Table of the Algebraic Operations. 
Let X be the least number. 

a?-f 19 will be the greater. 
Hence, 2a;+ 19=67, and 2x=67— 19 ; therefore a:r=y= 24 and 
consequently a?-f 19=^4+19=43, 

And indeed, 43+24=67, 43-24=19. 

Another Solution. 
Let 9 represent the greater number, 
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a;---19 will represent the least 
Hence, 2a;-- 19=67, whence 2aj=67-|-19 ; 
therefore, a;=y=4d 

and consequently, a;— 19=43— 19= 24. 

From this we see how we might, with the aid of algebraic signs, 
write down in a very small space, the whole course of reasoning 
which it would be necessary to follow in the resolution of a prob- 
lem, and which, if written in common language, would oflen require 
several pages. 

General Solution of this Problem. 

The sum of two numbers is a, their difference is b. What are 
the two numbers ? 

Let X be the least number, 

x+b will represent the greater. 
Hence,2a?4-J=a, whence 2a;=a— ^, 

^, ^ a— J a b 

therefore, a?= = 

2 2 2 

and consequently, a: 4- ft = |-ft= — j- — 

As the form of these two results is independent of any particular 
value attributed to the letters a and 3, it follows that, knotoing the 
sum and difference of two numbers^ we wiU obtain the greater by add- 
ing the half difference to the half sum, and the less, by subtracting the 
half difference from half the sum. 

Thus, when the given sum is 237, and the difference 99, 

237 99, 237+99 336 ,^^ 
the greater is ^~2~ 2" ^^ 2 ——^=^^^^ \ 

,,, , . 237 99, 138 _. 

and the least — — ' or -_— =69, 

2 2 2 

And indeed, 168+69=287, and 168—69=99. 
From the preceding question we perceive the utility of repre- 
nenting the given quantities of a problem by letters. As the 
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arithmetical operati(His can only be indicated upon these letters, 
the result obtained, points out the operations which are to be per- 
formed upcm the known quantities, in order to obtain the values of 
those required by the question* 

The expressions 1 — and obtained in this prob- 
lem, are called formuUuy because they may be regarded as com- 
prehending the solutions of all questions of the same nature, the 
enunciations of which difier only in the numerical values' of the 
given quantities. Hence, a formula is the algebraic enuncialum of 
a general rtde. 

From the preceding explanations, we see that Algebra may be 
regarded as a kind of language, composed of a series of signs, by 
the aid of which we can follow with more facility the train of ideas 
in the course of reasoning, which we are obliged to pursue, either to 
demonstrate the existence of a property, or to obtain the solution of 
a problem. 

ADDITION. 

33. Addition, in Algebra, consists in finding the simplest equiva- 
lent expression for several algebraic quantities, connected together 
by the sign plus or minus. Such equivalent expression is called 
their sum, 

f Sa 

34. Let it be required to add together the 



63 
expressions. | 



i 



The result of the addition is '. . . . 3a-f 5ft+2c 



an expression which cannot be reduced to a more simple form. 

2€^l^ 

The result, after reducing (Art. 29), is . . 13a?^ 
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8a»-4a5 

Let it be required to find the sum J 2a?— 3054-*" 

of the expressions. j ^ab—bf^ 



[ 



Their sum, after reducing (Art. 29), is . . 5a»— 5a^— 4^ 

35. As a course of reasoning similar to the above would apply to 
all polynomials, we deduce for the addition of algebraic quantities 
the following general 

RULE. 

L Write down the quantiiies to he added so that the similar terms 
shall fall under each other, and give to each term its proper sign, 

II. Reduce the similar terms, and annex to the results, those terms 
which cannot he reduced, giving to each term its respective sign. 

EXAMPLES. 

1. Add together the polynomials, S^r— 25^— 4a^, 5flr'— 3'+2a3, 

and 3aJ-3c2-2i^. 

The term Sa^ being similar to 5aS we f 3^^— 4a^— 23* 
write 8<r* for the result of the reduction -5a^+2ai— l^ 
of these two terms, at the same time | -{-Sah—2l^--3c^ 

slightly crossing them, as in the first term. (^ 80^+ ab—d^—Sc^ 

Passing then to the term —4a J, which is similar to +2aJ and 
+3a5, the three reduce to +aJ, which is placed after 8aS and the 
terms crossed like the first term. Passing then to the terms involving 
^, we find their sum to be— 5J^, after which we write — 3c^. 

The marks are drawn across the tenns^ that none of them may 
be overlooked and omitted. 

(2). (3). 

7a? +3ah+2c 8x/F"+ hc—2ahc 

—3a? — 3ai— 5c — y/^^9hc+6ahc 

5a? — 9ai^— 9c — 5v^+ hc+ ahc 



Sum. 9a? — 9aJ— 12c 2 x/^— 7Z>c+5aic. 
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4. Add together the polynomials &^3+6cx+9^» 7c»— 8ii'3+ 
yfa and — 15cx— 9W+2a"ft. 

5. Add together the polynomials v^+oar— aJ, oi— ^^^+0^, 
aa:+ay— 4a^, v^+ v^— « and jry+2^+<w. 

Jm*. 2v^+8fla;— 4tf5+4«y— «. 

6. Add together the polynomials 15aay+5ftc"+3af , 3a/^4- v^ 
— 12awy,— 5W+'^— Soajy, and — 2 V^— Vx"_6a/». 

7. Add together the polynomials 7a"6— 3aic--85^c— 9c'*4-cd", 
8a*c-5rf'^+8c'-4^c+a? and 4a^ft-8c'-|-9i^c— 3<P. 

Afw. 6a*J+6aftc— 3J^c— 14c'4-2c<P— 3(P. 

SUBTRACTION. 

36. Suhtraction, in algehra, consists in finding the simplest ex- 
^pression for the difference hetween two algehraic quantities. 

The result obtained by subtracting 45 from 5a is expressed 
by 5a— 4&. 

In like manner, the difierence between 7a^3 and 40^^ is expressed 
by l(^h—^h=Zc?h. 

Let it be required to subtract from . . . ^a 

thebmomial ...... %h^Zc 



In the first place, the result may be written thus, 4a— (2^— 3c) 
by placing the quantity to be subtracted within the parenthesis, and 
writing it after the other quantity with the sign — . But the ques- 
tion frequently requires the difference to be expressed by a single 
polynomial ; and it is in this that algebraic subtraction principally 
consists. 

To accomplish this object, we will observe, that if a, i, c, were 
given numerically, the subtraction indicated by 2ft --3c, could be 
performed, and we might then substract this result from 4a ; but as 
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this subtraction cannot be effected in the actual condition of the 
quantities, 2b is subtracted from 4a, which gives 4a— 23 ; but in sub- 
tracting the number of units contained in 23, the number taken 
away is too great by the number of units contained in 3c, and the 
result is therefore too small by the same quantity ; this result must 
therefore be corrected by adding 3c to it. Hence, there results 
from the proposed subtraction 4a— 23+ 3c. 

4a 
23— 3c 



4a— 23rf3c 



Again, from 8a'— 2a3 

subtract ... . . . So'- 4a3 +33c— y. ^ 

The difference is expressed by 8a^— 2a3— (5a^— 4a3+33c— 3^) 
which is equal to . . . 8a''— 2a3— Sa'— 33c+4a3+3''. 
or by reducing, equal to . . . . 3a^+2a3— 330+3^. 

The reduction is made by observing, that to subtract 5a^— 4a3 
+ 33c— 3^, is to subtract the difference between the sum of the ad- 
ditive terms 5a^+33c, and the sum of the substractive terms 4a3+3^. 
We can then first subtract 5a^+33c, which gives 80^*- 2a3— 5a' 
— 33c; and as this result is necessarily too small by 4a3+3', this 
last quantity must be added to it, and it becomes 8a*— 203—50* 
— 33c+4a3+3^; and finally, afler reducing, 3a^+2a3— 33c+3^. 

37. Hence, for the subtraction of algebraic quantities, we have the 
following general , . 

RULE. 

I. Write the quantity to he subtracted under that from which it is 
to be taken, placing the similar terms, if there are any, under each 
other. 

II. Charge the signs of all the terms of the polynomial to be suh 
traded, or conceive them to be changed, and then reduce the polynomial 
result to its simplest form^ 
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From 
Take 


(!)• fit (!)• 
• 3ac+3aA~7c i|J -3«c-8ai+7c 


Remainder 


3ac-8a*+c?+7c. e|| 3ac-8aft+c«-f 7c. 


From 
Take. . 


(2)- (3)- 
. 6 v^a,,— V^+3^ 6ya:-3ar*+53 


Remainder 


-3 v/jj^— y^-\-x-\-2lP. 5yaj~3«3-f-3+6^-fl. 


From . . 
Take . . 


(4). ^ (5). 
. -5a'-4tf'*+3i^c 4a3- «2H-3a« 
-2a'+3a«*-8J^c 5a3-4cd+3a«-f5y 


Remainder 


7a='-7a2*+ll^c. - a*+3cd-5^ 



7. From 8a3c— 123'fl+5ca:— 7ay, take 7ca?— j;y— 13i'a. 

An*. Sabc-\-Pa—2cx—6xy, 

38. By the rule for subtraction, polynomials may be subjected to 
certain transformations. 

For example . . Ga'^— 3a54-25»— 2^>c, 

becomes . . . . Oa^— (3a*— 2i''-f 2ic). 

In like manner . . 7a'— 8a^*— 43*c-|-6*^, 

becomes . . . 7a''-(8a^3+4^c— 6^^) ; 

or, again, . . . 70^-802*- (45^0 -6*^). 

These transformations consist in decomposing a polynomial into 
two parts, separated from each other by the sign — : they are very 
useful in algebra. 

39. Remark.— From what has been shown in addition and sub. 
traction, we deduce the following principles. 

1st. In algebra, the words add and sum do hot always, as in 
arithmetic, convey the idea of augmentation ; for a— 3, which 
results from the addition of —3 to a, is properly speaking, a diC 
ference between the number of units expressed by a, and the num. 
ber of units expressed by b. Consequently, this result is less than a. 
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To distinguish this sum from an ariUunetical sum, it is called the 
algebraic sum* 

Thus, the polynomial 2(^'-S(i^h+We is an algebraic sum, so 
long as it is considered as the result of the union of the monomials 
2a^, ^St^bf +3^c, with their respective signs ; and, in its proper ac- 
ceptatum^ it is the arithmetical difference between the sum of the 
units contained in the additive terms, and the sum of the units con- 
tained in the subtractive terms. 

It follows from this that an algebraic sum may, in the numerical 
applications, be reduced to a negtUioe number, or a number affected 
with the sign — • 

2d. The words subtraction and diffefence do not always convey 
the idea of diminution, for the difference between +a and — ^ being 
a+^) exceeds a. This result is an algebraic difference^ and can be 
put under the form of a — ( — 5), 

MULTIPLICATION. 

40. Algebraic multiplication has the same object as arithmetical, 
viz. to repeat the multiplicand as many times as there are units in 
the multiplier. 

It is generally proved, in arithmetical treaties, that the product of 
two or more numbers is the same, in whatever order the multiplica- 
tion is performed ; we will, therefore, consider this principle de- 
monstrated. 

This being admitted, we will first consider the case in which it is 
required to multiply one monomial by another. 

The expression for the product of . la^l^ by Ae^b 
may at once be written thus . • Ic^I^X^bc? 

But this may be simplified by observing that, from the preceding 
principles and the signification of algebraic S3rmbols, it can be 
written . . . IX^^MMiahbb. 

Now, as the co-efficients are particular numbers, nothing prevents 
our forming a single number from them by multiplying them 
together, which gives 28 for the co-efficient of the product. As to 



mvlupucation. K 

the letterSy the product aaaaOy is equivalent to a*, and the product 
bbb, to ^ ; therefore, the final result is • . . 28a*i*, 

Again, let us multiply .... I2a^b*(^ by Qa'b^^. 
The product is 12 x ^aaaadbbbbbhccdd— ^Qa^kPc^cP. 

41. Hence, for the multiplication of monomials we have the 
following 

BULE. 

I. Multiply the co-efficients together, 

II. Write after this product all the letters which are common to the 
multiplicand and multiplier^ ejecting each letter vnth an exponent 
equal to the sum of the two exponents with which this letter is affected 
in the two factors. 

III. If a letter enters into but one of the factors^ write it in tJte pro- 
duct ttith the exponent with which it is affected in the factor.. 

The reason for the rule relative to the co-efficient8 is evident. But 
in order to understand the rule for the exponents, it should be ob- 
served, that in general, a quantity a is found as many times a factor 
in the product, as it is in both the multiplicand and multiplier. Now 
the exponents of the letters denote the number of times they enter as 
factors (Art. 13.) ; hence the sum of the two exponents of the same 
letter denotes the number of times it is a factor in the required 
product. 

From the above rule, it follows that, 

8a«5c«x7aJd'= 66a^J»c'c? 
^Ic^Vdc X 8a*c3= le^'Pc'd 
4MbcX^df= ^^(ibcdf. 
Multiply . 30** 12 (z'x 6xyz ffxy 

by . . 2*0* 12 a*y afz 2a!y» 



42, We will now proceed to the multiplication of polynomials. 
Take the two polynomials a+ J-f c, and d+f composed entirely of 
additive terms; the product may be presented under the form 
(<f-|-J+c) {d+f). But it is often necessary to form a single 

3 
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polynomial from this product, and it is in this that the multiplication 
of two polynomials consists. 

Now it is evident, that to multiply . a-^-b-^-c 
by d+f 

ad-\-bd-\-cd 



ad-^bd-\-cd'\-af+bf-\-cf. 



is the same thing as taking a-|-5-|-c as many times as there are units 
in (2, then as many times as there are units in/, and adding the two 
products together. But to multiply a-j-^+c by d, is to take each of 
the parts of the multiplicand d times and add together the partial 
products, which gives ad-^bd-^cd. In like manner, to multiply 
a-\-b+c by/, is to take each of the parts of the multlplicand,/times, 
and add together the partial products. 

Hence, (a-\-b-\-c) {d+f)=ad+bd-\'cd-{^af+bf+cf. 
Therefore, in order to multiply together two polynomials com- 
posed entirely of additive terms, multiply successively each term of the 
moLlxpUcand by each term of the multiplier, and add together all the 
products, 
' If the terms are affected with co-efficients and exponents, observe 
the rule given for the multiplication of monomials (Art. 41). 



For example, multiply 

by. . . . 


. 2a + 5* 


The product, after reducing, 
becomes 

a^ + y 


6a=^+ 8a23+2ai» 

4-15a»i+20ay+5P 

. 6a^+23a=^iH-22aJ'-f5^ 
«'+ rit-^lax 
ax -{-box 




aa:«+ar'3^+7aV 


ar»+ay^+^y+y' 


6aa^+6aary+42(fa*. 
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43. In order to explain the most general case, we will first re- 
mark, that if the multiplicand contains additive and subtractive 
terms, it may be considered as expressing the difference between the 
number of units indicated by the sum of the additive terms, and the 
number of units indicated by the sum of the subtractive terms. The 
same reasoning applies to the multiplier ; whence it follows, that the 
general case may be reduced to the multiplication of two binomials, 
such as a—h and c—d; a denoting the sum of the additive terms, 
and b the sum of the subtractive terms of the multiplicand, c and d 
expressing similar values of the multiplier. We will then show how 
the multiplication expressed by(a— ^)x(c— <i) can be effected, 

a -* 

c -d 



ac—bc 
•^ad+hd 

ac—bc —ad-j-bd. 

Now, to multiply a— J by c— d, is evidently the same thing as to 
take a— ft as many times as there are units in c, and then diminish this 
product by a— 5, taken as many times as there are units in d; or to 
multiply a—b by c, and subtract from this product that of a— ft by d. 
But to multiply a— ft by c, is to take a—by c times. Now if we mul- 
tiply a by c the product is ac, which is too large by ft taken c tunes ; 
therefore eft must be taken from it : hence, the product of a— ft by c, 
is ac—bc. In like manner, the product of a— ft by d, is ad—bd\ 
and as we have just seen that this last product should be subtract- 
ed from the preceding ac—bcy it is necessary to change the signs of 
ad—bdf and write it under ac—bc^ which (Art. 37), gives 
(a— ft) (c-'d)=ac—bc''ad+bd. 

If we suppose a and c each equal to 0, the product will reduce 
to +bd. 

44. Hence, for the multiplication of one polynomial, by another 
we have the following 
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RULE. 

I. Muttlply all the terms of the multiplicandy both additive and sub- 
tractive, by each additive term of the muUiplier, and affect the partial 
products with the same signs as those tnith which the terms of the muU 
tipUcand are affected ; also multiply all the terms of the multiplicand 
by each subtractive term of the mtdiiplier, btU affect the partial products 
with signs contrary to those with which the terms of the multiplicand are 
effected. Then reduce tlie pohnomial result to Us simplest form. 

Take, for an example, the two polynomials : 

and 20^—30^-4^ 



-12a*J +15a3*^+24a2^-6aJ* 
-16a=**2+20a25'+32a J*-8^ 

8a^-22a^i-17a^^+48a^^^+26a3^-83^. 

After havirig arranged the polynomials one under the other, mul- 
tiply each term of the first, by the term 2a^ of the second ; this gives 
ihe polynomial 8a^— 10a*J— IGa^iy'-f 4a^^\ the signs of which are 
the same as those of the multiplicand. Passing then to the term 
Zab of the multiplier, multiply each term of the multiplicand by it, 
and as it is affected with the sign^— , affect each product with a sign 
contrary to that of the corresponding term in the multiplicand ; this 
gives — 12(t*i+15a^iy'+24a^^— 6a&* for a product, which is written 
under the first. 

The same operation is also performed with the term 4^^, which is 
also subtractive; this gives, — 16a^32+20a2J'-f 32a*^— 8^. The 
product is then reduced, and we finally obtain, for the most simple 
expression of the product, 

8flr'^- 220^5- lla^V'+ 48a^JH26a^- 8*«. 

The rule for the signs, which is the most important to retain, in the 
multiplication of two polynomials, may be expressed thus : When two 
terms of the multiplicand and multiplier are affected with the same 
sign, ihe corresponding product is affected icith the sign -f , and when 
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they are affected with contrary signs, the product is affected tcith the 
sign — . 

Again, we say in algebraic language, that + multiplied by +, 
or — multiplied by — , gives + ; — multiplied by +, or + multi- 
plied by — , gives — . But this last enunciation, which does not in 
itself offer any reasonable direction, should only be considered as an 
abbreviation of the preceding. 

This is not the only case in which algebraists, for the sake of 
brevity, employ incorrect expressions, but which have the advantage 
of fixing the rules in the memory. 



EXAMPLES. 



1. Multiply 12ax by Sa. Ans^ 36A. 

2. Multiply 4ar»-2y by 2y. Ans. Sx^^4t^. 

3. Multiply 2x+Ay by 2x-~4y. Ans. 4a?— 163^. 

4. Multiply aP +iti/+xy'+y' by a?-y. Ans. a^-j^. 
6. Multiply ixP+xy+y^ by a»^xy+i^. 

Ans. a^+ay^-^. 

6. Multiply 2a»— 3aa;-f 4a* by 5fl?-6aa?-2x». 

7. Multiply 3ar»— 2a;y+6 by a?+2ay-3. 

8. Multiply 3x^+2ay+3y^ by 2ar»— Say+Sy*. 

9. 3a?^Bbd+cf 
-•5g»+4^d-8c/. 

Prod. rod. — 15d'+37a^3d— 29a'c/'-20y<f 4-44^(y -8<y. 

10. 4a'i^- 5a«3»c+8a»5c»- 3a«c'- To^c' 
2ai?»-4a5c-2 5c» +c'. 



(8d*i* -10a%+28a'^iV~34a%" 
- 4a*^c'-16a*d'c+12a33c«+ 7a»W 
+14a'^c^+14a^V- 3aV - lahd". 



45. We will make some important remarks upon algebraic mul- 
tiplication. 

1st. If the polynomials proposed to be multiplied by each other 
are homogeneous, the product of these two polynomials will also be ho. 
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mogeneous. This is an evident consequence of the rules relative to the 
letters and exponents in the multiplication of monomials. Moreover, 
the degree^ of each term of the product should he equal to the sum of 
the degrees of any two terms of the multiplier and multiplicand. 
Thus, in example 9, all the terms of the multiplicand heing of the 
second degree, as well as those of the multiplier, all the terms of the 
product are of the fourth degree. In example 10, the multiplicand 
being of the fifth degree, and the multiplier of the third, the product 
is of the eighth degree. This remark serves to discover any errors 
in the calculations with respect to the exponents. For ex€unple, if 
it is found that in one of the terms of a product that should be homo- 
geneous, the sum of the exponents is equal to 7, while in all the others 
their sum is 8, there is a manifest error in the addition of the expo- 
nents, and the multiplication of the two terms which have formed 
this product must be revised. 

2d. When, in the multiplication of two polynomials, the product 
does not present any similar terms for reduction, the total number of 
terms in the product is equal to the product of the number of terms 
in the multiplicand, multiplied by the number of tenns in the multi- 
plier. This is a consequence of the rule, (Art. 44), Thus, when 
there are five terms in the multiplicand, and four in the multiplier, 
there are 5x4, or 20, in the product. In general when the multi- 
plicand is composed of m terms, and the multiplier of n terms, the 
product contains mX« terms, 

3d. When some of the terms are similar, the total number of 
terms in the product, when reduced, may be much less. But we 
will remark, that among the different terms of the product, there are 
some that cannot be reduced with any others. These are, 1st. 
The term produced by the multiplication of the term of the multi. 
plicand, affected with the highest exponent of a certain letter, by the 
term of the multiplier, affected with the highest exponent of the 
same letter. 2d, The term produced by the multiplication of the 
terms affected with the lowest exponents of the same letter. For 
these two partial products will contain this letter, affected with a 
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higher or lower exponent than either of the other partial products, 
and consequently cannot be similar to any of them. This remark, 
the truth of which is deduced from the rule of the exponents, will 
be very useful in division, 

46. To finish with what has reference to algebraic multiplication, 
we will make known a few results of frequent use m algebra. 

1st. Let it be required to form the square or second power of the 
binomial, (a-{-b). We have, from known principles, 

{a-\'bY=i(a+b) (a+b)==a'+2ab+i^. 
That is, the square of the sum of two quantities is composed of the 
square of the first, plus twice the product of the first by the second, 
plus the square of the second. 

Thus, to form the square of 5a'-f So'J, we have, from what has 
just been said, 

(6a'+8a'by=25a'+80a^b+64a:'I^. 

2d. To form the square of a difference, a— 3, we have ' 
(a^by=(a---b) (a-ft)=af-2ai+i' 
That is, the square of the difference between two quantities is com- 
posed of the square of the first, minus twice the product of the first 
by the second, plus the square of the second. 

Thus, (7aW-- 12aPy=49a^b^^ 168a''i^+ 144a>y. 

3d. Let it be required to multiply a+b by a— ft. 

We have (a+ft)x(a— ft)=fl^— ^^ 

Hence, the sum of two quantities, multiplied by their difference, 
gives the difference of their squares for a product. 

Thus, (8a'+7a5?) (8a?-7aJ^)=64aP-.49a«**. 

We can, by combining these different results, find the products 
of certain polynomials more promptly, than by the common process. 
For example, multiply M^Aab+W, hybc^ -iabSif". If we 
observe that the first of these two quantities is the sum of the two 
quantities 5a^— 4aft, and Sft', and that the second is the difference of 
the same quantities, we find immediately that the product is 
(5<^-4a3)'-(3i^)'=25tf*-40a'ft+16afi^-9A*. 

47. By reflecting upon the results of multiplication that we hav« 

2 
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just obtained, it will be perceived that their composition, or the 
manner in which they are formed from the multiplicand and multi- 
plier, is entirely independent of any particular values that may be 
attributed to the letters a and h which enter the two factors. 

The manner in which an algebraic product is formed from its two 
factors, is called the law of this product ; and this law remains al- 
ways the same, whatever values may be attributed to the letters 
which enter into the two factors. 

48. Lastly, a polynomial being given, it may sometimes be de- 
composed into factors merely by inspection. 

Take for example the polynomial dl^c+bah^ ■\-ac. 

It is plain that a is . a factor of all the terms. Hence, we may 
write ayc+5a6^+ac=a(6^c+5J^+c). 

Take the polynomial 25a*— 30a^6+15a26^, it is evident that 6 and 
.c^ are factors of each of the terms. We may, therefore, put the 
polynomial under the form 5a'(5a'— 6a5+3^). 

In the same way 64a*y— 25a^J' is transformed into 

(8a«&3+5a^*) X (8a^6'~5aJ*). 

DIVISION. 

49. Algebraic division has the same object as arithmetical, viz. 
having given a product,and one of its factors,to find the other factor. 

We will first consider the case of two monomials. 

72a* 
The division of 720* by 8a^ is indicated thus : — -— 
^ 8a' 

It is required to find a third monomial, which, multiplied by the 
second, will produce the first. Now, by the rules for the multipli- 
cation of monomials, the required quantity must be such that its co- 
efficient multiplied by 8 should give 72 for a product, and that the 
exponent of the letter a in this quantity, iadded to 3, the exponent of 
the letter a in the divisor, should give 5, the exponent of a in the divi. 
dend. This quantity may, therefore, be obtained by dividing 72 by 
8 and subtracting the exponent 3 from the exponent 5, 
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72a* , 

which gives q^ =9a . 

Also, f^_-=5a"5^c=5ci»ic ; 

for, 7a*x5a«Jc=35a'J^c. 

60. Hence for the division of monomials we have the following 
RULE. 

I. Divide the co-effidetU of the dividend by the co-efficient of the 
divisor. 

II. Write in the quotient, after the co-efficient, all the letters common 
to ilie dividend, and divisor, and affect each with an exponent equal to 
the excess of its exponent in the dividend over that in the divisor. 

III. Annex to these, those letters of the dividend, with their re- 
spective exponents, which are not found in the divisor. 

From these rules we find, 



12ab'c ' SOa'i^tP 

1. Divide 16a? by So?. Ans. 2x. 

2. Divide ISaxj/* by Say. Ans. bxif, 

3. Divide ^^dlPx by 125'*. Ans. Idbx. 

51. It follows from the preceding rule that the division of mono- 
mials will be impossible, 

1st. When the co-efficients are not divisible by each other. 

2d. When the exponents of the same letter are greater in the 
divisor than in the dividend. 

3d. When the divisor contains one or more letters which are not 
found in the dividend. 

When either of these three cases occurs, the quotient remains un- 
der the form of a monomial fraction, that is, a monomial expression, 
necessarily containing the algebraic sign of division ; but which 
may frequently be reduced. 

Take for example, 12a*^cd to be divided by 8a'3c* 

Here an entire monomial carmot be obtained for a quotient ; that 
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is to say, a monomial ^hich does not contain the sign of division ; 

for 12 is not divisible by 8, and moreover, the exponent of c is less 

in the dividend than in the divisor ; therefore, the quotient is pre- 

\2a^¥cd 
sented under the form _ „. , : but this expression can be 

oao & 

reduced, by observing that the factors 4, a^ h and c being common 

to the two terms of the fraction, may be suppressed, and we have 



2c 



for the result. 



In general, to reduce a monomial fraction it is necessary 
1st. To suppress tJie greatest factor common to the two co-efficients, 
2d. Subtract the less of the iivo exponents of the same letter ^ from 
the greater, and write the letter affected vnth this difference, in thai 
term of the fraction corresponding with the greatest exponent, 

3d. Write those letters which are not common, with their respective 
exponents, in the term of the fraction which contains them. 
From this new rule, we find, 

^Sa^l^cd? _ 4a(r- ^laJP<?d __SWc ^ 

7a^b 1 

''^''' "14^^- "2^ 

In the last example, as all the factors of the dividend are found in 
the divisor, the numerator i^ reduced to unity ; for it amounts to 
dividing both terms of the fraction by the numerator. 

52. It often happens, that the exponents of certain letters, are the 
same in the dividend and divisor. 

For example, divide 24c^lP, by SaW ; as the letter b is affected 

with the same exponent, it should not be contained in the quotient, 

2^b* 
and we have _ . rr- =3a. But it is to be remarked, that this re- 
oa or 

suit, 3a, can be put under a form which will preserve the trace of 

the letter b, this letter having disappeared in consequence of the 

reduction. 
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For if we apply, conventionally, the nile for the exponents, 

(Art. 50.), to the expression -^ — , it becomes — =i*-'=^' : this 

new symbol ft', indicates that the letter enters times, as a factor in 
the quotient (Art. 13) ; or, which amounts to the same thing, that it 
does not enter it ; but it indicates at the same time, that it was in 
the dividend and divisor, and that it has disappeared in consequence 
of the operation. This symbol has the advantage of preserving the 
trace of a quantity which constitutes a part of the question, that it 
has been our object to resolve, without changing the value of the 

result ; for since 5® is equivalent to -^, which is, moreover, equiva- 

lent to 1, it follows that 3aft"=3axl=3a. In like manner, 

-3^^=5aW=5ft^. 

53. As it is important to have clear ideas of the origin and significa- 
tion of the symbols employed in algebra, we will show that in gene, 
ral every quantity a affected with the exponent 0, is equivalent to 1 ; 
that is, we will have a"=l. 

For this expression arises, as has just been said, from the fact that 
a is afiected with the same exponent in the divisor and dividend. 

To make the case general, let m denote the entire number which 

or 

is the exponent of a. We shall then have, -;;^=a\ But the 

or 

quotient of any quantity divided by itself, is 1. Hence, — =1 ; 

therefore, we also have d"= 1 

We observe again, that the symbol a® is only employed conven- 
tionally, to preserve in the calculation the trace of a letter which 
entered in the enunciation of a question, but which must disappear in^ 
consequence of a division ; and it is often necessary to preserve this 
trace. 
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Division of Polynomials, 

54. Let it be required to divide 51flr'«r'+10a*-48a'ft-15**+4a^ 
by 4a3— -So^+SR In order that we may follow the steps of the 
operation more easily, we will arrange the quantities thus. 
Dividend, Divisor, 

10a*-48a^6 +51a»y+4ay- 153*[[ ~5a"+4a3+3y 

- 40a^3+ 57rf'^+4a3''-15^ Qwo/ien/. 

— 40a"i+ 32a2^+24aA' 

25a-i^-20a^'-15^ 
25a233-20aJ3-15^ 



The object of this operation is, as we have already said (Art. 49), 
to find a third polynomial, which, multiplied by the second, shall 
produce the first. 

It follows from the definition and^ the rule for the multiplication 
of polynomials (Art. 43), that the dividend is the assemblage, af\er 
addition and reduction, of the partial products of each term of the 
divisor, multiplied by each term of the quotient sought. Hence, if 
we could discover a term in the dividend which was derived, with- 
out reduction, from the multiplication of one of the terms of the 
divisor, by a term of the quotient, then, by dividing the term of the 
dividend by that of the divisor, we would obtain a term of the re- 
quired quotient. 

Now, from the third remark of Art. 45, the term 10a*, affected 
with the highest exponent of the letter a, is derived, without reduc- 
tion from the two terms of the divisor and quotient, affected with 
the highest exponent of the same letter. Hence, by dividing the 
term lOd* by the term — 5a^ we will have a term of the required 
quotient. But here another difficulty presents itself, viz. to deter, 
mine the sign with which the term of the quotient should be affected. 
In order that this subject may not impede our progress hereafler, 
^^ will establish a rule for the signs in division. 
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Since, in multiplication, the product of two tenns having the same 
sign is affected with the sign +, and the product of two terms 
having contrary signs is affected with the sign — , we may con- 
clude, 

1st. That when the term of the dividend has the agn +> and 
that of the divisor the sign +, the term of the quotient must have 
the sign +• 

2d. When the term of the dividend has the mgn +, and that of 
the divisor the sign — , the term of the quotient must have the 
sign —, because it is only the sign — , which, combined with the 
sign — , can produce the sign + of the dividend. 

dd. When the term of the dividend has the sign — , and that of the 
divisor the sign +, the quotient must have the sign — . 

That is, when the two terms of the dividend and divisor have the 
same sign, the quotient will be affected with the sign +9 and when 
they are affected with contrary signs, the quotient will be affected 
with the sign -- ; again, for the sake of brevity, we say that 

+ divided by +, and — divided by — , give -{- ; 
— divided by +> and + divided by — , give — . 

In the proposed example, lOtf* and — 5o" being affected with 
contrary signs, their quotient will have the sign — ; moreover, 
10a*, divided by 5a*, gives 20"; hence, —20* is a term of the re- 
quired quotient. Afler having written it under the divisor, multiply 
each term of the divisor by it, and subtract the product, 

10a*-.8a3J+6a»y, 
from the dividend, which is done by writing it below the dividend, 
conceivin^^ the signs to be changed, and performing the reducti<H). 
Thus, the result of the first partial operation is 

-40a'3+57a^ft^+4a63_ 15^*. 

This result is composed of the partial products of each term of 
the divisor, by all the terms of the quotient which remain to be de- 
termined. We may then consider it as a new dividend, and reason 
upon it as upon the proposed dividend. We will therefore take in 
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this result, the term ^40a% affected with the highest exponent of 
a, and divide it by the terra — 5a^ of the divisor. Now, from the 
preceding prineiples, — 40a*3, divided by — 5a^ gives -f 8a* for a 
new term of the quotient, which is written on the right of the first. 
Multiplying each term of the divisor by this term, and writing the 
products underneath the second dividend, and making the subtrac- 
tion, the result of the second operation is 

then dividing 25a'^ by —So*, we have — 5ft^ for the third term of 
the quotient. Multiplying the divisor by this term, and writing the 
terms of the product under the third dividend, and reducing, we ob- 
tain for the result. Hence, — 2a^ +8a*— 56^ or 8a*— 2a»— 5*» 
is the required quotient, which may be verified by multiplying the 
divisor by it ; the product should be equal to the dividend. 

By reflecting upon the preceding reasoning, it will be perceived, 
thai, in each partial operation, we divide that term of the dividend 
which is affected with the highest exponent of one of the letters, by 
that term of the divisor affected with the highest exponent of the 
same letter. Now, we avoid the trouble of looking out the term, 
by taking care, in the first place, to write the terms of the dividend 
and divisor in such a manner thai the exponents of the same letter shaU 
go on diminishing from left to righL This is what is called arrange 
ing the dividend and divisor with reference to a certain letter. By 
this preparation,- the first term on the left of the dividend, and the 
first on the left of the divisor,* are always the two which must be 
divided by each other in order, to obtain a term of the quotient ; and 
it is the same in all the following operations ; because the partial 
quotients, and the products of the divisor by these quotients are 
always arranged. 

55. Hence, for the division polynomials we have the following 

RULE. 
I. Arrange the dividend and divisor with reference to a certain letter^ 
and then divide the first term on the left of the dividend hy the first term 
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on the left of the divisor^ the resuU is the frtt term of the quotient; 
multiply the divisor by this term, and subtract the product from the 
dividend. 

IL Then divide the first term of ihe remainder hy the first term of 
the divisor, which gives the second term of the quotient ; multiply the 
dwisor by this second term, and subtract the product from the result of 
the first openUion. Continue the same process until you obtain Ofor 
a resuU ; in which case the division is said to be exact* 

When the first term of the arranged dividend is not exactly divisi- 
ble by that of the arranged divisor, the complete division is impossi- 
ble, that is to say, there is not a polynomial which, multiplied by 
the divisor, will produce the dividend. And in general, we will find 
that a division is impossible, when the first term of one of the partial 
dividends is not divisible by the first term of the divisor. 

56. Though th^e is some analogy between arithmetical and 
algebraical division, with respect to the manner in which the opera- 
tions are disposed and performed, yet there is this essential difiTerence 
between them, that in arithmetical division the figures of the quo- 
tient are obtained by trial, while in algebraical division the quotient 
obtained by dividing the first term of the partial dividend by the 
first term of the divisor is always one of the terms of the quotient 
sought. 

Besides, nothing prevents our commencing the operation at the 
right instead of the lefl, since it might be performed upon the terms 
affected with the lowest exponent of the letter, with reference to 
which the arrangement has been made. In arithmetical division 
the quotient can only be obtained by commencing on the lefl. 

Lastly, so independent are the partial operations required by the 
process, that afler having subtracted the product of the divisor by 
the first term found in the quotient, we could obtain another term of 
the quotient by dividing by each other the two terms of the new divi- 
dend and divisor, affected with the highest exponent of a different 
letter from the one first considered. If the same letter is preserved, 
it is because there is no reason for changing it, and because the two 
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polynomials are already arranged with reference to it; the first 
terms on the left of the dividend and divisor being sufficient to obtain 
a term of the quotient ; whereas, if the letter is changed, it would 
be necessary to seek again for the highest exponent of this letter. 

SECOND EXAMPLE. 

Divide . . . 21a;y+25a^y'-|-68a3r*-4()y*-56a?*-18a;Vby 
5y'— 8a?«— 6icy. 
--40y*+68ay*4-25a;y+21a;y-18a;V-56a;*|| 5y«-6ay-8a^ 

— 40y*4-48a; y*4-64a?»y' — 8y*+4ayl-3a;'y+7a?* 

1st. rem. 20 a:y*— 39a;y +21a?y 



2d. rem. —Iba^y* +53a?y— 18a;V 

— ISar'y* +lSx*f-^2Ax'y 



35a?y- 42a:V-56a^ 
35a;y— A2x*y'-'b6x* 

Final remainder 0. 

57. Remabk. — In performing the division, it is not necessary to 
bring down all the terms of the dividend to form the first remainder, 
but they may be brought down in succession, as in the example. 

As it is important that beginners should render themselves familiar 
wi^h tlie algebraic operations, and acquire the habit of calculating 
promptly, we will treat of this last example in a different manner, 
at the same time indicating the simplifications which should be 
introduced. 

As in arithmetic, they consist in subtracting each partial product 
from the dividend as soon as this product is formed. 

^40y>^68ay*+25a;y+21a?y— 18a?*y— 56a:'|| 5y'— Pay— Sa?* 

l3t. rem. 20a;y*-- 390^^*4-21 xY —8j^-j-4Fy'— 3a?*y-|-7a?* 

2d, rem. — 15a?y-j- 53 oi*y''-18x*y 

3d. rem. — 35 ay--42«V— 66a?» 

'^1 rem. 0. 



1 
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First, by dividing — .40y* by 5y*, we obtain —8^ for the quotient. 
Maltiplying 5y' by — Sy', we hare —40^, or by changing the sign, 
+40;^, which destroys the first term of the divid^id. 

In like manner, ^6xyx — S^' gives -^^Bxy* and for the subtrac- 
tion —A8xy\ which reduced with +68fl!^, gives 20c3^ for a remain- 
der. Again, — 8ii?*X — Sjf* gives +, and changing sign, — d4«*y% 
which reduced with 2ba^y\ gives — 2Qx^y*, Hence the result of the 
first operation is 20afy*— 39a:y followed by those terms of the divi- 
dend which have not been reduced with the partial products already 
obtained. For the second part of the operation, it is only necessary 
to bring down the next term of the dividend, separating this new 
dividend from the primitive by a line, and operate upon this new 
dividend in the same manner as we operated upon the primitive, and 
so on. 

THIRD EXAMPLE. 

Divide 95a-73a»+56a*-25-59a« by -3a»+5-lla-|-7a» 
56 a*~59a»-73a'+95g-25 || 7a'-3a'-llfl+5 
1st. rem. -- 35g'+15a'+55g— 25 8 a — 5 

2d. rem. 0.* 

£xampl!es. 

1. Divide 18a?* by 9a?. Ana. 2x. 

2. Divide 10a;y by — 5a!*y. Atu. — 2y. 

3. Divide — 9aB*y" by 9aj*y. Ans, ^ay^ 

4. Divide — 8a^ by — 2«. ' Ans, -f 4;t. 

5. Divide 10aft4-15ac by 5a. Ans. 23+8c. 

6. Divide 30aa7— 54z? by 6x. Ans. 5a— 9. 

7. Divide 10a?'y--l%*— Sj^ by by. Ans, 2«'— 3y— 1. 

8. Divide 13a+3aa?— 17a?' by 21a. 

9. Divide 3a*— 15+ 6a +35 by 3a. 

10. Divide a"+2aa?+a?* by a-\-x. Ans. a^x. 

11. Divide a'— 3a*y+3ay*— y* by a— y. 

Ans. a^'-^ay+j^. 

4* 



42 ALGEBRA. 

12. Divide 1 by 1— «. Ana. l+«+«'+a;", &c. 

13. Divide 6a;*— 96 by 3«— 6. Ans. 2«'+4ic»+8a;+16. 

14. Divide a»— 5a*a;+10aV— 10aV+5aiB*— «• by a'— 2aa;4-«\ 

Ans, a*— Ba'aj-fSo**— «'. 

15. Divide 48a;" -76a«»—64a'a;+ 105a" by 2a;— 3a. 

16. Divide y«— 3yV— 3yV— a;* by y«— 3y»a;-|-3ya;*— a;*. 

58. It may happen that one, or both, of the proposed polynomials 
contains in two or more terms the same power of the letter with re- 
ference to which the arrangement is to be made. 

In this case, how should the arrangement be made, and the divi- 
sion be effected ? 

Divide lla*^-19aJc+10a«-l5a*c+3a5*+155c«— 53«c 

by 5a'+3a3— 5Jc. 
In the first place, the two terms lla'3— 15a'c, can be placed un- 
der the form (11 J— 15c) a% or llb\ a\ by writing the power a' 

-15c I 
once, and placing to the lefl of it, and in the same vertical column, 
the quantities by which this power is multiplied ; this polynomial 
multiplier is then called the co-efficient of a*. 

The second manner of connecting the terms involving the same 
power, is preferable to the first, for two reasons. 1st. Because 
where there are many terms in the dividend and divisor, it would be 
difficult to write all on the same horizontal line. 2d. As the co-ef- 
ficient of each power ought to be arranged with reference to a 
second letter, we are obliged, if the first term is subtractive, to sub- 
ject ihc! term to a modification, which might lead to error, in employ- 
ing the first manner. Take, for example, — 15JV+73ca'— 8cV 
the modification consists in putting this expression under the form 

-(155'-7^c+8c«)a« .... (Art. 38). 
whereajs. by the second, it is written thus : — 15^ a', and by this 

■^ Ihc 
- 8c« 
manner we have the advantage of preserving to each term the sign 
^' which it was at first afiected. 
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In like manner^ — I9a^+8a3* is written : . . +31^ \ a 

This being understood the opertiticm may be performed in the 
following manner. 

-15c| -~193c| '2a+ft-3c 

1st. Rem. 5A!a»+ 3i»» la— Wc+ 15^c" 

-15c| ~9&c| • 

2d. Rem. 0. 

First divide 10 a* by 5a*, the quotient is 2a. Subtracting the 
product of the divisor by 2a, we obtain the first remainder. Divi- 
ding the part involving a* in this remainder by 5a', the quotient is 
i— 3c. Multiplying successively each term of the divisor by 3 — 3c, 
and subtracting the product, we have for the result. Hence, 
2a+6— 3c is the required quotient. 

59. Among the different examples of algebraic division, there is 
one remarkable for its applications. It is so often met with in the 
resolution of questions, that algebraists have made a kind of theorem 
of it. 

We have seen (Art. 46), that 

(a+b) (a—b) =a'— 3^ : hence, 
a»-3» 

♦ If we divide . . a'— i* by a— J we have 

a»— y 

=-=a'+a5+5» : also 

a — o 

a*— J* 

-=a"+a'*+a*'+*' 



a-b 
by performing the division. 

These are results that may be obtained by the ordinary pro 
cess of division. Analogy would lead to the conclusion that what- 
ever may be the exponents of the letters a aiJd b, the division could 
be performed exactly ; but analogy does not always lead to cer- 
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tainty. To be certain on tills point, denote the exponent by m ; and 
proceed to divide a'^^i^ by a—b. 



1st. Rem. . . . a*"-**— ^ja'*-'4- 
or . • . • *(rf^»— ft^'). 

Dividing a" by a the quotient is a**"*, by the rule for the exponents. 
The product of a— J by a"*^* being .subtracted from the dividend, the 
first remainder is a"~"*3— i*", which can be put under the form 
b ((f^^—b^-^). Now, if a'^-^—i'*"^ is divisible by a—b, then will 
a'»__jm also be divisible by a—b ; that is, if the difference of the 
similar powers of two quantities of a certain degree, is exactly divisi- 
ble by the difference of these quantities, tJie difference of the powers 
of a degree greater by unity, is also divisible by it. 

But it has already been shown that «*— 5* is divisible by a— 5 : 
hence, a*— ^* is also divisible hy a—b. Now, if a*— 3* is divisible 
by a— ^, it must follow that a*—b* is also divisible by a— J. In the 
same way it may be shown that the division is possible when the 
exponent is 7, 8, 9, &c. 

Hence, generally, a"*— J" is divisible by a— J. 

This proposition may be verified by actually performing the 
division, and then multiplying the quotient by the divisor. Thus, 



a -b ' 
. But . . 

nultiplied by 


^ar-'+a^^b-^a^W . . 

. a'^'-i-'a^^+a'^b* . 
. a ^' b 


. -j-alr-^+b^^ 




a»4. a^'b+a'^^' . 
_ ar-'b-^a'^'b^ . 


. +a*b^^+ab^-' 


s equal to . 


. , «"»— Ir. 





It will be perceived that the partial products a"* and — ^ are the 
only ones that do not destroy each other in the reduction. 

For example, multiplying a"^^b by a, the product is a'^^b ; but 
by multiplying (f*^^ by —J, the product is —a'^*^, and this term 
<lestroys the preceding. The other terms cancel in the same way. 
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The beginner should reflect upon the first method of demonstrating 
the proposition, as it is frequently employed in algebra. 

60. We have given (Art. 51. and 55.), the principal circum- 
stances by which it may be discovered that the division of monomial 
or polynomial quantities is not exact; that is, the case in which 
there does not exist a third entire algebraic quantity, which, multi- 
plied by the second, will produce the first. 

We will add, as to polynomials, that it may oflen be discovered 
by mere inspection that they cannot be divided by each other. 
When these polynomials contain two or more letters, before arrang- 
ing them with reference to a particular letter, observe the two 
terms of the dividend and divisor, which are affected with the 
highest exponent of each of the letters. If for either of these let- 
tcrs, one of the terms with the highest exponent is not divisible by the 
other, we may conclude that the total division is impossible. This 
remark applies to each of the operations required by the process 
for finding the quotient. 

Take, for example, 12a'— 5a*i+7a3*— 113", to be divided by 
4a«-8a5+35*. 

By considering only the letter a, the division would appear pos- 
sible ; but regarding the letter h, the division is impossible, since 
— 113' is not divisible by Sb\ 

One polynomial A, cannot be divided by another B containing a 
letter which is not found in the dividend ; for it is impossible that a 
third quantity,multiplied by B which depends upon a certain letter, 
should give a product independent of this letter. 

A monomial is never divisible by a polynomial, because every 
polynomial multiplied by another, gives a product containing at least 
two terms which are not susceptible of reduction. 

61. Remark. — If the letter with reference to which the dividend 
is arranged, is not foimd in the divisor, the divisor is said to he inde^ 
pendent of that letter ; and in that case the exact division is impos- 
sible, urdess the divisor will divide separately the co-efficient of each 
term of the dividend. 
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For example, if the dividend were dha^+Qha^-^lf^j arranged 
with reference to the letter a, and the divisor 33, the divisor would 
be independent of the letter a; and it is evident that the exact divi- 
sion could not be performed unless the co-efficient of each term of 
the dividend were divisible by 3J. The exponents of the leading 
letter in the quotient would be the same as in the dividend. 

OF ALGEBRAIC FRACTIONS. 

62. Algebraic fractions should be considered in the same point of 
view as arithmetical fractions, such as J, |^, that is, we must con- 
ceive that the unit has been divided into as many equal parts as 
there are units in the denominator, and that one of these parts is 
taken as many times as there are units in the numerator. Hence, 
addition, subtraction, multiplication, and division, are performed ac- 
cording to the rules established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those rules, 
and in their application we must ibllow the procedures indicated for 
the calculus of entire algebraic quantities. 

63. Every quantity which is not expressed under a fractional 
form is called an entire algebraic quantity. ^ 

64. An algebraic expression, composed partly of an entire quan- 
tity and partly of a fraction; is called a mixed quantity. 

65. When a division of monomial or polynomial quantities cannot 
be performed exactly, it is indicated by means of the known sign, 
and in this case, the quotient is presented under the form of a frac- 
tion, which we have already learned how to simplify (Art. 51). 
With respect to polynomial fractions, the followmg are cases which 
are easily reduced. 

a'— *• 
Take, for example, the expression ^ , ,3 

This fraction can take the form ^ ^J^ ' (Art. 46). 
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Suppressing the factor a— 3, which is common to the two terms, 

a+5 



we obtain 



a^b 



Again, take the expression r-5 — r-^r 

This expression can be decomposed thus : 



Sa\a^b) 
5fl(a-3)' 

^ * • V ' • ' 8a»(a~d) • 

Suppressing the common factor, a{a''b,) the result is . . 

5(a--5) 

The particular cases examined above, are those in which the two 
terms of the fraction can be decomposed into the product of the sum 
by the difference of two quantities, and into the square of the sum or 
difference of two quantities. Practice teaches the manner of per- 
forming these decompositfons, when they are possible. 

But the two terms of the fraction may be more complicated poly- 
nomials, and then, their decomposition into factors not being so easy, 
we have recourse to the process for finding the greatest common 
divisor. 

CASE I. 

Of the Greatest Common Divisor. 

66, The greatest common divisor of two pol)momials, is the great- 
est polynomial, with reference to the exponents and co-efficients, that 
will exactly divide the proposed polynomials. 

If two polynomials be divided by their greatest common divisor, 
the quotients will be prime with respect to each other ; that is, they 
will no longer contain a common factor. 

For, let A and B be the given polynomials, D their greatest com- 
mon divisor, A' and B' the quotients after division*. Then 

* Note.— When the same letter is used to designate different quantitief, as 
above, the quantities having a certain connexion with each other, we read A', 
B', A prime, B prime, and if we have A", B", we say, A second, B second, &c. 
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A B 

3=A' and ^=B' 

Or . . . A=A'xD and B=B'xD 

BOW if A' and B' had a common factor d, it would follow that 
(2xD would be a divisor, common to the two polynomials^ and 
greater than D, either with respect to the exponents or the co-effi- 
cients, which would be contrary to the definition. 

Again, since D exactly divides A and B, every factor of D will 
have a corresponding factor in both A and B. Hence, 

1st. The greater common divisor of two polynomials contains as 
factors, all the pardcvlar divisors common to the two polynomials^ and 
does not contain any other factors. 

67. We will now show that the greatest common divisor of two 
polynomials will divide their remainder after division. 

Let A and B be two polynomials, D their greatest common divisor, 

and suppose A to contain the highest exponent of the letter with re- 

ference to which they are arranged. Then, 

A B 

r=-=A' and -y^=B' or, 

A=A'xD and ^=B'xD. 

Let us now represent the entire part of the quotient by Q and the 

remainder by R, and we shall have 

A_ A^XD ^ R 

B""B'xD""^"^B'xD ^^ 

A'xD=B'xDxQ+R , 

R 
hence, A'=B'xQ+g-. 

But A' is an entire quantity, hence the quantity to which it is 

R 

equal is also entire : and since B'Q is entire, it follows, that rr- is 

entire ; that is,D will exactly divide R. 

We will now show that if D will exactly divide B and R that it 
will also divide A. For, having divided A by B we have 
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A=BxQ+Rj and by dividing by D, we obtain 

A B R 

-p=— XQ+0-. 

But since we suppose B and R to be divisible by D, and know Q 
to be an entire quantity, the second part of the equality is entire ; 
hence the first part, to which it is. equal, is also entire ; that is, A is 
exactly divisible by D. Hence, 

2dly. The greatest common divisor of two polynomials is the same 
as that which exists between the least polynomial and their remainder 
after division. 

These principles being established, let us suppose that it is re- 
quired to find the greatest common divisor between the two poly- 
nomials 

a»-.a"54-3a5»-3*S and a«-5aA+4&». 





First Operation. ., 




^^b-ab^'-^Sb^ a+ 4b 


1st. Rem. 
or . 


. ; 19b'{d-:b) 




Second Operation. 


L 


a«-.5a5+43« \\a---b 



;- 0. 

Hence, a— & is the greatest common divisor. 

We begin by dividing the polynomial of the highest degree by 
that of the lowest degree ; the quotient is, as we see in the above 
table, a+4b and the remainder is 19a3*— 19i". 

By the second principle, the required common divisor is the same 
as that which exists between this remainder and the polynomial 
divisor. 

But 19a^—19J' can be put under the form 195'(a— *). Now 

5 
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the factor, 19^*, will divide this remainder without dividing 

hence, by the first principle, this factor cannot enter into the greatest 
common divisor : we may therefore suppress it, and the question 
is reduced to finding the greatest common divisor between 
a'— 6ai-4-J" and a— J. 

Dividing the first of these two polynomials by the second, there is 
an exact quotient, a— Ah ; hence a—h is their greatest common 
divisor, and \a consequently the greatest common divisor of the two 
proposed polynomials. 

Again, take the same example, and arrange the polynomials with 
reference to h. 

-3*»+3a**-a'J-|-a% and Ab^—bab+aK 

First Operation. 

• _ ZaiP^a^b +4aM -3^ —3a 
-12ay~4a'&+16a»| 

Second Operation, 

4y~5a3-ha* || — 5+a 
—ab 4-a» I -. 4i+a 

0. 

Hence, — i+a, or a—b, is the greatest common divisor. 

Here we meet with a difficulty in dividing the two polymonials, 
» 
because the first term of the dividend is not exactly divisible by the 

first term of the divisor. But if we observe that the co-efficient 4 of 

this last, is not a factor of all the terms of the pol3momial 

and that therefore, by the first principle, 4 cannot form a part of the 
greatest common divisor, we can, without affecting this common 



Ist. 


Rem. 


2d. 


Rem. 




or 
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divisor, introduce this factor into the dividend. This gived 

and then the division of the first two terms is possible. 

Effecting this division, the quotient is —85, and the remainder is 

As the exponent of 5 in this remainder is still equal to that of the 
divisor, the division may be continued, by multiplying this remainder 
by 4, ia order to render the division of the first term possible. 

This done, the remainder becomes — 1205"— 4a'5+16a', which 
divided by 45*— 5a5+a% gives the quotient —3a, which should 
be separated from the first by a comma, having no connexion with it; 
and the remainder is . — 10a'&+19a'. 

Placing this last remainder under the form IQa^—h+a), and sup- 
pressing the factor 19a*, as forming no part of the common divisor, 
the question is reduced to finding the greatest ccxnmon divisor 
between 4ft'— 5a5+a*, and —b+a. 

Dividing the first of these pol3momials by the second, we obtain an 
exact quotient, — 4ft+a ; hence — ft+a, or a— ft, is the greatest 
common divisor required. 

68. In the above example, as in all those in which the exponent 
of the principal letter is greater by unity in the dividend than in the 
divisor, we can abridge the operation by multiplying every term of 
the dividend by the square of the co-efficient of the first term of the 
divisor. We may easily conceive that, by this means, the first par- 
tial quotient obtained will contain the first power of this co-efficient. 
Multiplying the divisor by the quotient, and making the reductions 
with the dividend thus prepared, the result will still contain the co. 
efficient as a factor, and the division can be continued until a re- 
mainder is obtained of a lower degree than the divisor, with refe- 
rence to the principal letter. 

Take the same example as before, viz. — 3ft"+3aft*— a*ft+a' 
and 46«— 5aft+a*; and multiply the dividend by the square of 
4=16 : and we have 
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First Operation, 

— 12a** — Aa^b + 16a"| —126— 3a 
1st. Rem. . . -lOa"* + \9a^ 

or . . . 19a" (-*+«) 

Second Operation. 



4J«_5a3+a' 



— a*+a' 



I "^+fl 



— 4i+a 



2d' Rem. ... — 0. 

Remakk 1. When the exponent of the principal letter in the di- 
vidend exceeds that of the same letter in the divisor by two, three, 
&c. units, multiply the dividend by the third, fourth, &c. power of 
the co-efficient of the first term of the divisor. It is easy to see the 
reason of this. 

2* It might be asked if the suppression of the factors, common to 
all the terms of one of the remainders, is absoltOely necessary^ or 
whether the object is merely to render the operations more simple. 
Now, it will easily be perceived that the suppression of these factors 
is necessary ; for, if the factor 19a* was not suppressed in the pre- 
ceding example, it would be necessary to multiply the whole divi- 
dend by this factor, in order to render the first term of the dividend 
divisible by the first term of the divisor ; but then, a factor would 
be introduced into the dividend which was also contained in the divi. 
sor ; and consequently the required greatest common divisor would 
be combined with the factor 19a*, which should not form a part of it. 

69. For another example, it is proposed to find the greatest com- 
mon divisor between the two polynomials, 

a*+3a"3+4a«J«-6a*"+2i* and 4a»3+2a3*-23S 
or simply, 2a'+a*— J", since the factor 2b can be suppressed, being 
a factor of the second polynomial and not of the first. 
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First Operation. 

8a*+24a«3+32a«y.~48ay+16y ||2a«+a*-A» 
4-20a«^+36a*y-48ad*+16y'| 4a'+10a3+13y 

lat. Rem. . . . — 61a3"+29** 

or, ... — ^•(61a-293). 

Second Operation. 
Multiply by 2601, the square of 51. 

5202a*+2601ad— 2601^11 51a— 29& 
6202a*— 2958a3 | 102a+109& 

lt^. Rei9. . +5559a^— 2601*" 

55690*- 31615* 



2d. Rem. ... + 560*'. 

The exponent of the letter a in the dividend, exceeding that of 
the same letter in the divisor by two units, we multiply the whde 
dividend by the cube of 2, or 8. This done, we perform three con- 
secutive divisions, and obtain for the first principal remainder, 

— 51a*«+29**. 
Suppressing *' in this remainder, it becomes —61a +29* for a new 
divisor, or, changing the signs, which is permitted, 51a— 29*: the 
new dividend \a 2a'+ab^b\ 

Multiplying this dividend by the square of 51, or 2601, then effect- 
ing the division, we obtain for the second principal remainder, +560**, 
which proves that the two proposed polynomials are prime vnth re- 
sped to each otker^ that is, they have not a common factor. In fact 
it results from the second principle (Ait. 67), that the greatest com- 
mon divisor must be a factor of the remainder of each operation ; 
tiierefore it should divide the remainder 560*' ; but this remainder 
is independent of the principal letter a ; hence, if the two polyno. 
mials have a common divisor, it must be independent of a, and will 
consequently be found as a factor in the co-efficients of the different 
powers o( this letter, in each of the proposed polynomials ; but it is 

6* 
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evident that the co-efficients of these polynomials have not a com- 
mon factor. 

70. These examples are sufficient to point out the course the be- 
ginner is to pursue, in finding the greatest common divisor of two 
polynomials, which may be expressed by the following general 

RULE. 

I. Tdke the first polynomial and suppress aU the monomial factors 
common to each of its terms. Do the same toith the second polynomial^ 
and if the factors so suppressed have a common divisor, set it aside as 

forming a part of the common divisor sought. 

II. Having done this, prepare the dividend in a such a manner 
that its first term shall he divisible hy the first term of the divisor ; then 
perform the division, which gives a remainder of a degree less than 
that of the divisor, in which suppress all the factors that are common 
to the co-efficients of the different powers of the principal letter. Then 
take this remainder as a divisor, and the second polynomial as a divi- 
dend, and continue the operation tviih these polynomials, in the same 
manner as toith the preceding, 

III. Continue this series of operations until a remainder is obtained 
which wUl exactly divide the preceding remainder ; this last remainder 
wiU be the greatest common divisor ; but if a remmnder is obtained 
which is independent of the principal letter, and which will not divide 
the co-efficients of each of the proposed polynomials, it shows that the 
proposed polynomials are prime with respect to each other, pr that 
they have not a common factor. 

EXAMPLES. 

1. Find the greatest common divisor between the two poly, 
nomials. 

ah+^a^—U^ --Uc'' ac—c\ 
and . • 9ac+2a»— 5aJ+4c» +8*c— 12*« 



OF FBACTtONS. 



56 



First Operation. 




2a^+h a-35« 


2a«-5J 


a-12i* 


— c — 4&C 


+9c 


+ Sbc 


- c« 




+ 4c» 



1st. Remainder 6b 
-10c 



1 



a+9^' 

— 123c 

- 5c« 

(3*— 5c) (2a+3*+c). 

Second Operation. 



2a'-^db 


a- 12ft* 


2a+3ft+c 


+9c 


+8ftc 
+4c« 






' «-4ft 


-8ft 


a-12ft« 


+4c 


+8c 


+ 8ftc 





-f- 4c'' 



Hence,2a+3ft+c is the greatest common divisor. 
After arranging the two polynomials, the division may be perform- 
ed without any preparation, and the first remainder will be, 

6ft J a+ 9ft« 
-10c -12ftc 
I - 5c» 
To continue the operation, it is necessary to take the secopd po- 
l)momiaI for a dividend, and this remainder for a divisor, and multi- 
ply the new dividend by Oft— 10c, or simply 3ft— 5c, since 2 is a 
factor of the first term of the dividend. But we are not at liberty 
to multiply by 3ft— 5c, if it is a factor of the remainder. There- 
fore, before effecting the multiplication, we must see if 3ft— 5c will 
exactly divide the first remainder ; we find that it does, and gives for 
a quotient 2a+3ft-f c : whence it follows that the remainder can be 
put under the form 

(3ft-6c) (2a+3ft+c). 
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Now, 33— 5c is a factor of this remainderi and is not a factor of 
the new dividend. For, being independent of the letter a, if it was 
a factor of the dividend it would necessarily divide the co- efficient 
of this letter in each of the terms, which it does not ; we may there- 
fore suppress it without affecting the greatest common divisor. 

This suppression is indispensable, for otherwise a new factor would 
be introduced into the dividend, and then the two polynomials con- 
taining a factor they had not before, the greatest common divisor 
would be changed; it would be combined with the factor 33— 5c, 
which should not form a part of it. 

Suppressing this factor, and effecting the new division, we obtain 
an exact quotient ; hence 

2a+Sh-\'C is the greatest common divisor. 

Remark. The rule for the greatest common divisor of two po- 
lynomials, may readily be extended to three or more pol3momia]s. 
For, having the pol3momials A, B, C, D^,&c. if ;sve find the greatest 
common divisor of A and B, and then the greatest common divisor 
of this result and C, the divisor so obtained will evidently be the 
greatest common divisor of A, B and C ; and the same process may 
be applied to the remaining polynomials. 

2. Find the greatest common divisor of a?*— 1 and x*+x*, 

Ans* l+«*. 

3. Find the greatest common divisor of 4a'— 2a'— 3a +1 and 

3a'— 2a— 1. Ans. a— 1. 

4. Find the greatest common divisor of a*— «* and a^-^a^x—aa^ 
■^xi*, Ans, a'— a^. 

5. Find the greatest common divisor of 36a*— 18a'— 27a* + 9a' 
and 27a'3'-18a*6'-9a'3'. 

Ans. 9a'(a— 1). 

6. Find the greatest common divisor of 

^ap'+Snp'j'— 2ig?g'— 2nj* and 2n^f^^n^*—fnp*q+!^mpg^. 

Am. p^q. 



OF FRACTIONS. 57 

7. Find the greatest commoa divisor of the two polynomials 
15a*+ 10a*ft +4a"ft»+6a«3' - 3ab* 

Ans. 3a«+2a3-**. 
CASE IL 
71. To reduce a mixed quantity to the form of a fraction. 
RULE. 

Multiply the entire part by the denominator of the fraction : then 
connect this product with the terms of the numerator by the rules for 
addition^ and under the resuU place the given denominator. 

EXAMPLES. 

1. Reduce x—- to the form of a fraction. 

X 

X = = . Ans, 

X X X ' 

ac+a?* 

2. Reduce x to the form of a fracticxi. 

2a 

ax—a^ 
Ans. 



2a 



2a?— 7 

3. Reduce 5-| — to the form of a fraction 

ox 



17a;-7 
Ans. 



dx 



X — a — 1 
4. Reduce 1 to the form of a fraction. 



2a~-x+l 
Ans. . 



2P— 3 

6. Reduce l+2a;— r — to the form of a fraction. 
ox 



10a:'+4a!+3 

Ans, r ? 

5a; 
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CASE III. . 

72. To reduce a fraction to an entire or mixed quantity. 
RULE. 

Dwide the numerator by the demnnmatorfor the entire party and 
place the remainder 9 if any, aver the denominator for thefaactumal 
part, 

EXAMPLES. 

CM? -}-<*' 

1. Reduce to a mixed quantity. 

or-f a' a* 
=aH — Ans. 

X a? . 

ax — a?" 

2. Reauce to an entire or mixed quantity. 

Ans. a—x* 

ah'~2a* 

3. Reduce — 7 — to a mixed quantity. 

Ans, a— ^-. 
o 



4. Reduce to an entire quantity. 



x'—y* 

5. Reduce to an entire quantity, 

X — y 



Ans. a +2 
Ans» «*+ay+3/*« 



« o J 10a?«-5a?+3 . , 

o. Keduce -— to a mixed quantity. 



3 

Ans, 2a?— 1^ . 



CASE IV. 



73. To reduce fractions having different denominators to equiva- 
lent fractions having a common denominator. 
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RULE. 

Mtdtiply each numeraiar into all the denominators eoscept its awn^ 
for the new numeratorsj and aU the denominators together for a com- 
man denominator. 

BXAMFLBS. 

a b 

1. Reduce -j- and — to equivalent fractioDS having a com- 
mon denominator. 

axc=^c 
hxh: 
and . . bxc=hc the common denominator. 

a a-^b 

2. Reduce -r- and to fracticms, having a common de- 

nominator. Am. t- and 



_rj t *n® new numerators. 



be be 

Sx 2b 

3. Reduce ^, — , and d^ to fractions having a common de- 

9cx 4dib 6acd 

nommator. Ans. -^ — ^ -^ — and -z — • 

6ac Sac 6ac 

3 2d? 2x 

4. Reduce -r-, -^, and aH — , to fractions having a com. 

^ o a 

9a 8aj7 12a*+24x 

inon denominator. Ans, ^^ , ,^ , and t^ . 

12a 12a 12a 

1 a* ^ «'+«!» 

5. Reduce -77, -;r- and ■ , to fractions having a com- 

2 3 a+x ® 

mon denominator. 

3a+ac 2a*+2a*a? 6a*+6«* 

"^^^ 6^+6^"' ea+6x ' ^^ 6a+ex * 

CASE V. 
74. To add fractional quantities together. 
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RULR 

Reduce the fractional if necessary, to a common denominator : then 
add the numerators together and place their sum over the common de- 
nominator. 

EXAMPLES. 

a c " ' e 

1. Find the sum of -r-, -j, and -7-. 

Here, . axdxf=adf^ 

cX^ Xf=c^ > the new numerators. 
ex^Xd=ebdj 

And . . hxdxf^=^f the common denominator. 
adf chf ehd adf+chf+ebd, 

^^"""^^ w'^w'^w^ — w — "'"• 

So?" 2ax 

2. To a r- add h-\ . 



2a3a;— 3ca;' 
Ans. a+*H — -^—7 • 

l)C 
XXX X 

3. Add —-, -7- and --- together. Ans. a:+T^. 

Z 6 ^ ° 12 

A Kjxjx ^-2 J ^ t^ . 19a;- 14 

4. Add and — together. Ans. , 

., ,, a?— 2 2a;— 3 

5. Add X'\ — — to 3a;H -r — . 

1037-17 

Ans. 4a; + 



12 • 

T . .1 ^^* x-^-a 

6. It IS required to add 4a;, -^ — , and -^ — together. 

. . , 5a;3+aa;+a* 

Ans. 4a;H . 

2ax 

« T . .J ^^ 2a; 7a; , 2a;+l 

7. It IS required to add — , — , and — together. 

49a;+12 
Ans. 2a;+- 
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7x X 

8. It is required to add Ax, -7-, and 2+t tc^ether. 

9 

44r+90 
Atts 4a; +- 



2x 8x 

9. It is required tc odd 3«+-r- and x — ^ together. 



45 

23a; 
Ana. 3«-l — rr-. 
45 

CASE VI. 

75. To subtract one fractional quantity from another. 

RULE. 

I. Reduce the fractions to a common denominator, 

II. Subtract the numeraitor of the fraction to he subtracted from the 
numerator of the other fraction, and jlace the difference oner the com* 
mon denominator, 

EXAMPLES. 

x—a 2a-*4a; 

1. Find the difference of the fractions ^- and — 

2b 3c 

Here, (x— a)x 3c=3ca7— 3ac ) , 

/^ . i ^y . y ^^ I t"6 numerators 
(2a— 4x)x23=4a3— 85x ) 

And, 2h x^c=6bc the common denominator. 

3cx — 3ac 4ah—Sbx Sex— 3ac— 4a*4-8ftx 

^^^^' — 6*^ 66S— = Wc • ^"*- 



12x 3x 

2. Required the difference of and — . 



3v 

3. Required the difference of 5y and — . 



39x 



Ans. — r — . 



3d? 2x 

4. Required the difierence of -^ und — . 



13a? 
Ans, 
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x-\~a c 

5. Requijped the difference between --r— and -j-i 






3(2 



Sx+a 2a?4-7 

6. Required the difference of — rr — and — - — . 



Arts. 



?• Required the difference of 3*+-t- and x 



406 



^TW. 2«;-f 






CASE VII. 

76. To multiply fractional quantities together. 

RULE. 

Jff'the quantities to be muUipLied are mixed^ reduce them to a frac^ 
Oonalform ; then multiply the numerators together for a nutmerator 

and the denominators together for a denominator* 

EXAMPLES. 

hx c 

1. Multiply aH — by — • 

a a 

bx a*-\-hx 

a-\—= 

a a 

a*-{-bx c a*c-{-bcx 

Hence, • . . . . X^-=5 3 . Ans. 

a d ad 

x« .,, , ^3a?-3a 

2. Requured the product of — and -j-, 

/6 

9ax 

Ans, 



2b • 
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2x Sa^ 

3. Required the product of — and ^T"* 

^. , , . , , ^ 2x Zab ^ Sac 

4. Find the contmued product of — , , and —t^t^* 

a e *Zo 

Arts. dax. 

bx a 

5. It is required to find the product of b-\ — and — • 

Ans. . 

X 

6. Required the product of — -r- — and —r-r — • 



Ans. 



X' 



'— i^ 



f* A* 



b'c+bc"' 
7. Required the product of aH , and ■ , . 

aa?'— ««+«•— 1 
Ans, 



a'+ab 



ax o*— aj* 

8. Required the product of a-i by 



^a—x ^ X +ar" 
Aim* 



aa?+aa?"— «•— «• ' 

CASE vin. 

77. To divide one fractional quantity by another. 

RULE. 

"Reduce the mixed quantities, if there are any, to afraeti(malform : 
then invert the terms of the divisor and multiply the fractions together 
as in the last case. 

EXAMPLES. 

h f 

1. Divide . • . . a— r- by — . 

h _2ac^b 
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hf 2ac^h ^^g _ 2acg--hg 

Hence, «— tt"^ — = — n — X-7r= — 5;^ — • -An*. 
2c g 2c f 2cj 

7j? 12 . 91* 

2. Let — be divided by — . Ans. --^ • 

4«" 4a: 

3. Let — =— be divided by 5a:. Ans, ^g. 

x-{-l 2x x+l 

4. Let -g— be divided by — . Ans. -^. 

X X ^2 

5. Let 7 be divided by -r-. Aru. - — r. 

a?— 1 '' 2 «— A 

5a; * 2a . 56a: 

6. Let — be divided by ^r. Ans. -g^- 

a? — h Sex X — h 

7. Let -^-r be divided by ^73-. ^^w* ■htst* 

8c(i . , 4a oc a; 

a:*—6* a;"+3a; 

^•^^* :c'^2to+6- ^^^^^^^^^y^::r' 

iliw. a:H . 

X 

78. We will add but a single proposition more on the subject of 
fractions. It is this. ^ 

If the 8hme number he added to each of the terms of a proper fraction^ 
the new fraction resulting from this addition wiU be greater than the 
first ; ha if it be added to the terms of an improper fraction, the re- 
suiting fraction wiU be less than the first, 

a 
Let the fraction be expressed by -r, and suppose a<6. 

Let m represent the number to be added to the terms : the 

a+m 

fraction then becomes r-- — . 

b-{-m 

In order to compare the two fractions, they must be reduced to the 

, . , . ah-^-am ^ ah^-bm 

same denommator, which gives , , . , for the first, and tz • 

^+wfi b^+bm 

for the second. 
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Now, thd denommaton being the same, that fraction will be the 
greatest which has the greater numerator." But the two numera- 
tors, ah'\'amf and 0^+^ have a common part ab ; and the part hm 
of the second is greater than the part am of the first, since 6>a. 
Hence the second fraction is greater than the first. * 

If the given fracti(xi is improper, or a>3, it is plain that the nu- 
merator of the second fraction will be less than that of the fint, 
ince Im would be less than am. 



CHAPTER II. 
Of Equations of the First Degree. 

79. An Equation is the expression of two equal quantities with 
the sign of equality placed between them. Thus, a?=a4-^ is an 
equation, in which x is equal to the sum of d abd b. 

80. By the definition, every equation is composed of, two parts, 
Separated fi*om each other by the sign =". ' The part on the left of 
the sign, is called the^ir^^ member, and the part on the right, is called 
tlie second membet; and each member may be composed rf one or 
more terms. 

81. Every equation may be regarded as the enunciation, in alge- 
braic language,' of a particular problem. Thus, the equation' 
4;-f a?=3b, is the algebraic enunciation of the foUowmg problem; 

Tojvnd a number v>Mchi being added to' itself , sKdU give a sum 
equal to 30. 

Were it required to solve this problem we should first express it 
^ algebraic language, which would give the equation 

«+ jr=80« 
By addmg « to itself, we have .' . . . .' 2«=30. 
and by dividing by 2, we obtain' . .' • • «=I6.' 

6* 
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Henoe we see that the solutioa of a problem by algebra, consista ^ 

of two distinct parts. 

l4f. To easpress algelnxsieally the relation between the known and 
unknown quantities. 

2<^. To find a value for the unknown quantity , in terms of those 
which are knoum^ which substituted in its place in the given equation 
wiU satisfy the equation ; that is^ render the first member equal to the 
second. 

This latter part is called the schOion of th^ equation. 

82. An equation is said to be verified^ when such a value is sub- 
stituted for the unknown quantity as will prove the two members of 
the equation to be equal to each other. 

83. Equations are divided into different classes. Those which 
contain only the first power of the unknown quantity, are called 
equations of the first degree. Thus, 

ax -^ b = cx+d is an equation of the 1st. degree. ' 

2x'— So; =5 — 2«* is an equation of the 2d. degree. 
4a?*— 5«"x=3a;-|-ll is an equation of the 3d. degree. 
In general, the degree of an equation is denoted by the greatest 
of the exponents with which the unknown quantity is affected. 

84. Equations are also distinguished as numerical equations and 
literal equations. The first are those which contain numbers only, 
with the exception of the unknown quantity, which is always de- 
noted by a letter. Thus, 4a;— 3=2a?4-5, 3a?*— a?=8, are numerical 
equations. They are the algebraical translation of problems, in 
which the known quantities are particular numbers. 

The equations ax—b=cX'{-dj ax^'\-bx=iCf are literal equations, 

in which the given quantities of the problem are represented by 

letters. 

i 

85. It frequently occurs in algebra, that the algebraic sign + or 

— , which is written, is not the true sign of the term before which 
it is placed. Thus, if it were required to subtract — & firom a, wo 
should write 
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Here the true sign of the second term of the binomial is plus, al- 
though its algebraic sign, which is written in the first member of the 
equation, is — . This minus sign, operating upon the sign of d, 
which is also negative, produces a plus sign for h in the result. 
The sign which results, afler combining the algebraic sign with the 
sign of the quantity, is called the essentud sign of ike lemty and is 
often different from the algebraic sign. 

By considering the nature of an equation, we perceiye that it 
must possess the three following properties. 

1st. The two members are composed of quantities of the same kind. 

2d. The two members are equal to each other. 

3d. The essential sign of the two members must be the same. 

Equations of the First Degree involving but one unknoum 
quantity. 

86. An axiom is a self-evident proposition. We may here state 
the following. 

1. If equal quantities be added to both members of an equation, 
the equality of the members will not be destroyed. 

2. If equal quantities be subtracted from both members of an 
equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by the same 
number, the equality will not be destroyed. 

4. If both members of an equation be divided by the same num. 
her, the equality will not be destroyed. 

87. The transformation of an equation consists in changing its 
form without affecting the equality of its meml^ers. 

The following transformations are of continued use in the resolu- 
tion of equations. 

First Transformation. 

88. When some of the terms of an equation are fractional, to re- 
duce the equation to one in which the terms shall be entire. 
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Take the equation; 

ix 2 X 

First, reduce all the fractions to the same denominator, by the 
known rule ; the equation becomes 

48a: b4x 12a 



72 72 ' 72 

arid fidnce we can multiply both members by the same number with- 
out destroying the equality, we will multiply them by 72, which is 
the same as suppressing the denominator 72, in the fractional terms, 
and multiplying the entire term by 72 ; the equation then becomes 

48a?-64a?-f-12a;=792. 
or dividing by 6 8a?— 9*+ 2ar=132. 

89. The last equation could have been found in another manner 
by employing the least cohimon multiple of the denominators. 

The common multiple of two or more numbers is any number 
which they will both divide without a remainder ; and the least 
common multiple, is the least number which they will so divide. 
The least common multiple will be the product of all the numbers, 
when, in comparing either with the others, we find no common fac- 
tors. But when there are common factors, the least common mul- 
tiple will be the product of all the numbers divided by the product 
of the common factors. 

The least common multiple, when the numbers are small, can 

generally be found by inspection.' Thus, 24 is the least common* 

multiple of 4, 6, and 8, and 12 is the least common multiple of 

3, 4 and 6. 

2x S X \ 

Take the last equation — — --x+— =11. 

We see that 12 is the least common multiple of the denomina.' 
tbrs, and if we multiply all thb t<3rms of the equation by 12, and 
divide by the denominators, we obtain 

8ar— 9a;+2afisl32. 
the same equatioii as befi^re found. -^ 
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90. Hence, to make the denominators disappear from an equation, 
we have the following 

RULE. 

I. Form the least common multiple of all the denominators. 

II. Multiply each of the entire terms by this muUipU, and each of 
the fractional terms by the quotient of this multiple divided by thedC' 
nominator of the term thus multiplied, and omit the denominators of 
the fractional terms. 

EXAMPLES. 

X X 

1. Clear the equation -r-+-= — 4=3 of its denominators. 

Ans. 7«4-5a;— 140=105. 

a c 

2. Clear the equation -r- — —-{f^g. 



3. In the equation 



Ans. ad'-bc'\-bdf=bdg. 



ax 2(^x 4Jm^x 6a* 2c" 

b ab o^ l^ a 

the least common multiple of the denominators is a*b* ; hence clear, 
ing the fractions, we obtain 

a*Ja;-2a"3c*a;+4a*i»=46Va;-5a«4-2a«^c"-3a*53. 

Second Transformation, 
91. When the two members of an equation are entire polynomials, 
to transpose certain terms from one member to the other. 

Take for example the equation .... 5a;— 6=8+2a?. 

If, in the first place we subtract 2x from 
both members, the equality will not be de- 
stroyed, aud we have 5x— 6— 2aj=?=8. 

Whence we see that the term 2a?, which was additive in the 
second member becomes subtractive in the first. 
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lo the second place if we add 6 to both 
members, the equality will still exist and 

wo have * . . 5aj— 6— 2a?+6=8+6. 

Or, since —6 and +6 destroy each other 6a;— 2a;=8+6. 

Hence the term which was subtractive in the firstVnember, passes 
mto the second member with the sign of addition* 

Again, take the equation ^ <ix+bz=:d^cx, 

if we add ex to both members 
and subtract h from them, the 

equation becomes .... aa?-j-54-ca?— 5=(l— ca?+c«— i. 
or reducing ax-^-cx^^d—h. 

Therefore^ for the transposition of the terms^ we have the 
following 

RULE. 

Any term of an equation may he transposed from one member to the 
ether by changing its sign. 

92. We will now apply the prececling principles to the resolution 

of the equation, 

4af-«'V=aa:+5. 

by transposing the terms —8 and 2x it becomes 

4c— 207=5+3 

Or reducing » 2x=8 

8 
Dividing by 2 . jc=— =t4. 

Now, if 4 be substituted in the place of x in the first equation, it 

becomes 

4x4—3=2x4+5 

or ... * 13=13. 

Hence, the value of w is verified by substituting it for the unknown 

quantity in the given equation* 

For a second example, take the equation 

5« 4a? _7 13ar 
— -~-13=y —. 
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By miildng the denonsnaton dumppear, iv« liaire 

10x-32a?— 812=r 21 —52* 
or, by transposing: . lOa— 32a?+52a;= 21 +312 
by reducing • • . 3007=333 

333 111 
diwMngbySO . . ^"^W^lo""^^'^* 

a resuit which may be verified by substituting it for « la the given 
equation. 
For a third examplis let us take the equation 
(3a— a?) (a— ft)+2«a?^43(a;+a). 

It is first necessary to perform the multiplicatioDS indicated, in or- 
dfer to reduce the two members to two polynomials, and thus be uble 
to disengage the unknown quantity x, from the known quantities.. 
Having done that, the equation becomes,. 

3a'— ac— 3a3+*a?+2aa;=4fta?+4a*. 
or by transposing . — aa?+^^+2aa?— 4^* =4aJ-}'3ai— 3a* 
by reducing . . ax^Qhx =7a3— 3a' 

Or, (Art. 48). . . (a-3*)aj=7a*-3a; 

Dividing both members by a— 33 we find 
^7a*-3a» 
"""" a-^3 • 
93. Hence, in order to resolve any equaticAi of the first degree, 
we have the following general. 

RULE.. 

I. If there are any denominatorSj cause themto disappear, and per- 
form, in both members, all the algebraic operations indicated : toe thus 
obtain an equation the two members of which are entire polynomials. 

Ih, Then transpose all^f^ terms affected unth the unknown quantity 
in0 the first mencber, and all the known terms into the second member. . 

III. Reduce to a single term all the terms involving x : this term 
wiU be composed of two factors, one of which will be x, and the other 
all the multipliers of x, connected with their respective signs. 
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IV. Ditnde hoik members hy the number or polynomial by which the 
unknoum quantity is multiplied, 

EXAMPLES. 

1. Given 3aj— 2 +24= 31 to find x. Ans. «= 3. 

2. Given x+18=8aj— 5 to find «. Ans. aj=ll— . 

3. Given6— 2a;-|-10=20— ar— 2 tofinda?. Ans. jr=2. 

4. Given X'\-—x+-^x=ll to find a?. Ans. x=6. 

1 6 

5. Given 2a? — --a:+l=5aj— 2 to find x. Ans, «=-—-, 

2 7 

a 

6. Given 3aa;+-- — 3=3aj— a to find x, 

6-^3ii 

Ans, x= 



"6a-2i* 



^. a?— 3 X a?— 19 
7. Given — jr — 1-^=20 r — to find a?. 



Ans. aj=23--. 
4 



a;+3 X X — 5 
8. Given —-z: — h:^=4 j— to find a?. 



6 
Ans. aj=3— . 
13 



ax'—h a hx hx^a 
9. Given — :; h-^r^"^; :; — to find x. 



Ans. x=z 



3a— 2i* 
10. Find the value of x in the equatj^ 

(a+3) (x^h) 3^_ 4a&-y ^^ g'^&a: 
a—^ a+* * 

a*+3a»3+4a«*»-^6a3»+2i* 



Ans. x=- 



2*(2a»4-a*-*«) 
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Cf Questions producing Equations of the First Degree 
involving but a single unknown quantity, 

94, It has already been observed (Art. 81), that the solution of 
a problem by algebra, consi&its of two distinct parts. 

1st. To express the conditions of the problem algebraically ; 
and 

2d. To disengage the unknown from the known quantities. 

We have already explained the manner of finding the value of 
the unknown quantity, after the question has been stated ; and it 
only remains to. point out the best methods of enunciating a problem 
in the language of algebra. 

This part of the algebraic resolution of a problem, cannot, like 
the second, be subjected to any well defined rule. Sometimes the 
enunciation of the problem furnishes the equation immediately ; and 
sometimes it is necessary to discover, from the enunciation, new c<»i. 
ditions from which an equation may be formed. The conditions 
enunciated are called expUcU conditions^ and those which are de- 
duced from them, implicit conditions. 

In almost all cases, however, we are enabled to discover the equa- 
tion by applying the following 

RULE. 

Consider tJie problem solved ; and then indicate, by means of alge- 
hraic signs^ upon the known and unknoum. quantities j the same course 
of reasoning and operations which it wovXd be necessary to perform, 
in order to verify the unknown quantity^ had it been giten, 

QUBSTVONS. 

1. Find a number such, that the sum of one half, one third, and 
one fourth of it, augmented by 45, shall be equal to 448. 

Let the required numbeir be denoted by . . a?. 

7 
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X 



Then, one half of it will be denoted by . . . -^. 
one third of it ^J • 



X 



X 

T 



one fourth of it . . by . 

a; a; a; 
And by the conditions, —+—+—+4b=:^Q. 

Or by subtracting 45 from both members, 

XXX 

_+-+-=408. 

By clearing the terms of their denommators,we obtain 

6a;+4a;-|-3a?=4836. 

or . . 13a;=4836. 

„ 4836 

Hence • a?=-— -=372. 

xo 

Let this result be verified. 

872 372 372 

-2-+-3- +-J- +45= 186 + 124+93+45=448. 

2. What number is that whose third part exceeds its fourth, by 
16. 
Let the required number be represented by x. Then, 

■g-ar= the third part. 

-j-a?= the fourth part. 

And by the question -^-x — 7-a?= 16. 
o 4 

or, . . . 4r^ac=192. 

«=192. 

Verification. 
192 192 



-i=64-48=:16- 
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3. Divide 91000 between A, B, and C, so that A shall have 972 
more than B, and C 9100 more than A. 

Let . • x= B's share of the 91000. 

Then . . a?-}- 72= A's share. 

And . . a? +172= C's share. 

Their sum 3«+244= 1000. 

Whence, 3«= 1000-244=756 

766 
or a?=— -— =9252= B's share, 

o 

x+ 72=252+ 72=9824= A's share. 

And a;+172=252+172=9424= C's share. 

Verification, 
252+324+424=1000. 

4. Out of a cask of wine which had leaked away a third part, 
21 gallons were afterwards drawn, and the cask being then gauged, 
appeared to be half full : how much did it hold ? 

Suppose the cask to have held x gallons. 

X 

Then, -r^= what leaked away. 
o 

X 

And -g-+ 21= all that was taken out of it. 

X 1 

Hence, — + 21=-^ by the question. 

or 2a?+126=3a;. 

or — a? = — 126. 

or X =. 126, by changing the signs of both 

members, which does not destroy their equahty. 

VeriJicaHon. { 

126 126 

-y-+21=42+21=63=-^. 

5. A fish was caught whose tail weighed 92^. ; his head weighed 



76 AXQJSBJIA. 

AS much aa his tail and half his hody, and his hcnly weighed as 
much as his head and tail together ; what was the weight of the 
fish? 
Let . 2 a;= the weight of the body. 

Then • 9+x= weight of the head. 
And since the body weighed as much as both head and tail 
2a;=9-f 9+x 
or . . 2a;— a;=?18 and ff=18. 

Verification, 

2x=z 36 lh=: weight of the body. 

9+«=27^J= weight of the head. 

9lbz= weight of the tail. 

Hence, . 72Z*= weight of the fish. 

6. A person engaged a workman for 48 days. For each day 

that he laboured le received 24 cents, and for each day that he was 

Idl^; he paid 12 cents for his board. At the end of the 48 days, the 

account was settled, wh^i the labourer received 504 cents. Re^ 

quired the number of working daps^ and the number of days he was 

idle. 

If these two numbers were known, by multiplying them respec- 

tively by 24 and 12, then subtracting the last product from the first, 

the result would be 504. Let us indicate these operations by means 

of algebraic signs. 

Let . . a? = the number of working days. 

48—0? = the number of idle days. 

Then 24xa; = the amount earned, and 

12(48— a;}= the amount paid for his board. 

Tliea 24jr— 12(48— a?) =604 what he received. 

or 24ar— 576+12a?=504. 

or 86a?=:504+576=1080 

1080 
and «=-— =30 the working days. 

whence, 48— 30=18 the idle days. 
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Verification. 

Thirty day's labor, at 24 cents a day, 
amounts to • . • • • 
And 18 day's board, at 12 cents a day, 

amounts to 

And 720— 216=504, the amount received, 

This question may be made general, by deno- 

tmg the whole number of working and idle days, 

The amount received, for each day he worked. 

The amount paid for his board, for each idle 

day, .•••••••• 

And the balance due the laborer, or the result 

of the account, 

As before, let the number of working days be 
represented ....... 

The number of idle days will be expressed 
Hence, what he earns will be expressed 
and the sum to be deducted, on account of his board. 
The equation of the problem therefore is, 
oa?— -5(n— «)=c 
ax—h n+hx=c 
(a+b)x=zc +bn 
c 4-Jn 



30x24=720 cts. 



18x12=216 cte. 



by 
by 

by 

by 

by 
by 
by 
by 



ti. 
a. 

h. 



X. 

ax* 



whence 



and consequently. 



fi'-x^in- 



'a'\-b 
c -i-bn 



<tn4-^— c— ^ 



or 



n— «= 



a -f ft 
an--c 



a-t-ft 



7. A fox, pursued by a greyhound, has a start of 60 leaps. He 
makes 9 leaps while the greyhound makes but 6 ; but three leaps of 
the greyhound are equival^t to 7 of the fox. How many leaps 
must the greyhound make to overtake the Ibx ? 

From the enunciation, it is evident that the distance to be passed 



19 



over by the greyhound is compose^ of the 80 leapa which the fox is 
in advance, plus the distance that the fox passes over from the mo- 
ment when the greyhound starts in pursuit of him. Hence, if we 
can find the expression for these two distances, it will be easy to 
form the equation of the problem. 

Let «= the number of leaps made by the greyhound before 
he overtakes the fbx. 

Now, since the fox makes 9 leaps whUe the greyhound makes 
but e, the fox will make y or -J leaps while the greyhound 
makes 1 ; and, therefore, while the greyhound makes x leaps, the 
fox will make -—g leaps. 

Hence, the distance which the greyhound must pass over, will be 
expressed by 60+— « leaps of the fox. 

It might be supposed,that bi order to obtain the equation, it would 
bo sufficient to place* equal to 60+y«,. but in doing so, a 
manifest error would be committed ; for the leaps of the greyhound 
ate greater than those of the fox, and we would then equate hetero. 
geneous numbers, that is, numbers referred to different units. 
Hence it is necessary to express the leaps of the fox by means of 
those of the greyhound, or reciprocally. Now, according to the 
enunciation, 8 leaps of the greyhound are equivalent to 7 leaps of 

the fox, then Heap of the greyhound is equivalent to i- leaps of 
the fox, and consequently z leaps of the greyhomid are equivalent 



1x 

to — of the fox 



Hence, we have the equation —^ 60+-^. 



8 



A 9-2 

making the denominatow disappear 14«=860+ftp, 

^^""^ 5*=860 and ;r=:72. 
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Therefore, the greyhound will make 72 le^ps to orertake the fox, 

3 

and during this time the fox will make 72x-o~ or 108. 

Verification, 

72x7 

The 72 leaps of the greyhound are equivalent to — 5 — = 168 

o 

leaps of the fox. 

And 60+108=1689 the leaps which the fox made from the 
beginning. 

8. A father who had three children, ordered in his wil], that his 
property should be divided amongst them in the following manner : 
the first to have a sum a, plus the nth part of what remained afler 
subtracting a from the whole estate ; the second, a sum 2a plus the 
nth part of what remained afler subtracting from it the first part and 
2a ; the third, to have a sum Sa plus the nth part of what remain- 
ed afler subtracting from it the first two parts and 3a. In this man- 
ner his property was entirely divided ; required the amount of it. 

Let X denote the property of the father. If by means of this 
quantity, algebraic expressions can be formed for the three parts, 
we may subtract their sum fhrni the whole property a?, and the re- 
mainder placed equal to zero, will give the equation of the prob- 
lem. We will then endeavour to determine successively these 
three parts. 

Since 07 denotes the property of the father, x— a is what remains 

afler having subtracted a from it ; therefore x—a is the first re- 

X — a 

mainder, and the part which the first child is to have, is aH 1 

n 

or reducing to a common denominator, 

fl«+x— a , 
=:lst part. 

bi order to jforrn the 2d part, this first piart and 2a must be subtract- 

, . . « (an+x-^a) , . 

ed from 9; : this gives a?— 2a — ^ ^> or reducing to a com- 
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mon denominator and subtracting, 



2d. remainder. 



Now, the second part is composed of 20, plus the nth part of this 

fix — 3an — x-{-a 
remainder ; therefore, it is 2a -{ 5 , or reducing to 

a common denominator, 

2an* + na? — 3an — a? + ^ 
5 =2d. part. 

Subtracting the two first parts plus do, from x, we have 

(an+x-^a) (2an'-|-na;— 3an— x+a) 
«_8« ^ , 

Or, reducing to a common denommator, and performing the opera- 
tions indicated, 

n'a?— 6an*— 2na?+4an+x— a , . ■ 

5 3d. remamder. 

n^ 

, ^, . ^ n'x— 6an'— 2nj?4-4an+a;— a 
Hence the 3d part is da-\ • 5 . 

Or, reducing to a common denominator, 

3an*+n*aj— 6an*--2na;+4an+a?--a 
5 =3d part. 

But from the enunciation, the estate of the father is found to be 
entirely divided. Hence, the difference between x, and the sum of 
the three parts should be equal to zero. This gives the equation 



an +a— a 2a«^+ nx^San-^x+a ^ 



ft n« 

3an*+n*« — 6an'— 2naj+4an4-«— a 



^=0. 



by making the denominators disappear, and performing Hae opera* 
tions indicated, we have 

n'x^-dan'— 3it*«+10an*+8na;— 5an— a;+a=0. 
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Whence, 

^6an'--10an*+5an— a_a(6n'— 10n»+5n— 1) 
^~ 7i3_3na 4-3^-1 "~ n=— 3«»+3n-l ' 
A more simple equation and result may be obtained, by obserr- 
ing, that the part which goes to the third child, is composed of do, 
plus the nth part of what remains, and that the estate is then entirely 
exhausted ; that is, the third child has only the sum 3a, and the re- 
mainder just mentioned is nothing. 

Now the expression for this remainder has been found to be 
n^a?— • 6an* — 2»M?+4an +aj— a 
n^ • 

Placing this equal to zero^ and making the dencHninator disappear, 
we have 

n*«^6fl«'— 2iM?+4att+a;— «=0. 

6an*— 4an+a a(6n*— 4n+l) 

Whence a?= — o ^ , . = , ^ .1 

71^— 2n+l 71*— 2nH-l 

Verification. 

To prove the numerical identity of this expression with the pre» 
ceding, it is only necessary to show that the second can be deduced 
from the first, by suppressing a factor common to its numerator and 
denominator. Now if we apply the rule for finding the greatest 
common divisor (Art. 70.), to the two polynomials 

a(6tt'-.10n*+5n-l) and n^-3n*+3n-l, 

it will be seen that »— 1 is a common &ctor, and by dividing the 
numerator and denominator of the first expression by this factor, 
the result will be the second. 

This pioblem shows the beginner how important it is to seize 
upon every circumstance in the enunciation of a question, which 
may facilitate the formation of the equation, othei*wise he runs the 
risk of arriving at results more complicated than the nature of the 
the question requires. 

The conditions which have served to ionA successively the ex- 
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pressions for the three parts, are the explicit conditions of the pro- 
blem ; and the condition which has served to determine the most 
simple equation of the problem, is an implicit condition^ which a 
little attention has sufficed to show, was comprehended in the enun- 
ciation. 

To obtain the values of the three parts, it is only necessary to 
substitute for x its value in the three expressions obtained for these 
parts. 

. , . . . a(6n»-4n+l) . , 

Apply the formula a;= ^ to a particular example. 

Let a= 10000, n=5. 
We have 
10000(6x25-4x5+1) 10000x131 1310000 
*= 25-10+1 = 16 =—^fg— =81875. 

To verify the enunciation in this case : 

81875—10000 

The first child should have, 10000 H = , or 24375. 

o 

There remains then 81875—24375, or 57500, to divide between 

the other two children* 

57500—20000 
The second should have, 20000 H r , or 27500. 

Then there remains 57500—27500, or 30000, for the third 
child. Now 30000 is triple of 10000 ; hence the problem is verified. 

We can give a more simple and elegant solution to this problem, 
but it is less direct. It also depends upon the remark, that afler hav- 
ing subtracted 3a and the two first parts firom the whole estate, no- 
thing remains. 

Denote the three remainders mentioned in the enunciation by r, 
r', r"* The algebraic expressions for the three parts will be 

a+— , 2a+— , 3a+— . 

ft ft 91 

Now, 1st. From the enunciation, it is evident that r"=0. t 

Therefore the third part is 3a. 
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2d. What remains after giving to the second child 2aH — 

ft 

^,_ _, *^ (n-l)r' 
can be represented by r r or ■■ — - — . 

Moreover, this remainder also forms the third part. Therefore 

we have 

(n-iy ^ ^ ^ San 

— =3a; whence 1^= r. 

n" n— 1 



r«, , , . 3a» da 

Then the second part IS 2aH --^n=2aH r, or convert- 

*^ n— 1 n— 1 

2an-{-(| 
ing the whole number into a fraction, and reducing, r— . 

3d. The remainder, after giving to the first a-\ — , can be ex- 

*• tn. ^ 1 \t 

pressed by r or — . Now this remcdnder should form 

n n 

2an-|-a 
the two other parts, or 3aH -— • 

^ 71—1 

_ (n— ly 2an-\-a ban— '2a 

Therefore, -^ ^— =3aH — = ; — . 

n n— 1 ■ n— 1 

ban— 2a n 5an'—2an 

Hence, i 



And consequently the first part is 

5an* — 2an ban — 2a 



a-] — j2 — T"^2 — rn=a-{ 
=«4 



ban— 2a an^-\-San—a 



na_.2n+l n*-2n+l 

Ther the whole estate is 

2an+a an*-f3afi— a 



^+";;3r"+ n«-2n+i • 

Or, by reducing the whole number and fractions^to a comm5n 
denominator. 
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ag(n»~2n+l)+(2an4-g) (n— l)4-g»'+3an— a 

Or performing the operations indicated and reducing 
Qan'-^Aan+a _a(6n*— 4n+l) 

which agrees with the preceding result. 

This solution is more complete than the preceding, since we obtain 
from it the estate of the father, and the expressions for the three 
parts. 

9. A father ordered in his will, that the eldest of his children 
should hitve a sum a, out of his estate, plus the nth part of the re- 
mainder ; that the second should have a sum 2a, plus the nth part of 
what remained afler having subtracted from it the first part and 2a ; 
that the third should have a sum 3a, plus the nth part of the new re- 
mainder — and so on. It is moreover supposed that the children 
share equally. Required, the value of the father's estate, the 
share of each child, and the number of children. 

This problem is remarkable, because the number of conditions con- 
tained in the enunciation is greater than the number of unknown 
values required to be found. 

Let the estate of the father be represented by x : then will «— a 
express what remains afler having taken from it the sum a. There- 
fore the share of the eldest is 

x—a an+x-^a 

a-\ or =lst. part. 

n n '^ 

Subtracting the first part, and 2a, from a;, we have 

^x—a) nx" 
^j— lor. 

^ , . , . nx—San-^X'^a 
the nth part of which is, 5 . 

Hence, the share of the second child is ^ 

nx'^Ban'^x-\'a 2an^-f no;— dan— a?+a 
2aH -5 , or -5 =2d part. 



(an+x—a) nxSan^X'{-a 

a;— 2a — ^ or, 

n n 
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In like manner, the other parts might be formed, but as all the 
parts should be equal, it suffices to form the equation of the problem, 
to equate the two first parts, which gives 

an-j-ac— a 2an'-|-nx— 3an— a;-{-a 
n ^ n^ ' 

whence, 

a?=an*— 2an+a=a{n-- 1)^ 

Substituting this value of a; in the expression for the first part, 
we find 



or reducing, 



an-fan^— 2an-fa— a 



=an-a=a(fi- 1) ; 



and as the parts are equal, by dividing the whole estate by the first 

part, we will obtain a quotient that will show the number of child* 

an^— 2an+a 

ren; therefore, , or n—1, denotes the ilumber of 

an — a 

children. 

The father's estate, . . an^— 2an4-a=a(n— 1)*. 

The share of each child, . fl(»— 1), 

Whole number of children, . (n-^l). 

It yet remains to be shown, that the other conditions of the pro- 
blem are satisfied ; that is, that by giving to the second child, 2a plus 
the nth part of what remains ; to the third, Sa plus the nth part of 
what remains, &c., the share of each child is in fact (n— l)a. 

The difference between the estate of the father and the first part 
being a(n— 1)^— •a(n— 1), the share of the second child will be 

a(n-l)2-a(n-l)-2a 2a(n-.l)+a(n-l)«-fl{n-l) 
^+- ' ^ $ or — ^ --^ ^^ ^, 

and reducing 

fl(n-.l)+a(«-l)a fl(n-l) ( l+n-^l) 

n n 

8 
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or a(n— 1). 

In like manner, the difference between a(n— 1)' and the two first 
parts being, a(n— 1)^— 2a(n— 1), the third part will be 

a(n-lf-2a(n-l)-3a 
3a+ , 

which being reduced, becomes 

— ^^ ^^ —f or a(n— 1). 

In the same way we would obtain for the fourth part 

a(»-. i)a__ sa(n- 1)- 4a ain--- 1) +a(n'' 1)* 

4aH f or • , and so on. 

n ft 

Hence all the conditions of the enunciation are satisfied. 

10. What number is that from which, if 5 be subtracted, | of 
the remainder will be 40 ? Ans. 65. 

11. A post is 1 in the mud, ^ in the water, and ten feet above the 
water : what is the whole length of the post ? 

Ans. 24 feet. 

12. After paying J and \ of my money, I had 66 guineas left in 
my purse : how many guineas were in it^at first ? 

Ans. 120. 

13. A person' was desirous of giving 3 pence a piece to some 
beggars, but found. he had not money enough in his pocket by 8 
pence : he therefore gave them each 2 pence and had 3 pence re. 
maining: required the number of beggars. Ans, 11. 

14. A person in play lost J of his money, and then won 3 shil- 
lings ; after which he lost i of what he then had ; and this done, 
found that he had but 12 shillings remaining : what had he at first ? 

Ans. 20*. 

15. Two persons, A and B, lay out equal sums of money in trade ; 
A gains $126, and B loses $87, and A's money is now double of B's :. 
what did each lay out ? Ans. $300. 

16. A person goes to a tavern with a certain sum of money in his 
pocket, where he spends 2 shillings ; he then borrows as much mo. 
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ney as he had lefl, and going to another tavern, he there spends 2 
shillings also ; then horrowing again as much money as was left, he 
went to a third tavern, where likewise he spent two shillings and 
borrowed as much as he had left ; and again spending 2 shillings 
at a fourth tavern, he then had nothing remaining. What had he 
at first ? Ans. Bs. 9d. 

Of Equations of the First Degree involving two or more 
unknown quantities, 

95. Although several of the questions hitherto resolved, contain- 
ed in their enunciation more than one unknown quantity, we have 
resolved them by employing but one symbol. The reason of this 
is, that we have been able, from the conditions of the enunciation, 
to express easily the other unknown quantities by means of this sym. 
bol ; but this is not the case in all problems containing more than 
one unknown quantity. 

To ascertain how problems of this kind are resolved : first, take 
some of those which have been resolved by means of one unknown 
quantity. 

1. Given the sum a, of two numbers, and their, difierence J, it is 

required to find these numbers. 

Let x= the greater, and y the less number. f 

Then by the conditions .... x-^ys^a. 

and .... ar— y=J. 

By adding (Art. 86. Ax. 1.) . . . 2x=ia+b. 

By subtracting (Art. 86. Ax. 2.) . . 2y=a— i. 

Each of these equations contains but one unknown quantity. 

a+b 
From the first we obtain . . . a?=-— -. 

ar-b 
And from the second .... y= ^ . 
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Verification. 

a^b a-^h 2a , a-^b a—b 2b 
-^+^-=^=« ; and 3-=^=*. 

For a second example, let us also take a problem that has been 
already solved-. 

2. A person engaged a workman for 48 days. For each day 
that he labored he was to receive 24 cents, and for each day that he 
was idle he was to pay 12 cents for his board. At the end of the 
48 days, the account was settled, when the laborer received 504 
cents. Required the number of working days and the number of 
days he was idle. 

Let X = the number of working days. 

y 8= the number of idle days. 

n = the whole number of days = 48. 

a = what he received per day for work = 24 cts. 

b = what he paid per day for board = ft cts. 

c =: whiit he received at the end of the time = 504. 
Then, ax = what he earned, 
And by = what he paid for his board. 

We have by the question ... j ^"^ ^"^^' 

I ax—by =zc* 

It has already been shown that the two members of an equation 
can be multiplied by the same number, without destroying the equal- 
ity ; therefore the two members of the first equation may be multi. 
plied by 3, the co-efGcient of y in the second, and we have 

The equation bx-^-by^bn. 

Which, added to the second . . ax—hy=z c, 

Chives -.•... ax-i-bx=zbn+c. 

Whence x=^^ 

a-^-b' 

In like manner, multiplying the two members of the first equa. 
tion by a, the co-eflicient of a; in the second, it becomes 
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ax+ay=an. 
From which, subtract the second equation, ax-^ly^ c. 



And we obtain ay-^by=€m—c» 

Whence y= — ri* 

^ a+b 

By introducing a symbol to represent each of the unknown quan^ 

titles in the preceding problem, the solution which has just been 

given has the advantage of making known the two required num* 

hers, independently of each other* 

Elimination, 

96. The method which has just been explained -of combining two 
equations, involving two unknown quantities, and deducing there- ' 
from a single equation involving but one, may be extended to three, 
four, or any number of equations, and is called elimination. 

There are three principal methods of elimination : 
/ 1st. By addition and subtraction. 

2d. By substitution. 

3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Svbtraction, , 

( 5a?-f7y=43. 

97. Take the two equations . . i , , . ^ ^r. 

( llaj4-9y=69. 

which may be regarded as the algebraic enunciation of a problem 
containing two unknown quantities. If, in these equations, one of 
the unknown quantities was affected with the same co-efficient, we 
might, by a simple subtraction, form a new equation which would 
contain but one unknown quantity, and from which the value of this 
unknown quantity could be deduced. 

Now, if both members of the first equation be multiplied by 9, 
the co-efficient of y in the second, and the two members of the 
second by 7, the co-efficient of y in the first, we will obtain 

8* 
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'45a;+633/=±387, 
. 77a?+633^=483, 

equations which may b« substituted for the two fiist, and in which 

y is afiected with the same co-efficient. 

• • ' • • • * ^ 
Subtracting, then, the first of these equations from the second, 

there results'3Sa;=9e, wherfce"a;==3* 

AgsAft^if we multiply both members of the first equation by 11, 

the oo-efficient of a; in the second, ahd both members of the second 

by 5, the co-efficient of a; in the first, we wDl form the two equations 

55a;+77y=473, ) ,,,..., 

« - ,. c which may be substituted for the two 
55a? +453^=345, ) '' 

proposed equations, and in which the co-efficients of x are the same. 
Subtracting, then, the second of these two equations from the first, 
there results 32y=128, whence y=4. 

Therefore a;=3 and y=4, are the values of x and y, which 
should verify the enunciation of the question. Indeed we have, 
1st. 5x3+7x4=15+28=43; 
2d. 11x3+9x4=33+36=09. 

The method of elimination, just explained is called the method by 
addition and subiracUon'f because the unknown quantities disappear 
by additions and subtractions, afler having prepared the equations 
in such a manner that one unknown quantity shall have the same 
co-efficient in two of them. 

Elimination by SubstittUion. 

i 6a?+7y=43. 
98. Take the same equations ^ . J , , ^ ^ 

^ { lla;+9y=69. 

Find the value of a; in the first equation, which gives 

43-:7y 

6 

Substitute this value of a; in the second equation, and we have 

43— 7tf 
llX— r^+9y=69. 
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or . 473-77y+45y=346; 

or . — 32y =— 128. ^ 

Hence . y=4, • ^ 

. ^ 43-28 ^ . ... 

And . a?= — - — =3. 

o 

This method, called the method by substittUiop, consi^ i 

the Takie of one of the unknown quantities in on&bf the < 

as if the other unknown quantities were already determined, and in 

substituting this value in the other equations; in.this way new equa^- 

tions are formed, which contain one unknown quantity less than the 

given equations, and upon which we operate as upon the proposed 

equations. 

Elimination by Comparison. 

99. Take the same equations j ii^+gy==69. 
Finding the value of « in the first equation, we have 

43-7y 
5 
And finding the value of a; in the second, we obtain 

69-93^ 

Let these two values of a; be placed equal to each other, and we 
43- 7y_ 69- 9y 



have, 

Or, . 
Or, • 
Hence» 

And, 



5 11 

473-77y=346— 45j^ 

-32y=-128. 

y= 4 

69-36 
. «=-3^=3. 



This method of elimiiiatioQ is called the method by comparison, 
and consists in finding the value of the same unknown quantity in dl 
the equations, placmg them equal toeaeh other^ two and two, which 
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necessarily gives a new set of equations, containing one unknown 
quantity less than the other, upon which we operate as upon the 
proposed equations. 

But there is an inconvenience in the two last methods, which the 
method hy addition and subtraction is not subject to, viz. : they pro- 
duce new equations, containing denominators, which it is afterwards 
necessary to make disappear. The method by substitution is, how- 
ever, advantageously employed whenever the co-efficient of one of 
the unknown quantities is equal to unity in one of the equations, be- 
cause then the mconvenience of which we have just spoken does not 
occur. We shall sometimes have occasion to employ it, but gene- 
rally, the method by addition and subtraction is preferable. It more- 
over presents this advantage, viz. : when the co-efficients are not 
too great, we can perform the addition or subtraction at the same 
time with the multiplication which is necessary to render the co-ef- 
ficients equal to each other. 

100. Let us now consider the case of three equations involving 
three unknown quantities. 

{5a;— 6^+42=15. 
707+4^—32;= 19. 
2a;+ y-f 6»=46. 

To eliminate z by means of the first two equations, multiply the 
first by 3 and the second by 4, then since the co-efficients of z have 
contrary signs, add the two results together : this gives a new 
equation " 43a?— 2y=121 ' 

Multiplying the second equation by 2, a fac- 
tor of the co-efficient of a? in the third equation, 
and adding them together, we have . . 16x+9y= 84 ^ 

The question is then reduced to finding the values of x and y, 
which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and the re- 
sults be added together, we find 

419a?=1257, whence «=3. 
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We might, by means of the two equations involving x and y, de- 
termine y in the same way we have determined x ; but the value of 
y may be determined more simply, by observing that the last of 
these two equations becomes, by substituting for x its valiie found 
above, 

84-48 
48+9y=84 whence y=r — - — =4. 

y 

In the same manner the first of the three proposed equations, be- 
comes, by substituting the values of x and y, 

24 
15— 24+4r=15, whence «=-— =6. 

4 

101. Hence, if there are m equations involving a like number of 
unknown quantities, the unknown quantities may be elioiinated by 
the following 

RULE. 

I. To eliminate one of the unknown quantities, combine any one of 
the equations with each of them— I others ; there mil thus he obtain' 
ed m— 1 new equations containing m— 1 unknown quantities* 

II. Eliminate another unknown quantity by combining one of these 
new equations with the m—^ others; this will give m— 2 equations 
containing m— 2 unknown quantities. 

III. Continue this series of operations until a single equation con* 
taining but one unknown quantity is obtained, from which the value of 
this unknown quantity is easily found. Then by going back through 
the series of equations which have been obtained, the vcdues of the 
other unknown quantities may be successively determined. 

102. It oflen happens that each of the proposed equations does 
not contain all the imknown quantities. In this case, with a little 
address, the elimination is very quickly performed. 

Take the four equations involving four unknown quantities : 
2a?-3y+2«=13 I . . (1) 4y+22 = 14 . . (3). 
4a-2a?=3ol . . (2) 6y+3M=32 . . (4). 



04 
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By inspecting these equations, we see that the elimination of z in 
the two equations, (1) and (3), will give an equation involving x and 
y ; and if we eliminate u in the equations (2) and (4), we will ob- 
tain a second equation, involving a; and y. These two last unknown 
quantities may therefore be easily determined. In the first place, 



the elimination of z in (1) and (3) gives 

That of tt in (2) and (4), gives 

Multiplying the first of these equations by 3, 
and adding 

Whence ...... 

Substituting this value in 7y— 2a?=l, we find 

Substituting for x its value in equation (2), 
it becomes 4m— 6=30, whence 

And substituting for y its value in equation 
(3), there results ..... 



7y— 2a;=l ^ 
2()y+6a?=38 

41y=41 
y= 1 
x= 3 

tt= 9 

«= 5J 



EXAMFLES. 

1. Given 2a;+3y=16, and 8aj— 2^=11 to find the values of 
X and y. Ans. x=b, y=2. 

61 



2. Given 
of x and y. 



2x Zy 9 Zx 2y 



to find the values 



. 1 1 

Ans. «=y, y="3" 



3. Given —+7^=99, and -|-+7a;=51, to find the values of 



X and 2^. 
4. Given -^-l^rs-j+S, and 

to find the values of x and y, 

f x-\- y+ «=29 
a?+ 2y+ 3«=62 
11 1 



Ans. a;=7, y=14. 



x+y 



2y— a? 



5 '3 4 

Afis. a;=:60, y=:40. 



5. Given 



Y*+-3-y+-j^=10 



to find Xf y and %. 
Ans. a;=8, 5^=9, «=13, 



6. Given 
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{2x+ 4y— 82=22 "I 
4a?~ 2y+ 52=18 I to 
6«+ 7y~ 2=63 J 
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7. Given y 



1 1 



y*+Ty+-r=i5 



find a;, jf and z. 
Ans* «=3, y=7, «=4* 

to find Xf y and 2. 



2=12 



to find JT, y, 2, ti, and <. 



J^ 1 
T^'^^'s^ ' 6 ' 

Ana. 07=12, y=20, 2s3dO« 
7a?— 22+ 8tt=17' 
4y— 22+ <=11 
8. Given I 6y— 805- 2tt= 8 
4y— 8m+ 2/= 9 
[ 82+ 8a=33^ 

Ans, a?=2, y=4, 2=3, tt=d9 <=1. 

103. In all the preceding reasoning, we have supposed the num. 
ber of equations equal to the number of symbols employed to d«. 
note the unknown quantities. This must be the case in every pro- 
blem involving two or more unknown quantities, in order that it may 
be determinate ; that is, in order that it may not admit of an mfi. 
nite number of sohitions. 

Suppose, for example, that a problem involving two unknown 
quantities, x and ^, leads tb the single equation, 5x— 3^^=12 ; we 
12+3y 



deduce from it aj= 



5 



Now, by making successively 
2, 3, 4, 5, a, &c., 



there results, 



18 21 24 27 
*=^' T' T' T' T' ^' ^^ 



and every system of values, 
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18\ 21\ 

(y=l, ar=3); (y=2, «=yj ; (y=3, «=-5-j ; &c. 

substituted for x and y in the equation, will satisfy it equally well. 

If we had two equations involving three unknown quantities, we 
could in the first place eliminate one of the unknown quantities by 
means of the proposed equations, and thus obtain an equation, which, 
containing two unknown quantities, would be satisfied by an infinite 
number of systems of values taken for these unknown quantities. 
Therefore, in order that a problem may he determined^ its enunciation 
must contain at least as many differevi conditions as there are unknown 
quantities^ and these conditions must be such^ that each of them may 
be expressed by an independent equation ; that is, an equation not 
produced by any combination of the others of the system. 

If, on the contrary, the number of independent equations exceeds 
the number of unknown quantities involved in them, the conditions 
which they express cannot be fulfilled. 

For example, let it be required to find two numbers such that 
their sum shall be 100, their difference 80, and their product 700. 

The equations expressing these conditions are, 

a?+^=100 

x—y= 80 

and a?Xy='700. 

Now, the first two equations determine the values of a; and y, viz. 
0^=90 and j^=10. The product of the two numbers is therefore 
known, and equal to 900. Hence the third condition cannot be ful. 
filled. 

Had the product been placed equal to 900, all the conditions 
would have been satisfied, in which case, however, the third would 
not have been an independent equation, since the condition expressed 
by it, is implied in the other two. 

QUESTIONS. 

1. What fraction is that, to the numerator of which, if 1 be add- 
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ed, its value will be — , but if one be added to its denominator, its 
value will be -r- 

4 

X 

Let the fraction be represented by — . 

X+1 1 /r 1 

Then, by the question =— and 



y 3 y+1 4 

Whence 3a;+3=y, and 4aj=y+l. 
Therefore, by subtracting, a;— 3=1 or «= 4. 
Henc^, 12+3=y: therefore y=15. 

2. A market woman bought a certain number of eggs at 2 for a 
penny, and as many others, at 3 for a penny, and having sold them 
again altogether, at the rate of 5 for 2d, found that she had lost 
4d : how many eggs had she ? 

Let 2a? = the whole number of eggs. 

Then x= the number of eggs of each sort. 

Then will ^a;= the cost of the first sort. 
And «-aJ= the cost of the second sort. 

But 5 : 2 : : 2a? : — the amount for which the eggs were 

sold. 

1 1 4a? 

Hence,by the question -^a?+-— a? — — =4. 
« o o 

Therefore . . 15a?+10a?— 24a?=120. 

Or, • . a?=120 the number of eggs of 

each sort. 

3. A person possessed a capital of 30,000 dollars for which he 
drew a certain interest ; but he owed the sum of 20,000 dollars, for 
which he paid a certain interest. The interest that he received ex- 
ceeded that which he paid by 800 dollars. Another person pos- 

9 
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sessed 35,000 dollars, for which he received interest at the second 
of the above rates, but he owed 24,000 dollars, for which he paid 
interest at the first of the above rates. The interest that he re- 
ceived exceeded that which he paid by 310 dollars. Required, the 
two rates of interest. 

Let X and y denote the two rates of interest : that is, the interest 
of •lOO for the given time. 

To obtain the interest of $30,000 at the first rate denoted by a?, 

we form the proportion 

30,000« 
100 : a? : : 30,000 : : — Vqq— or 300*. 

And for the interest $20,000, the rate being y. 

20,000w 
100 : y : : 20,000 : : --{-z^ or 20()y. 

But from the enunciation, the difference between these two in- 
terests is equal to 600 dollars. 

We have, then, for the first equation of the problem, 
300a?~ 200^=800. 

By writing algebraically the second condition of the problem, we 
obtain the other equation, 

3502/-240a?=310. 

Both members of the first equation being divisible by 100, and 
those of the second by 10, we may put the following, in place of 
them : 

3a;— 2y=8, 35y— 24a?=31. 

To eliminate a?, multiply the first equation by 8, and then add it 
to the second ; there results 

19y=95, whence y=5. 

Substituting for y, in the first equation, its value, this equation 
becomes 

3a?— 10=8, whence a?=6. 

Therefore, the first rate is 6 per cent., and the second 5. 
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Verification. 

830,000, placed at 6 per cent., gives 800x6, s= JlSOO. 
820,000, do. 5 do. 200x5, = 81000. 

And we have 1800—1000=800. 

The second condition can be verified in the same manner. 

4. There are three ingots composed of different metfils mixed 
together. A pound of the first contains 7 ounces of silver, 3 ounces 
of copper, and 6 of pewter. A pound of the second contains 12 
ounces of silver, 3 ounces of copper, and 1 of pewter. A pound 
of the third contains 4 ounces of silver, 7 ounces of copper, and 5 
of pewter. It is required to find how much it will take of each of 
the three ingots to form a fourth, which shall contain in a pound, 8 
ounces of silver, 3J of copper, and 4J of pewter. 

Let a?, y and z represent the number of ounces which it is neces- 
sary to take from the three ingots respectively, in order to form a 
pound of the required ingot. Since there are 7 ounces of silver in 
a pound, or 16 ounces, of the first ingot, it follows that one ounce 
of it contains -^ of an ounce of silver, and consequently in a num. 

7a? 
ber of ounces denoted by a?, there is — ounces of silver. In the 

12y 48 

same manner we would find that -rr-r and -r, express the num- 

lo lb 

ber of ounces of silver taken from the second and third, to form 

the fourth ; but from the enunciation, one pound of this fourth ingot 

contains 8 ounces of silver. We have, then, for the first equation 

7a? 12y , 4a?^ 

16"^ 16 "^16 

or, making the denominators disappear. . 7a?+12y+4«=l 
As respects the copper, we should find • . Zx-\- 3y H-7«= 
and with reference to the pewter . . . Qx+ y+52= 

As the co-efficients of y in these three equations, are the most 
simple, it is most convenient to eliminate this unknown quantity first. 



f=128^ 

z= 60 I 
2= 68 J 



:} 
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Multiplymg the second equation by 4, and subtracting the first 
equation from the product, we have • . . 6a?+24«=112 ' 

Multiplying the third equation by 3, and 
subtracting the second from the product . . 15a;+ 82;= 144 

Multiplying this last equation by 3, and subtracting the preced* 
ing one from the product, we obtain 40x=320, whence 0^=8. 

Substitute this value for x in the equation 15a;+8z=144 ; it be- 
comes 

120+82;=144, whence z=S. 

Lastly, the two values x=Q, 2;= 3, being substituted in the equa* 
lion 6x+y-\-bz=QSf give 48+y+15=68, whence y=5. 

Therefore in order to form a pound of the fourth ingot, we must 
take 8 ounces of the first, 5 ounces of the second, and 3 of the 
third. 

Verificcttion, 
If there be 7 ounces of silver in 16 ounces of the first ingot, in 
8 ounces of it, there should be a number of ounces of silver ex- 
pressed by -T^« 

12x5 4X3 

In like manner — — — and will express the quantity 

of silver contained in 5 ounces of the second ingot, and 3 ounces of 
the third. 

Now, we have -j^H r^ — ^~i(r~"T5~~^* therefore, a 

pound of the fourth ingot contains 8 ounces of silver, as required by 
the enunciation. The same conditions may be verified relative to 
the copper and pewter. 

5. What two numbers are those, whose difierence is 7, and sum 
33 ? Ans. 13 and 20. 

6. To divide the number 75 into two such parts, that three timee 
the greater may exceed seven times the less by 15. 

Ans. 54 and 21« 
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7. In a mixture of wine and cider, ^ of the whole plus 25 gal- 
lons was wine, and ^ part minus 5 gallons was cider ; how many 
gallons were there of each ? 

Ans, 85 of wine, and 35 of cider. 

8. A bill of J&120 was paid in guineas and moidores, and the 
number of pieces of both sorts that were used was just 100 ; if the 
guinea be estimated at 21^. and the moidore at 27 s, how many 
were there of each ? Ans. 50 of each. 

0. Two travellers set out at the same time from London and 
York, whose distance apart is 150 miles ; one of them goes 8 miles 
a day, and the other 7 ; in what time will they meet ? 

Ans, In 10 days. 

10. At a certain election, 375 persons voted for two candidates, 
and the candidate chosen had a majority of 91 ; how many voted 
for each ? Ans, 233 for one, and 142 for the other. 

11. A's age is double of B's, and B's is triple of C's, and the sum 
of all their ages is 140 ; what is the age of each ? 

Ans. A's=84, B's=42, andC's=14. 

12. A person bought a chaise, horse, ^d harness, for £60 ; the 
horse came to twice the price of the harness, and the chaise to twice 
the price of the horse and harness ; what did he give for each ? 

{£13. 6s. Sd. for the horse. 
£ 6. 13*. 4d. for the harness. 
£40. for the chaise. 

13. Two persons, A and B, have both the same income : A saves 
J of his yearly, but B, by spending £50 per annum more than A, 
at the end of 4 years finds himself £100 in debt ; what is their 
income? -^«** £125. 

14. A person has two horses, and a saddle worth £50 ; pow if 
the saddle be put on the back of the first horse, it will make his 
value double that of the second ; but if it be put on the back of the 
second, it will make his value triple that of the first ; what is the 
lvalue of each horse ? 

Afis. One £30, and the other £40. 
9* 
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15. To divide the number 36 into three such parts that J of the 
first, 1 of the second, and J of the third, may be all equal to each 
other. Arts. 8, 12, and 16. 

16. A footman agreed to serve his master for £S a year and a 
livery, but was turned away at the end of 7 months, and received 
only £2. 13«. 4d. and his livery ; what was its value ? 

Ans. £4. 168. 

17. To divide the number 90 into four such parts, that if the first 
be increased by 2, the second diminished by 2, the third multiplied 
by 2, and the fourth divided by 2, the sum, difference, product, and 
quotient so obtained, will be all equal to each other. 

Ans. The parts are 18, 22, 10, and 40. 

18. The hour and minute hands of a clock are exactly together 
at 12 o'clock ; when are they next together ? 

Ans. Ih. 6fymin. 

19. A man and his wife usually drank out a cask of beer in 12 
days ; but when the man was from home, it lasted the woman 30 
days ; how many days would the man alone be in drinking it ? 

Ans. 20 days. 

20. If A and B together can perform a piece of work in 8 days, 
A and C together in 9 days, and B and C in 10 days : how many days 
would it take each person to perform the same work alone ? 

Ans. A 14}A days, B 17}^, and C 23^^- 

21. A laborer can do a certain work expressed by a, in a time 
expressed by ^ ; a second laborer, the work c in a time d ; a third, 
the' work 6, in a time/. It is required to find the time it would take 
the three laborers, working together, to perform the work g. 

^'^' ^^ adf+bcf+bde' 

Application. 

a=27; ^=4 | c=35 ; d=Q \ e=40;/=12 |^=191; 
X will be found equal to 12. 

22. If 32 pounds of sea water contain 1 pound of salt, how 
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much fresh water must be added to these 32 pounds, in order that 
the quantity of salt contained in 32 pounds of the new mixture 
shall be reduced to 2 ounces, or | of a pound 1 

Ans. 224 /&. . 

23. A number is expressed by three figures ; the sum of these 
figures is 11 ; the figure in the place of units is double that in the 
place of hundreds ; and when 297 is added to this number, the sum 
obtained is expressed by the figures of this number reversed. What 
is the number ? Ans. 326 

24. A person who possessed 100,000 dollars, placed the greater 
part of it out at 5 per cent, interest, and the other part at 4 per 
cent. The interest which he received for the whole amounted to 
4640 dollars. Required, the two parts. 

Ans. 64,000 and 36,000. 

25. A person possessed a certain capital, which he placed out at 
a certain interest. Another person who possessed 10,000 dollars 
more than the first, and who put out his capital 1 per cent, more 
advantageously than he did, had an income greater by 800 dollars. 
A third person who possessed 15,000 dollars more than the first, 
and who put out his capital 2 per cent, more advantageously than 
he did, had an income greater by 1500 dollars. Required, the capi- 
tals of the three persons, and the three rates of interest. 

Sums at interest, 930,000, 940,000, 945,000. 
Rates of interest, 4 5 6 percent. 

26. A banker has two kinds of money ; it takes a pieces of the 
first to make a crown, and h of the second to make the same sum. 
Some one offers him a crown for c pieces. How many of each kind 
must the banker give him ? 

Ans. 1st kind, ^^^"", ^ ; 2d kind, J^il^. 
a— 3 a—b 

27. Find what each of three persons A, B, C, are worth, know- 
ing; 1st, that what A is worth added to 2 times what B and C are 
worth is equal tojp ; 2d, that what B is worth added to m times what 
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A and C are worth is equal to q ; 3d, that what C is worth added to 
n times what A and B are worth is equal to r. 

This question can he resolved in a very simple manner, by intro* 
(Jucdng an auxiliary unknown quantity into the calculus. This un- 
known quantity is equal to what A, B and C are worth. 

28. Find the values of the estates of six persons, A, B, C, D, E, 
F, from the following conditions : 1st. The sum of the estates of A 
and B is equal to a ; that of C and D is equal to h ; and that of E and 
F is equal to c. 2d. The estate of A is worth m times that of C ; 
the estate of D is worth » times that of E, aiid the estate of F is 
worth p times that of B. 

This problem may be resolved by means of a single equation, 
involving but one unknown quantity. 

Theory of Negative Quantities, Explanation of the terms^ 
' Nothing and Infinity. 

104. The algebraic signs are an abbreviated language. They 
point out in the shortest and clearest manner the operations to be 
performed on the quantities with which they are connected. 

Having once fixed the particular operation indicated by a parti, 
cular sign, it is obvious that that operation should always be perform- 
ed on every quantity before which the sign is placed. Indeed, the 
principles of algebra are all established upon the supposition, that 
each particular sign which is employed always means the same 
thing ; and that whatever it requires is i^ctly performed. Thus, 
if the sign of a quantity is +, we understand that the quantity is to 
be added ; if it is —, we understand that it is to be subtracted. 

For example, if we have —4, we understand that this 4 is to be 
subtracted from some other number, or that it is the result of a sub- 
traction in which the number to be subtracted was the greatest. 

If it were required to subtract 20 from 16, the subtraction could 
not be made by the rules of arithmetic, since 16 does not eontaiu 
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20 ; nor indeed can it be entirely performed by Algebra. We 
write tbe numbers for subtraction thus, 

16-.20=16-16-4= -4. 

By decomposing —20 into —16 and —4, the —16 will cancel 
the +16, and leave —4 for a remainder. 

We thus indicate that the quantity to be subtracted exceeds the 
quantity from which it is to be taken, by 4. 

To show the necessity of giving to this remainder its proper sign, 
let us suppose that the difference of 16—20 is to be added to 10. 
"The numbers would then be written 

16-20=- 4 

+10 = + 10 

26—20=+ 6 

105. If the sum of the negative quantities in the first member of 
the equation, exceeds the sum of the positive quantities, the second 
member of the equation will be negative, and the verification of the 
equation will show it to be so. 

For example, if a—h=Cf 

and we make a=15 and J=18, c will be =—3. Now the essen- 
tial sign of c is different from its algebraic sign in the equation. 
This arises from the circumstance, that the equation a— d=rc ex- 
presses generaUy, the difiTerence between a and hy without indicating 
which of them is the greater. When, therefore, we attribute par- 
ticular values to a and 6, the sign of c, as well as its value, becomes 
known. 

We will illustrate these remarks by a few examples. 

1. To find a number which, added to the number 3, gives for a 
sum the number a. 

Let a;= the required number. 
Then, by the condition x+h^a^ whence x=^a'-'h. 
This expression, or formulaj will give the algebraic value of a? in 
all the particular cases of this problem. 
For example, let a=47, &=29, then a;=47— 29=18. 
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Again, let a =24, 3=31 ; then will a:=24— 31=— 7. 

This value obtained for Xf is called a negative 9ohUion. How is 
it to be interpreted ? 

Considered arithmetically, the problem with these values of a and 
bf is impossible, since the number b is already greater than 24. Con- 
sidered algebraically, however, it is not so ; for we have found the 
value ofx to be —7, and this number added, in the algebraic sense, 
to 31, gives 24 for the algebraic sum, and therefore satisfies both 
the equation and enunciation. 

2. A father has lived a number a of years, his son a number of 
years expressed by b. Find in how many years the age of the 
son will be one fourth the age of the father. 

Let x= the required number of years. 

Then a+aj= the age of the father ) , , ^ , 

, , . ,, ^ ,, ( at the end of the requir- 

and b+x:=: the age of the son ) ^ 

ed time. 

a-\-x a-'^Ab 

Hence, by the question ■■=3+a? ; whence x= — - — . 

4 o 

64—36 18 
Suppose a=54, and b=9 : then a?= — 5 — =—=6. 

o o 

The father having lived 54 years, and the son 9, in 6 years the 
father will have lived 60 years, and his son 15 ; now 15 is the 
fourth of 60 ; hence, x=:6 satisfies the enunciation. 

45—60 

Let us now suppose a=45, and 6=15 : then a?= — - — = —5. 



If we substitute this value of x in the equation of condition, we 

obtain 

45-5 

— =15-5 

4 

or 10=10. 

Hence,— 5 substituted for x verifies the equation, and therefore 
is the true answer. * 

Now, the positive result which has been obtained, shows that the 
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age of the father will be four times that of the son at the expiratioa 
of 6 years from the time when their ages were considered ; while 
the negative result indicates that the age of the father was four times 
that of his son, 5 years previous to the time when their ages were 
compared. 

The question, taken in its most general or algebraic sense, de- 
mands the timCy at which the age of the father was four times that 
of the son. In stating it, we supposed that the age of the father 
was to be augmented ; and so it was, by the first supposition. But 
the conditions imposed by the second supposition, required the age 
of the father to be diminished, and the algebraic result conformed 
to this condition by appearing with a negative sign. If we wished 
the result, under the second supposition, to have a positive sign, we 
might alter the enunciation by demanding how many years since the 
age of the father was four times that of his son. 

If x= the number of years, we shall have 

a—x _ , Ab—a 

-=d— x : hence a?= 



4 3 

If a=45 and 5=15, x will be equal to 5. 

Reasoning from analogy, we establish the following general 
principles. 

1st. Every negative value found for the unknown quantity in a 
problem of the first degree, will, when taken with its proper sign, verify 
the equation from which it was derived, 

^d. That this negative value, taken with its proper sign, wUl also 
satisfy the enunciation of the problem, understood in its algebraic 

sense, 

3d. If the enunciation is to be understood in its arithmetical sense^ 
in which the quantities referred to are always supposed to be positive, 
^n this value, considered without reference to its sign, may be con- 
sidered as the answer to a problem, of which the enunciation only dif- 
fers from that of the ppoposed problem in this, that certain quantities 
which were addiUve, have become subtractive, and reciprocally. 
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106. Take for example the problem of the labourer (Page. 88). 
Supposing that the labouret receives > sum c, we have the 

equations. 






hn+c an-'C 



whence x=r -t-j V 



But if we suppose that the labourer, instead of receiving, owes a 
sum c, the equations will then bo 

by—ax=ic ) ' ( ax—'by=Z'—c. 

By changing the signs of the second equation. 

Now it is visible that we can obtain immediately the values of x 
and y, which correspond to the preceding values, by merely chang* 
ing the sign of c in each of those values ; this gives 

hn—c an-\'C 

To prove this rigorously, let us denote — c by d( ; 

The equations then become j , _ . and they only differ 

from those of the first enunciation by having d in the place of c. 
We would, therefore, necessarily find 

hn-^-d an—d 

And by substituting — c for d, we have 

or by applying the rules of Art. 85, 

hn—c an+c 

The results, which agree to both enunciations, may be compi^. 
hended in the same formula, by writing 



*- a+b ' ^-^ a+b 
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The double sign =i: ib read plus or mttnw, the superior signs cor- 
respond to the case in which the labourer received, and the inferior 
signs to the case in which he owed a Sum c. These formulaa com- 
prehend the case in which, in a settlement between the labourer and 
his employer, their accounts balance. This supposes c=0, which 
gives 

bit an 

107. When a problem has .been resolved generally, that is, by 
representing -the given quantities by letters, it may be required to 
determine what the values of the unknown quantities become, when 
particular suppositions are made upon the given quantities. The 
determination' of these values, and the interpretation of the pecuJiar 
results obtainad, form what is called the dUcussion of the problem. 

The discussion of the following question presents nearly all the 
circumstances which are met with in problems of the first degree. 

108. Two couriers are travelling along the same right line and 
in the same direction from R' towards R. The number of miles 
travelled by one of them per hour is expressed by m, and the 
number of miles travelled by the other per hour, is expressed by n. 
Now, at a given time, say 12 o'clock, the distance between them is 
equal to a number of miles expressed by a : required the time when 
they will be together. 

R^ A B R. 

At 12 o'clock suppose the forward courier to be at B, the other 
at A, and R to be the point at which they will be together. 
Then, AB=a, their distance apart at 12 o'clock. 
Let . . <= the number of hours which must elapse, before 

they come together. 
And • 0?= the distance BR, which is to be passed over by 

the forward courier. 
Then, since the rate per hour, multiplied by the number of hours, 
will give the distance passed over by each, we have, 

10 
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tXn = x =BR. 

Hence by subtracting, t{m^n) = a 

a 

Therefore, . . <= . 

j»— n 

Now so long as m^fh i will be positive, and the problem will be 
solved in the arithmetical sense of the enunciation. For, if m>n 
the courier from A will travel faster than the courier fix)m B, and 
will therefore be continually gaming on him : the interval which 
separates them will diminish more and more, until it bec<»nes 0, and 
then the couriers will be found upon the same point of the line. 

In this case, the time t, which elapses, must be added to 12 o'clock, 
to obtain the time when they are together. 

But, if we suppose fn<ifh then m— n will be negative, and the 
value of t will be negative. How is this result to be interpreted ? 

It is easily explained from the nature of the question, which, con- 
sidered in its most general sense, demands the time when the 
couriers are together. 

Now, under the second supposition, the courier which is in ad- 
vance, travels the fastest, and therefore will continue to separate 
himself from the other courier. At 12 o'clock the distance between 
them was equal to a : afler 12 o'clock it is greater than a, and as 
the rate of travel has not been changed, it follows that previous to 
12 o'clock the distance must have been less than a. At a certain 
hour, therefore, before 12 the distance between them must have been 
equal to nothing, or the couriers were together at some point R'.^ 
The precise hour is found by subtracting the value of i from 12 
o'clock. 

This example, therefore, conforms to the general principle, that, 
if the conditions of a prohlem are such as to render the unknown 
quantity essentially negative, it will appear in the result vnth th^ 
minus sign, whenever it has been regarded as positive in the enun» 
ciation. 
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If we wish to find the distances AR^and BR passed over by the 

two courieiB before coming together, we may take the equation 

a 

t= 

m—n 

and multiply both members by the rates of travel respectively : this 

will give 

AR=nU= and 

BR= nt=- 



ma 



Also, . . AR'=-»rf=- 

»»— n 

and . . BR'= — n/=-^. 
OT— n 

from which we see that the two distances AR, BR, will both be 

positive when estimated towards the right, and that AR', BR' will 

both be negative when estimated in the contrary direction. 

109. To explain the teims nothing and infinity, let us consider 

the equation 

a 

t— . 

ffi— n 

If in this equation we make m=n, then i»— n=0, and the value 

of t will reduce to 

a 

'=¥• 

In order to interpret this new result, let us go back to the enun- 
ciation, and it will be perceived that it is absolutely impossible to 
satisfy it for any finite value for t ; for whatever time we allow to 
the two couriers they can never come together, smce being once se- 
parated by an interval a, and travelling equally fast, this interval 
will always be preserved. 

a 
Hence, the result, — may be regarded as a sign of impossi- 
bility for any finite value of U 
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NeVerCheleM, algebraists consider the result 

a 

as forming a species of value, to which they have given the name 
of if^nUe vdve^ for this reason : 

When the difference m-^n^ without being absolutely nothmg, is 
supposed to be very small, the result 

a 
tn — n 
is very great. 
Take, for example, m— n=:0,01. 

Then <= — ^ — =7:^= 100a ; 

m—n 0,01 

Again, take m— n=:0,001, and we have 
a a 

m—n 0,001 
In short, if the difference between the rates is not zero, the cou- 
rier will come together at somfo point of the line, and the tii]fte will 
become greater and greater as this difference is diminished. 

Hence, if the difference between the rates is less than any assigna^ 
hie number, the Utne exj^essed by 

will be greater than any assignoHe or finite number* Therefore, 
for brevity, we say when m— n=0, the result 

a 

t=: 

m^n 
beoomes equal to infimiiyj which we designate by the character od. 
Again, as the value of a fraction increases as its numerator be. 

A 

comes greater with reference to its denominator, the expression — , 

A being any finite number, is a proper s3rmbol to represent an »n/E. 
niie quantity ; that is, a quantity greater than any assignable quan- 
tity. 
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A 

A quantity less than any given quantity may be expressed by — ; 

for a fraction diminishes as its denominator becomes greater with 

A 
reference to its numerator. Hence^ and — are synonymous 

symbols, and so are — and oo . 

We have been thus particular in explaining these ideas of infini- 
ty, because there are some questions of such a nature, that infinity 
may be considered as the true answer to the enunciation. 

In the case, just considered, where OT=n it will be perceived that 
there is not, properly speaking, any solution ia finite and determinate 
numbers; but the value of the unknown quantity is found to be 
infinite. 

110. If, in addition to the hypothesis m^n^ we suppose that a=0, 
we have 



'=¥• 

To interpret this result, let us reconsider the enunciation, where 
it will be perceived, that if the two couriers travel equally fast, and 
are once at the same pointi they ought always to be together, and 
consequently the required point- is any point whatever of the line 



travelled over. Therefore, the expression — is in this case, the 

s3rmbol of an indeterminate quantity. 

If the couriers do not travel equally fast, that is, if «i>, or m<n, 
and a=0, then will /=0. 

Indeed, it is evident, that if the couriers travel at different rates, 
and are together at 12 o'clock, they can never be together after- 
wards. 

The preceding suppositions are the only ones that lead to remark- 
able results ; and they are sufficient to show to beginners the man- 
ner in which the results of algebra answer to all the circumstances 
of the enunciation of a problem. 

10* 
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111. We will add another example to show, that the expression 



— expresses, generally, an indeterminate quantity. 



1— « 
Take the expressioD, . ^ ■ "; » .> 

Now, if we perform the division the quotient will be 1 ; and if we 

make x= 1, there will result 

l^x_ 

l-«""¥""^* 

1—^ 

Let us next take the expression . 

* 1— » 

If w© perform the divimii, the quotient will be l+«; then 

making «= 1, the expression becomes 

1-.* "T"^* 

T ,., 1— «* 

In hke manner • --^ =-;r=8 when «=1. 

- 1-aj^ 

*^^ • • • • i_^" "=-Q-=n when af=l. (See Art. 69). 

all of which goes to show that — isthesymbol of anindetermi. 
nate quantity. 

112. We will add another example shoroig the value of the ex. 
pressions Y ^ "o"' 

Take the equation aa!= J, involvmg one unknown quantity, whence 

h 

«= — . 
a 

1st. If, for a particular supposition made with reference to the 

given quantities of the question, we have a=0, there results 

h 

Now in this case the equation becomes 0x^=^9 cuui evidently 
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cannot be satisfied by any finite value of x. We will however remark 

h 

that, as the equation can be put under the Hona — =0, if we sub- 

h 

stitute for x^ numbers greater and greater, — will difier less and 

X 

less firom 0, and the equation will become more and more exact ; so 

h 
that, we may take a value for x so.great that — will be less than 

X 

h 
any assignable quantity, or — =0. 

It is in consequence of this that algebraists say, that infinity satis- 
fies the equation in this case ; and there are some questions for 
which this kind of result forms a true solution ; at least, it is certain 
that the equation does not admit of a solution infinite numbers, and 
this is all that we wish to prove. 

2d. If we have a=0, ft=0, at the same time, the value of x 


takes the form «="q"« 

In this case, the equation becomes X«=0, and eceryfi;mU ntftn- 
hert positive or negative, substituted for a;, will satisiy the equation. 
Therefore the equation^ or the problem of vMck U is ike algebraic 
trtmsbUiottf is indeterminate. 


113. It should be observed, that the expression — , does not al- 
ways indicate an indeterminaUonf it frequently indicates only the extet^ 
ence of a common factor to the two terms of the fraction, which fac- 
tor becomes nothing, in consequence of a particular hypothesis. 
For example, suppose that we find for the solution of a problem, 

If, in this formula, a is made equal to 3, there results 







.=-. 



But it will be observed, that a^— 2^ can be put under the form 
([«-*) (a»+aJ+3*), (Art. 59), and that a?- J* is equal to (a~b) 
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(a+&), therefore the value of x becomes ^•an'S^. 

*~ (a-^)(a+*) • 
Nowy if we suppress the common factor (a— ^)9 before making 

the supposition a=5, the value of x becomes a:= —r , 

which reduces to «=-2 — ^ ^^ *~'o'» when a= J. 

For another example, take the expression 
a»-y _ (g4-3) (a-3) 


Making a=3, we find ^='jr> because the factor {a—b) is com- 
mon to the two terms ; but if we first suppress this factor, there re- 

a-^-b 2a 

suits «= r>- which reduces to x=-r-> when a=5. 

a—b 



From this we conclude, that the symbol — samehmes indicaf.es 

the existence of a common factor to the two terms of the fraction 

which reduces to this form. Therefore, before pronouncing upon 

the true value of the fraction, it is necessary to ascertain whether 

the two terms do not contain a common factor. If they do not, we 

conclude that the equation is really indeterminate. If they do con- 

tain one, suppress it, and then make the particular hypothesis ; this 

will give the true value of the fraction, which will assume one of 

A A 
the three forms ■=r> -jr* -jrt in which case, the equation is deUrmi^ 

nate^ impossible in finite numbers, or indeterminate. "^ 

This observation is very useful in the discussion of problems. 

Of Inequalities. 

114. In the discussion of problems, we have often occasion to 
suppose several inequalitiesy and to perform transformations upon 
them, analogous to those executed upon equalities. We are often 
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[ lo do thia, when, in disouaaing a problem, we wish to esta- 
blish the necessary relations between the given quantities, in order 
that the problem may be susceptible of a direct, or at least a real 
sdution, and to fix, with the aid of these relaticMQs, the limits between 
which the particular values of certain given quantities must be 
found, in order that the enunciation may fulfil a particular conditi<»). 
Now, although the principles established for equations are in general 
applicable to inequalities, there are nevertheless some ezcepti<Hi8, of 
which it is necessary to speak, in order to put the beginner upon his 
guard against some errors that he might commit, in making use of 
the sign of inequality. These exceptions arise fnxn the introduction 
of negative expressions into the calculus, as quantities. 

In order that we may be clearly understood, we will take exam^* 
pies of the different transformations that inequalities may be subject- 
ed to, taking care to point out the exceptions to which these trans* 
formations are liable. 

115. Two inequalities are said to subsist in the same sense, when 
the greater quantity stands at the lefl in both, or at the right in 
both ; and in a contrary sense, when the greater quantity stands at 
the right in <Mie, and at the lefl in the other. 

Thus, 25>20 and 18>10, or 0<8 and 7<9, 
are inequality which subsist in the same sense ; and the inequalities 
15>13 and 12<I4, subsist in a contrary sense. 

1. If we add the same quantity to both members of an inequality ^ 
or subtract the same quantity from both members j the resulting in" 
equality vnll subsist in the same sense. 

Thus, take 8>6 ; by adding 6, we still have 8-|-5>6+5 
and 8— 5>0— 5. 

When the two members of an equality are both n^;ative, that 
one is the least, algebraically considered, which contains the great- 
est number of units. Thus, — 25<— -20 ; and if 30 be added to 
both members, we have 5<10. This must be understood entirely 
in an algebraic sense, and arises from the convention before esta- 
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blished, to consider all quantities preceded by the minus sign, aa 
subtractive. 

The principle first enunciated, serves to transpose certain terms 
from one member of the inequality to the other. Take, for ex- 
ample, the inequality a*4-^*>3^— 2a* ; there will result from it 
a«+2a«>3^~^, or 3a»>23». 

2. If two inequaUHes subsist in the same sense, and we add them 
member to member, the resulting inequaUty wiU also subsist in the same 
sense. 

Thus, from a^b, c^d,e>f, there results a+c-^e^b-i-d+f^ 

But this is not always the case, when we subtract, memherfrom mem* 
her, two inequalities established in the same sense. 

Let there be the two inequalities 4<7 and 2<3, we have 
4-2 or 2<7— 3 or 4. 

But if we have the inequalities 9<10 and 6<8, by subtracting 
we have 9—6 or 3>10— 8 or &. 

We should then avoid this transformation as much as possible, or 
if we employ it,, determine in what sense the resulting inequality 
exists. 

3. If the two members of an inequality be multiplied by a positive 
number, the resulting inequality will exist in the same sense. 

Thus, from a<Cb, we deduce 3a<3J; and from — «<;— J, 
— 3a<— 3*. 
This principle serves to make the denominators disappear. 

From the inequality — oJ"'^ — 3 ' ^® deduce, by multiply- 
ing by 6adf 

3a(a»-i»)>2(i(c«-(P). 

The same principle is true for division. 

But when the two members of an inequality are multiplied or dU 
vided by a negative number, the inequality subsists in a contrary 
sense. 

Take, for example, 8>7; multiplying by —3, we have 
-24<-21. 
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8 8 7 

In like manner, 8>7 gives — r-, or — ^< — 5-. 

Therefore, when the two members of an inequality are multipli- 
ed or divided by a number expressed algebraically, it is necessary 
to ascertain whether the mvUiplier or divisor is negative; for, in 
that case, the inequality would exist in a contrary sense. 

4. It is not permiUed to change the signs of the tioo members of an 
inequality unless we establish the resulting inequality in a contrary 
sense ; for this transformation is evidently the same as multiplying 
the two members by —1. 

5. Both members of an inequality between positive numbers can be 
squared^ and the inequality will exist in the same sense. 

Thus from 5>3, we deduce 25>9 ; from a+b'^c^ we find 
(a+*)«>c«. 

6. When both members of the inequality are notposttivCy we cannot 
tell before the operation is performed^ in which sense the resulting tn- 
equality will exist. 

For example, — 2<3 gives (— 2)* or 4<9; but — 3>-.5 
gives, on the contrary, (—3)* or 9<(--5)' or 25. 

We must then, before squaring, ascertain whether the two mem- 
bers can be considered as positive numbers, 

EXAMPLES. 

1. Find the limit of, the value of a^ in the expression 

5x— 6>19. Ans. «>5. 

2. Find the limit of the value of x in the expression 

14 

ar+— a?— 30>10 Ans. ^ x>4. 

3. Find the limit of the value of a? in the expression 

1 1 a? 13 17. 

4. Find the limit of the value of a; in the inequalities 
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OX c? 

5. The double of a number diminished by 5 is greater than 25^ 
and triple the number diminished by 7, is less than double the num. 
ber increased by 18. Required a number which shall satisfy the 
conditions. 

By the questiont we have 

2x-6>25. 
ar-7<2a?+13. 

Resolving these inequalities, we have aj>15 and a: < 20. Any 
number, therefore, either entire or fractional, comprised between 15 
and 20, will satisfy the conditions. 

6. A boy being asked how many apples he had in his basket, re- 
plied, that the sum of 3 times the number plus half the number, di- 
minished by 5 is greater than 16 ; and twice the number diminished 
by one third of the number, plus 2 is less than 22. Required the 
number which he had. 

Ans. 7, 8, 9, 10, or 11. 



CHAPTER III. 

Extraction of the Square Root of Numbers. Forma'- 
tion of the Sqtmre and Extraction of the Square 
Root of Algebraic Quantities. Calculus of Radi^ 
cats of the Second Degree. Equations of the Se- 
cond Degree. 

116. The square or second power of a number, is the product 
which arises from multiplying that number by itself once : for ex- 
ample, 49 is the square of 7, and 144 is the square of 12. 



EXTRACTION 0F THB SQUAJIB ROOT OF NUMBERS. 121 

The square root of a number is a second number of such a value, 
that, when multiplied by itself once the product is equal to the given 
number. Thus, 7 is the square root of 49, and 12 the square root 
of 144: for 7x7=49, and 12x12=144. 

The square of a number, either entire or fractional, Ls easily 
found, being always obtained by multiplying this number by itself 
once. The extraction of the square root of a number, is however, 
attended with some difficulty, and requires particular explanation. 

The first ten numbers are, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
and their squares, 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 
and reciprocally, the numbers of the first line are the square roots 
of the corresponding numbers of the second. We may also remark 
that, the square of a number expressed by a single figure, unll contain 
no figure of a higher denomination tJmn tens. 

The numbers of the last line 1, 4, 9, 16, &c., and all other num- 
bers which can be produced by the multiplication of a number by 
itself, are called perfect squares. 

It is obvious, that there are but nine perfect squares among all the 
numbers which can be expressed by one or two figures : the 
square roots of all other numbers expressed by one or two figures 
will be found between two whole numbers difiering from each other 
by unity. Thus, 55 which is comprised between 49 and 64, has (or 
its square root a number between 7 and 8. Also, 91 which is^ 
comprised between 81 and 100, has for its square root a number 
between 9 and 10. 

Every number may be regarded as made up of a certain number 
of tens and a certain number of units. Thus 64 is made up of 6 
tens and 4 units, and may be expressed under the form 60+4=64. 

Now, if we represent the tens by a and the units by b, we shall 
have a-\-b = 64 

and (a+5)«=(64)» 

or ... a«+2a*+J^ =4096. 
11 
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Which proves that the square of a number composed of tens and 
units contains, the square of the tens phs twice the product of the tens 
hy the units j plus the square of the waits, 

117. If now, we make the units 1, 2, 3, 4, dec, tens, by annex- 
ing to each figure a cipher, we shall have, 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100 
and for their squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

from which we see that the square of one ten is 100, the square of 
two tens 400 ; and generally, thai the square of tens will contain no 
figure of a less denomination than hundreds^ nor of a higher name 
than thousands. 

Example I. — To extract the square root of 6084. 

Since this number is composed of more than two 
places of figures its roots will contain more than one. 60.84 

But since it is less than 10000, which is the square 
of 100, the root will contain but two figures : that is, units and tens. 

Now, the square of the tens must be found in the two lefl hand 
figures which we will separate from the other two by a point. 
These parts, of two figures each, are called periods. The part 60 
is comprised between the two squares 49 and 64, of which the roots 
are 7 and 8 : hence, 7 is the figure of the tens sought ; and the re- 
quired root is composed of 7 tens and a certain number of units. 

The figure 7 being found, we 
write it on the right of the given 60.84 I 78 

number, from which we separate it 49 I 

by a vertical line : then we subtract 7x2=14.8 I 118.4 

its square 49 from 60, which leaves I 118 4 

a remainder of 11, to which we 

bring down the two next figures 84. 

The result of this operation 1184, contains twice the product of the 
tens hy the units plus the square of the units. But since tens multi- 
plied by units cannot give a product of a less name than tens, it fbl- 
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lows that the last figure 4 can form no part of the double product of 
the tens by the units : this double product is therefore found in the 
part 118, which we separate from the units' place 4 by a point. 

Now if we double the tens, which gives 14, and then divide 118 
by 14, the quotient 8 is the figure of the unitSj or a figure greater 
than the units. This quotient figure can never be too small, since 
the part 118 will be at least equal to twice the product of the tens 
by the units : but it may be too large ; for the 118 besides the dou. 
ble product of the tens by the units, may likewise contain tens aris- 
ing from the square of the units. To ascertain if the quotient 8 
expresses the units, we write the 8 to the right of the 14, which gives 
148, and then we multiply 148 by 8. Thus, we evidently form, 
1st, the square of the units : and 2d, the double product of the tens 
by the units. This multiplication being effected, gives for a product 
1184, a number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : hence 78 
is the root required. 

Indeed, in the operations, we have merely subtracted from the 
given number 6084, Isty the square of 7 tens or 70 ; 2c?, twice the 
product of 70 by 8 ; and 3d, the square of 8 : that is, the three 
parts which enter into the composition of the square of 70+8 or 
78 ; and since the result of the subtraction is 0, it follows that 78 
is the square root of 6084. 

Ear. 2. To extract the square root of 841. 

We first separate the number into 
periods, as in the last example. In the 8.41 I 29 

second period, which contains the square 4 I 

of the tens, there is but one figure. The 2 x 2= 4. 9 I 44.1 

greatest square contained in 8 is 4, the I 44 1 

root of which is 2 : hence 2 is the fi- 

gure of the tens in the required root. 

Subtracting its square 4 from 8, and bringing down 41, we obtain 
for a result 441. 
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If now, as in the last example, we separate the last figure 1 from 
the others by a point, and divide 44 by 4, which is double the tens, 
the quotient figure will be the units, or a figure greater than the 
units. Here the quotient is 11 ; but it is plain that it ought not to 
exceed 9, for if it could, the figure of the ieoa already found would 
be too small. Let us then try 9. Placing 9 in the root, and also 
on the right c^ the 4, and multiplying 49 by 9, we obtain for a pro* 
duct 441 : haice, 29 is the square root of 841» 

Rehaek. The quotient figure 11, first found, was too large be- 
cause the dividend 44 contained, besides the double product of the 
tens by the units, 8 tens arising from the square of the units. When 
the dividend is considerably augmented, by tens arising firom the 
square of the units, the quotient figure will be too large. 

Ex. 3. To extract the square root of 431649. 

Since the given number exceeds 10,000 its root will be greater 
than 100 ; that is, it will contain more than two places of figures. 
But we may still regard the root as composed of tens and units, for 
every number may be expressed in tens and units. For example, 
the number 6758 is equal to 675 tens and 8 units, equal to 6750+8. 

Now, we know that the square of the tens of the required root 
can make no part of the two right 

hand figures 49, which therefore, we 43.16.49 | 657 

separate from the others by a point, 
and the remaining figures 4316 con- 
tain the square of the tens of the re. 
quired root. But since 4316 exceeds 
100 the tens of the required root will 
contain more than one figure : hence 
4316 must be separated into two 

parts, of which the right hand period 16 will contain no part of the 
square of that figure of the root, which is of the highest name, aad 
• for a similar reason we should separate again if the part to the left 
contained more than two figures. 





43.16.49 


12.5 


36 
71.6 


5 


625 


130.7 


9 14.9 




9 14 9 
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'Since 36 is the greatest square contained in 43, the first figure of 
the root is 6. We then subtract its square 36 from 43, and to the 
remainder 7 bring down the next period 16. Now, since the last 
figure 6 of the result 716, contains no part of the double product of 
the first figure of the tens by the second, it follows, that the second 
figure-of the root will be obtained by dividing 71 by 12,double the 
first figure of the tens. This gives 5 for a quotient, which we place 
in the root, and at the right of the divisor 12. Then subtract the 
product of 125 by 5 from 716, and to the remainder bring down the 
next period, and the result 9149 will contain twice the product of the 
tens of the root muUvplied hy the units, plus the square of the units. 
If this result be then divided by twice 65, that is, by double the tens 
of the root, (which may always be found by adding the last figure 
of the divisor to itself), the quotient will be the units of the root. 

Hence, for the extraction of the square root of numbers, we have 
the following 

RULE. 

I. Separate the given number into periods of two figures each 3e- 
ginning at the right hand, — the period on the left will often contain but 
o7iefigure, 

II. Find the greatest square in the first period on the left, and place 
its root on the right after the manner of a quotient in division. Sub- 
tract the square of the root from the first period, and to the remainder 
bring dovm the second period for a dividend. 

HI. Double the root already found and place it on the left for a di- 
visor. Seek how many times the divisor is contained in the dividend, 
exclusive of the right hand figure, and place the figure in the root and 
also at the right of the divisor. 

IV. Multiply the divisor, thus augmented, by the last figure of the 
root, and subtract the product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

V. Double the whole root already found, for a new divisor, and 
continue the operation as before, untU all the periods are brought dawn. 

11* 
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Ist. Rbmabk. If, after all the periods are brought down, there is 
no r^tnaiader, the proposed number is a perfect square. But if 
there is a remainder, you have only found the root of the greatest 
perfect square contained in the given number, or Ihe entire part of 
the root sought. 

For example, if it were required to extract the square root of 666, 
we should find 25 for the entire part of the root and a remainder of 
40, which shows that 665 is not a perfect square. But is the square 
of 25 the greatest perfect square contained in 665 ? that is, is 25 the 
entire part of the root ? To prove this, we will Siist i^ow that, th^ 
diference between the squares of two consecutive numbers^ is equdi to 
twice the less number augmented by unity. 

Let . . . a = the less number, 

and . . . a+1 = the greater. 

Then . . (a+l)^=a«+2a+l 

and . . . (ay= 0^ 

Their difference is . • = 2a +1 -as enunciated. 

Hence, the entire part of the root cannot be augmented, unless 
the remainder exceed twice the root found, plus unity. 

But25x2+l=51>40 the remainder : therefore, 25 is the en- 
tire part of the root. 

2d. Remark. The number pf figures in the root will always be 
equal to the number of periods into which th^ given number is 
separated. 

EXAMPLES. 

1. To find the square root of 7225. 

2. To find the square root of 17689. 

3. To find the square root of 994009. 

4. To find the square root of 85678973. 

5. To find the square root of 67812675. 

118. The square root of a number which is not a perfect square, 
is called incommensurable or irraUonal^ because its exact foot can. 
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not be foand in terms of the numerical unit. Thus, VsT Vb^ 

VtT are incommensurable numbers. They are also sometimes 
called surds. 

In order to prove that the root of an imperfect power cannot bo 
expressed by exact parts of unity, we must first show that. 

Every number P, toMch wUl exactly divide ike product A xB cf two 
numberSf and toTuch is prime tcith one of ihem^ vnU divide the other. 

Let us suppose that P will not divide A, and that A is greater 
than P. Apply to A and P the process for finding the greatest com- 
mon divisor, and designate the quotients which arise by Q, Q', Q" . . . 
and the remainders R, R', R" . . . respectively. If the division be 
ccMitinued sufficiently far, we shall obtain a remainder equal to unity, 
for the remainder cannot be 0, since by hypothesis A and P are prime 
with each other. Hence we shall have the following equations. 

A ==P Q 4-R 
P =:R Q' +R' 
R=R'Q"+R" 
R'=R"Q'"+R'" 



• >• • 



Multiplying the first of these equations by B, and dividing by P, 
we have 

AB „^ BR 



But, by hypothesis, p is an entire number, and since B and 

Q are entire numbers, the product BQ is an entire number. Hence 

BR . . ^ 

it follows that — p— is an entire number. 

If we multiply the second of the above equations by B, and 
divide by P, we have 

BRQ^ BR' 



P • 
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BR 

But we have already shown that -p— is an estire number ; 

hence — p — is an entire number. This bemg the case, -^5— 

must also be an entire number. If the operation be continued until 

Bxl 

the number which multiplies B becomes 1, we shall have — = — 

equal to an entire number, which proves that P will divide B. 

In the operations above we have supposed A>P, but if P> A we 
should first divide P by A. 

Hence, if a number P loiU exactly divide the product of two num^ 
herSf and is prime with one of them, it wiU divide the other. 

We will now show that the root of an imperfect power cannot be 
expressed by a fractional number. 

Let c be an imperfect square. Then if its exact root can be ex- 
pressed by a fractional number, we shall have 

/ — a 

or . . . . *^ ="u" by squaring both members. 

But if c is not a perfect power, its root will not be a whole num- 

a 
ber, hence -^ will at least be an irreducible fraction, or a and b 

will be prime to each other. But if a is not divisible by i, ax « or 
a* will not be divisible by h, from what has been shown above ; 
neither then can a* be divisible by ^. Since to divide by d* is but 

to divide a« twice by J. Hence, ^ is an irreducible fraction, 
and therefore cannot be equal to the entire number e : therefore, we 
cannot assume v c=-^, or the root of an imperfect power can- 
not be expressed by a fractional number that is rational. 
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Extraction of the square root of Fractions, 

119. Since the square or second power of a fraction is obtained 
by squaring the numerator and denominator separately, it follows 
that the square root of a fraction will be equal to the square root 
of the numerator divided by the square root of the denominator. 

o^ a 

For example, the square root of jj- is equal to -^ : for 

a a c^ 

But if neither the numerator nor the denominator is a perfect 
square, the root of the fraction cannot be exactly found. We can 
however, easily find the exact root to within less than one of the 
equal parts of the fraction. 

To effect this, muUiply both terms of the fraction by the demmina^ 
tor, which makes the denominator a perfect square wiihotU altering the 
value of the fraction* Then extract ihe square root of the perfect 
square nearest the value of the numerator j and place the root of the 
denominator under it; this fraction wiU he the approximate root. 

3 

Thus, if it be required to extract the square root of — , we mul- 

16 

tiply both terms by 5, which gives — : the square nearest 15 is 

«o 

4 

16 : hence — is the required root, and is exact to within less 

1 
than -g-. 

120. We may, by a similar method, determine approximatively 
the roots of whole numbers which are not perfect squares. Let it 
be required, for example, to determme the square root of an entire 

number a, nearer than the fraction — : that is to say, to find a 
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number which shall differ from the exact root of a, by a quantity 



1 
less than — . 
n 



arr 



It may be observed that a=— 3-. If we designate by r the 

entire part of the root of an^ the number an* will then be compris- 

an* 
ed between r* and (r+l)^and -^ will be comprised between 

_ ajj^j ^^"\^ ^ ; and consequently the true root of a is coni- 
ng rr 

prised between the root of -5- and 5 — ; that is, between 

il and — -. Hence — will represent the square root of a 
n n n » 

within less than the fraction — . Hence to obtam the root : 

ft 

Multiply the given number by the square of the denominator of the 
fraction which determines the degree of approximation : then extract 
the square root of the product to the nearest unity and divide this root 
by the denominator of the fraction. 

Suppose, for example, it were required to extract the square root 

of 59, to within less than — ' 

Let us repeat on this example, the demonstration which has just 
been made. 

59x(12)' 
The number 59 can be put under the form — . .^ , or by 

multipliying by (12)*, ——5. But the root of 8496 to the near. 

6496 
est unit, is 92 : hence it follows that j—rz or 59, is comprised be- 

(92)* (98)* 

tween jr^ and 7—-^. Then, the square root of 59 is itself 
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92 93 

comprised between — and — : that is to say, the true root 

92 1 

differs from — by a fraction less than — . 

, , , , ,92 93 8464 , 8649 

Indeed the squares of — and — are jr^ and jr^i* ^^^' 

8496 
bers which comprise or 59. 

(12) 

2. To find the VTl to within less than — . 

10 



Ana. 373. 
15 



3. To find the ^223 to within less than — . 

40 



37 

Ans. 14-r;r. 
40 

121. The manner of determimng the approximate root in deci- 
mals, is a consequence of the preceding rule. 

To obtain the square root of an entire number within — , -r^ 

rTijrr, &c. — ^it is necessary according to the preceding rule to mul- 
tiply the proposed number by (10)*, (100/, (1000)* . . . or, which 
is the same thing, add to the right of the number ^ two, f our y six, ^c. 
ciphers : then extract the root of the product to the nearest unity and 
divide thisroot hy 10, 100, 1000, &;c., which is effected by pointing of 
onCy twoy threcy 4^., decimal places from the right hand. 

Example .1^ To extract the square root of 7 to within ■. 

Having added four ciphers to the 
right hand of 7, it becomes 70000, 
whose root extracted to the nearest 
unit is 264, which being divided by 
100 gives 2,64 for the answer, which 

is true to within less than -. 





7.00.00 


S^,64 




4 




46 


300 
276 




524 


2400 
2096 






304 


Rem 
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2. Find the V29 to within -j^. 



Arts. 5,38. 



3. Find the V 227 to within 



10000 

Ana. 15,0665. 
Remabk. The number of ciphers to be annexed to the whole 
number, is always double the number of decimal places required to 
be found in the root. 

122. The manner of extracting the square root of decimal frac- 
tions is deduced immediately from the preceding article. 

Let us take for example the number 3,425. This fraction is 

equivalent to tt;?^- Now 1000 is not a perfect square, but the 
1000 

denominator may be made such without altering the value of the 

. . 34260 

fraction, by multiplying both the terms by 10 ; this gives ^^q^ - 

34250 
or .,..>a ' Then extractmg the square root of 34250 to the 
(100) 

165 

nearest unit, we find 185 ; 4ience -Jq^ or 1,85 is the required 

1 
root to within . 

If greater exactness be required, it will be necessary to add to 
the number 3,4250 so many ciphers as shall make the periods of 
decimals equal to the number of decimal places to be found in the 
root. Hence, to extract the square root of a decimal fraction : 

Annex ciphers to the proposed number untU the decimal places shall 
he even, and equal to double the number of places required in the rod. 
Then extract the root to Hie nearest tinil, and point off from the right 
hand the required number of decimal places 



Ex. 1. Find the V 3271,4707 to within ,01* 

• Ana. 67,19. 
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2. Find the V 31,027 to within ,01. 

An8. 5,57. 

3. Find the Vo,01001 to within ,00001. 

Ans. 0,10004. 

123. Finally, if it be required to find the square root of a vulgar 
, fraction in terms of decimals : Change the tndgarfraction into a de* 

oimaland continue the division untU the number of flecimdl jUace* U 
double the number of places required in the root. Then extract the 
root of the decimal by the last rule. 

Ex. 1. Extract the square root of — to within ,001. This 

number, reduced to decimals, is 0,785714 to within 0,000001 ; 
but the root of 0,785714 to the nearest unit, is ,886 : hence 0,886 is 

the root of ■— ■ to within ,001. 
14 

^ /~i5 

2. Find the V 2 — to within 0,0001. 
15 

Ans. 1,6931. 

Extraction of .the Square Root of Algebraic Quantities. 

124. We will first consider the case of a monomial ; and in order 
to discover the process, see how the square of the monomial is 
formed. 

By the rule for the multiplication of monomials (Art. 41.), we 
have 

(6a^i?c)^=:6a«i?cx5a«ft'c=25a*5V ; 

that is, in order to square a monomial, it is necessary to square its 
co-efficientf and double each of the exponents of the different letters. 
Hence, to find the root of the square of a monomial, it is necessary, 
1st. To extract the square root of the co^efficient. 2d. To take the 
half of each <f the exponents. 

Thus, Ve4(fb^=:&(^l^ ; for 8a'^x8a'i"=64a«^. 

12 
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In like manner, 



V625a"*V=2Sa6V, for (25aJV)»=625a^J»c". 

From the preceding rule, it follows, that, when a monomial is a 
perfect square, its numerical co^efficient is a perfect square, and all 
its exponents even numbers. Thus, 25a*^ is a perfect square, but 
98a^^ is not a perfect square, because 98 is not a perfect square, and 
a is affected with an uneven exponent. 

In the latter case, the quantity is introduced into the calculus by 

affecting it with the sign V j and it is written thus, V98a**. 
Quantities of this kind are called radical quantities^ or irrational 
quantities^ or simply radicals of the second degree* 

125. These expressions may sometimes be simplified, upon the 
principle that, the square root of the product of two or more factors is 
equal to the product of the square roots of these factors ; or, in alge- 
braic language, Vabcd . . . = -y/a. \/6. -y/c. ^d, ... 

To demonstrate this principle, we will observe, that from the de- 
finition of the square root, we have 

( Vabcd . . . .yz=abcd .... 
Again, 
( y/ax Vhx y/cX y/d . . Y={ Vayx{Vhyx{Vcyx{Vdy . . . 
=ahcd .... 

Hence, since the squares of Vabcd . . . ., and, 

v/fl. \/^. \/c. \/(i. . . ., are equal, the quantities themselves are 
equal. 

This being the case, the above expression, V98a**, can be put 

under the form '/493*x2a= V'493*x V2a. Now V49** may 
be reduced to W ; hence V9eab*=ll?' V2a. 
In like manner, 

Vl^^P^d^ V9a^^c*x5*d=3a3c V5W, 
V864a»^c"= Vl44a«3*c" X 6*c= 12al/'c^ V6bc. 
The quantity which stands without the radical sign is called the 
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co-efficient of the radical. Thus, in the expressions 7i* V2a, 

^hc V^bdj 12a^c5 V6ic, the quantities 7^, 3aJc, 12a^c», are 
called co-efficients of the radicals. 

In general, to simplify an irrational monomial, separate it into 
iwopartSy of which one shall contain all the factors that are perfect 
squares, and the other the remaining ones: then take t?ie roots of the 
perfect squares and place them before the radical sign, under vMchy 
leave those factors which are not perfect squares. 

EXAMPLES. 

1. To reduce Vl^a^hc to its simplest form. 

2. To reduce Vl28dVd^ to its simplest form. 

3. To reduce V^2a^h^c to its simplest form. 

4. To reduce V^^a^^c^ to its simplest form. 

5. To reduce VT024a^i^ to its simplest form. 

6. To reduce - Vl^^a^l^d^d to its simplest form. 

126. Since like signs in both the factors give a plus sign in the 
product, the square of —a, as well as that of +a, will be a*: 
hence the root of a^ is either +a or —a. Also, the square root 
of 25a*3* is either +5a^ or — 5a3*. Whence we may conclude, 
that if a monomial is positive, its square root may be affected either 

with the sign + or — ; thus, •\/9a*^ii=3a", for +3a* or —3a', 
squared, gives 9a*. The double sign db with which the root is 
affected is readpZi^^ or minus. 

If the proposed monomial were negative, it would be impossible 
to extract its root, since it has just been shown that the square of 
every quantity, whether positive or negative, is essentially positive. 

Therefore, V— 9, V— 4a^ V Sa% are algebraic symbols 
which indicate operations that cannot be performed. They are 
called imaginary quantities, or rather imaginary expressions, and are 
frequently met with in the resolution of equations of the second 
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degree. These symbols can, however, by extending the rules, be 
simplified in the same maimer as those irrational expressions which 
indicate operations that cannot be performed. Thus, v— 9 may be 
reduced to (Art. 125.) 

V9x V^a7or,3 V^^ V-4a»= VicFx V'— l=2tf V — l; 
V-8a»^= V4a«x-2i=2a >^~2^=2a Viix V-1. 

127. Let us now examine the law of formation for the square of 
any pol3momial whatever ; for, from this law, a rule is to be de- 
duced for extractmg the square root. 

It has already been shown that the square of a binomial (a+h) 
is equal to a'+2a5+£' (Art. 46.). 

Now to form the square of a trinomial a+ J+c, denote a+h by 
the single letter «, and we have 

(a+J+c)*=(*+c)»=j«+?*c+c". 

But a'=s:{d+hy=^a'+2ah+¥ ; and 2«c=2(a+J>;=:2tfc+2*c. 

Hence {a+h+cy=t^+2ah+l^+2ac+2bC'^€^; 

that is, the square of a trinomal is composed cf the sum of the squares 
efiU ihree terms^ and tunce the products of these terms nwMpHed 
together Uoo and two. 

If we take a polynomial of four or more terms, and square it, we 
shall find the same law of formation. We may, therefore, suppose 
the law to be proved for the square of a polynomial of m terms ; 
and it then only remains to be shown that it will be true for a poly, 
nomial of m+1 terms. 

Take the polynomial (a+3+e . . • +i), having m terms, and 
denote their sum by s : then the polynomial (a+i+c . . . +»+A:) 
having m+1 terms, will be denoted by («-f A:). 

Now, («+i5:)«=j»+2#ife4-it», or by substituting for *. 

(«+A:)^=(a+J+c . . . +i)«+2(a+^+c . . .+%]k+V'. 

But by hypothesis, the first part of this ezpressioQ is compooed 
o{Ae squares of aU the terms <f Ae first poUynomial and ihedouUa 
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products of these terms taken tieo and two ; the second part contains 
the doMe products of ail the terms of the first polynomial by the 
additional term k ; and the third part is the square of this term. 
Therefore, the law of composition^ announced above, is true for the 
new pol3momial. But it has been proved to be true for a trinomial ; 
hence it is true for a poljrnomial containing four terms ; being true 
for four^ it is necessarily true for Jive, and so on. Therefore it is 
general. This law can be enunciated in another manner :. viz. 

The square of any polynomial contains the square of the first term^ 
plus twice the product of the first hy the second, plus the square of the 
second ; plus twice the product of the first two terms by the third, plus 
the square of the third ; plus twice the product of the first three terms 
by the fourth, plus the square of the fourth ; and so on. 

This enunciation which is evidently comprehended in the first, 
shows more clearly the process for extracting the square root of a 
polynomial. 

From this law, 

(a4-J4.c)«=aa+2a5+ft*+2(a+&)c+c' 

128. We will now proceed to extract the square root of a poly- 
nomial. 

Let the proposed poljmomial be designated by N, and its root, 
which we will suppose is determined, by R ; conceive, also, that 
these two polynomials are arranged with reference to one of the 
letters which they contain, a, for example. 

. Now it is plain that the first term of the root R may be found by 
extracting the root of the first term of the polynomial N ; and that 
the second term of the root may be found by dividing the second 
term of the polynomial N, by twice the first term of the root R. 

If now we form the square of the binomial thus found, and sub- 
tract it from N, the first term of the remainder will be twice the 
product of the first term of R by the third term : hence, if this first 

12* 
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term be divivled by double the first term of R,'the ({uotient will be 
the third term of R« 

In order to obtain the fourth term of R, form the double products 
of the first and second terms, by the third, plus the square of the 
third ; then subtract all these products from the remainder before 
found, and the first term of the result will b^ twice the product of 
the first term of the root by the 4th : hence, if it be divided by 
double the first term, the quotient will be the fourth tenn. In the 
fame manner the next and subsequent terms may be found. Hence, 
toTAhe extraction of the square root of a polynomial we have the 
following 

RULE. 

L Arrange the polynomial vnih reference to one of Us letters and 
extract the square root of the first term : Ms mU give the first term 
of the root. 

II. Divide the second term of the polynomiai hy double the first 
term of the rootf and the quotient wiU be ^ second term of the root. 

m. Then form the square of ike two terms of the root found, and 
subtract it from ^ first polynomMj and then divide the first term of 
the remainder by double the first term of the root, and the quotient 
will be the third term. 

IV . Form the double products of the first and second terms, by the 
third, plus the square of the third; then subtract all these products 
from the last remainder, and divide the first term of the resuU by dou^ 
ble ihe first term of the root, and the quotient wiU be the fourth term. 
Then proceed in the same manner to find the other terms. 



\. Extract the square root of the polynomial 

4»rf»5«-24ai»+26a*-.8(kr»J+ 16i*. 
First arrange it with reference to the letter a. 
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40a»ft»-.24ai?+16^ 1st. Rem, 
40a»y~84ay+16y 

... 2d. Rem. 

After having arranged the polynomial with reference to a, extract 
the square root of 25ce^, this gives 5a^ which is placed to the right 
of the polynomial ; then divide the second term, — SOo"^, by the 
double of 60*, or lOo"; the quotient is — da3, and is placed tp the 
right of 50*. Hence, the first two terms of the root are M—9ab. 
Squaring this binomial, it becomes 25a^~d0a?34-9a'3', which, sub* 
tracted from the proposed polynomial, gives a remainder, of which 
the first term is 400*^. Dividing this first term by lOo', (the double 
of 5a^), the quotient is +4^ ; this is the third term of the root, and 
is written on the right of the first two terms. Forming the double 
product of Qc^^Zab by 4^, and the square of 45", we find the poly, 
nomial 40a"^— 24aft^+165*, which, subtracted from the first re- 
mainder, gives 0. Therefore 50*— 3a*+4ft* is the required root. 

2. Find the square root of 

a*+4a3a!+6a«a^+4«a?+a?*. 

3. Fmd the square root of 

a*- 2a3a;+3a»ic»— 2aar*+a?*. 

4. Find the square root of 

4a;«+12ar*+5x*— 2aj'+7af— 2a;+l. 

5. Find the square root of 

9a*- 12a3J+28a»ft«- 16a5^+ 165*. 

6. Find the square root of 
26a«i*-40iJ?3«c+76a'i^c*-48a^c«+36i»c*-30a*3c+24a»Jc» 

-86a*3c«+9a*c*. 

129. We will conclude this subject with the following remarln. 
1st. A binomial can never be a perfect square, since we know 
that the square of the most simple polynomial, viz. a binomial, con- 
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tains three distinct parts, which cannot experience any reduction 
amongst themselves. Thus, the expression a' + ft* is not a perfect 
square ; it wants the term zh2ab in order that it should be the square 
of a±ft. 

2d. In order that a trinpmial, when arranged, may be a perfect 
square, its two extreme terms must be squares, and the middle term 
must be the double product of the square roots of the two others. 
Therefore, to obtain the square root of a trinomial when it is a per- 
fect square ; Extract the roots of the two extreme terms, and give 
these roots the same or contrary signs, according as the middle term 
is positive or negative. To verify it, see if the double product of the 
two roots gives the middle term of the trinomial. Thus, 
9a«— 48a*ft^4-64a^** is a perfect square, 
since V9a^= 3a^ and ^640^= — QaP, 

and also 2 x 3a^ X — 8ab^= — 48a^ft^, the middle term. 

But 4a'+14aJ+9ft* is not a perfect square : for although 4a^ 
and +9ft* are the squares of 2a and 2b, yet 2 x 2a X 3ft is not equal 
to 14aft. 

3d. In the series of operations required in a general problem, 
when the first term of one of the remainders is not exactly divisi- 
ble by twice the first term of the root, we may conclude that the 
proposed polynomial is not a perfect square. This is an evident 
consequence of the course of reasoning, by which we have arrived 
at the general rule for extracting the square root. 

4th. When the polynomial is not a perfect square, it may be sim- 
plified (See Art. 125.). 

Take, for example, the expression Va^b -f- 40^** + 4aft^. 

The quantity under the radical is not a perfect square ; but it can 
be put under the form aft(a*+4a&+4ft*). Now, the factor between 
the parenthesis is evidently the square of a+2ft, whence we may 
conclude that, 

'/a^ft+4a*ft»+4aft»=(a+2ft) Vaft. 
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Of the Calculus of Radicals of the Second Degree. 

ISO. A radical quamtii^ is the indicated root of an imperfect 
power. 

The extraction of the square root gives rise to such expressions 

as V^, 3 V^, 7 V^, which are called irrational quantiiieSj or 
radicals of the second degree. We will now establish rules for per. 
fonning the four fundamental operations on these expressions. 

131. Two radicals of the second degree are swularj when the 
quantities under the radical sign are the same in both. Thus, 

3 V^ and 5c V^ are similar radicals ; wd so also are 9 V^ 

and 7 VT. 

Addition and Subtraction. 

132. In order to add or subtract similar radicals, add or subtract 
their co-effidentSy then prefix the sum or difference to the common 
radicdL 

Thus, . . , 3a VT+5c \/y=(3a4-5c) -/y. 

And ... 3aVT-5cVT==(3a-6c)'/r'. 

In like manner, 7 V2a+Z '/2a=(7+3) V^=10 V2a. 

And . . . 7'/2a-8-/2a=(7-3)'/2a= 4 VSa. 

Two radicals, which do not appear to be similar at first sight, 
may become so by simplification (Art. 125). 
For example, 

V^^a^+b VTda=zAb VSa+6b Vsaz=9b VSa, 

and 2 V45~3 V^O V^S V5^3 VST 

When the radicals are not similar, the addition or subtraction can 

only be indicated. Thus,* in order to add 3 Vb~Xo 5 VoT we write 

5Va+3VSr 
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MuUiplicdHon. 

133. To multiply one radical by another, multiply the two quaiu 
titles under the radical sign together j and place the common radical 
over the product. 

Thus, Vox Vh^ -v/fl^; this is the principle of Art. 125, taken in 
an inverse order. 

When there are co-efficients, we first multiply them together^ and 
write the product before the radical. Thus, 

3 VboTx^ V20a =12 VlOOa^'b =l20a Vb7 

2a Vbc X 3a V^=6a* V^c' =6a"ic. 

2a -v/^4^ X -3a Va«+^ = -6a«(a«4-^). 

Division. 

134. To divide one radical by another, divide one of the quanti^ 
ties under the radical sign by the other and place the commmi radical 
aver the quotient. 

V a ^ /a 
Thus, — ^== V -5- ; for the squares of these two expres- 
Vh ^ 

a 
sions are equal to the same quantity -r- ; hence the expressions 

themselves must be equal. When there are co-efficients, write their 
quotient as a co-efficient of the radical. 

For example, 

6a / b 



,— ,-^ ha / b 

5aVT-2JV^=-.V/-, 



2* 

12ac V6Fc-^4c V2*=3a V -^=3a VWc. 

136. There are two transformcUians of frequent use in finding the 
numerical values of radicals. 
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The first consists in passing the co-efficient of a radical under the 
sign. Take, for example, the expression 3a V^ ; it is equiva- 
lent to V 9a^ X V56, or V 9rf».56 = V 45a*^ by applying 
the rule for the multiplication of two radicals ; therefore, to pass 
the co-efficient of a radical under the sign, it is only necsssary to 
square it. 

The principal use of this transformation, is to find a number 
which shall differ from the proposed radical, hy a quantity less than 

unity. Take, for example, the expression 6 \^TS; as 13 is not a 
perfect square, we can only obtain an approximate value for its root. 
This root is equal to 3, plus a certain fraction ; this being multiplied 
by 6, gives 18, plus the product of the fraction by 6 ; and the en- 
tire part of this result, obtained in this way, cannot be greater than 
18. The only method of obtaining the entire part exactly, is to put 

6 VTs under the form V6»xl3 = V36x'l3= V 468. 

Now 468 has 21 for the entire part of its square root ; hence, 6 \^ 
is equal to 21, plus a fraction. 

In the same way, we find that 12 ^7=31, plus a fraction. 

136. The object of the second transformation is to convert the 

a a , , 

denommators of such expressions as — ; — — , —, mto rational 

P-^ y/i P- Vq 

quantities, a and p being any numbers whatever, and q not a per- 

feci square. Expressions of this kind are oflen met with in the 

resolution of equations of the second degree. 

Now this object is accomplished by multiplying the two terms of 

the fraction by p— y/q, when the denominator is 2?+ y/q, and by 

p^ y/q^ when the denominator is jp— y/q. For multiplying in this 

manner, and recollecting that the sum of two quantities, multiplied 

by their difference, is equal to the diflference of their squares, we 

have 

a «(p— Vq) ^{p— Vq) op—a ^q 

p-^ V<r {P-^ Vq)(,P'7 VqV f-q ^ 1^-1 ' 



comes 
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P-y/q^ip-y/qXp+y/q)" f-q f-q ' 

in which the denominators are rational. 

To form an idea of the utility of this method, suppose it is required 

7 
to find the approximate value of the expression ^^ , . It be- 

7(3+ v'S) 214-'7\/5 ^^ . — . 

-^-- — -— ^, or . Now 7 V 6 is equivalent to 

9—0 4 

'v/49x5> or V245, which is equal to 16, toiihm one of the true 

value. 

^ ^ 7 21H-15H- a fraction 36 . , . ^ 

Therefore, ;r= =—-=9, withm a frac- 

o— vO 4 4 

tion of one fourth ; that is, it differs from the true value by a 

quantity less than one fourth. 

When we wish to have a more exact value for this expression, 

extract the square root of 245 to a certain number of decimal places j 

add 21 to this root, and divide the result by 4. 

7v'5 
For another example, take — rrr— — rr-, and find the value of 

V 1 1 + V o 

it to within 0,01. 

We have, 

7y/5 _ 7v^5(v^ll-^3)7v^55.^7>/15 
v'll+v^S"" 11—3 8 ' 

Now, 7 y/bb=z a/55x49= V2695=61,91, within 0,01, 

7v'15= -/T5x49= VTO5^27,11 ; 

, ^ 7v/5 51,91-27,11 24,80 

Hence we have 3,10 for the required result. This is exact to 
By a similar process, it will be found that 
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3+2 -/T 



t .,« « ,^-=2,123, exact to within 0,001. 

O V liJ — O y/O 

Remark. Expressions of this kind might be calculated by ap- 
proximating to the value of each of the radicals which enter the 
numerator and denominator. But as the value of the denominator 
would not be exact, we could not form a precise idea of the degree 
of approximation which would be obtained, whereas by the method 
just indicated, the denominator becomes rational^ and we always 
know to what degree the approximation is made. 

The principles for the extraction of the square root of particular 
numbers and of algebraic quantities, being established, we will pro- 
ceed to the resolution of problems of the second degree. 

Examples in the Calculus of Radicals. 

1. Reduce V 125 to its most simple terms. 

Ans. 5 V~b. 



JL*# 

5 



2. Reduce \/ to its most simple terms. 



147 



Ans. — V~e. 

3. Reduce V 98a^x to its most simple terms. 

Ans. la V^. 



4. Reduce V(aj^— a^aj") to its most simple terms. 

5. Required the sum of -/72 and V 128. 

Ans. 14 VT. 

6. Required the sum of ^27 and V 147. 

Ans. 10\/T 

7. Required the sum of \/ — and 'v rg. 

13 
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8. Required the sum of 2 V c^h and 3 V64Ja;*. 

9. Required the sum of 9 V 243 and 10 V 363 . 

10. Required the difference of v -r- and v ^» 

i Ans. T^VlH. 

45 

11. Required the product of 5 V^ and 8 VT. 

^rw. 30 VlO. 

2 /~\ 3 / 7 

12. Required the product of "q- v^ "5" *"^^ "J"^''^ To" 

Ans. — - VaiB. 

40 

13. Divide 6 -/lO by 3 -/T. ^tw. 2 -/"S". 

Of Equations of the Second Degree. 

137. When the enunciation of a problem leads to an equation of 
the form av*=h, in which the unknown quantity is multiplied by 
itself, the equation is said to be of the second degree, and the princi- 
ples established in the two preceding chapters are not sufficient for 
the resolution of it ; but since by dividing the two members by a, it 

b 
becomes ci^=: — , we see that the question is reduced to findmg the 

^ b 
square root of — . 

138. Equations of the second degree are of two kinds, viz. equa- 
tions involving two terms, or incomplete equations, and equations in- 
volving three terms, or complete equations. 

The first are those which contain only terms involving the square 
of the unknown quantity, and known terms ; such are the equa- 
tions, 

1 6 7 , 299 

3^=5;-3^~3+-a^=~a^+— . 
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These are called equatipns involving two terms because they may 
be reduced to the form aa?=zhf by means of the two general trans- 
formations (Art. 90 & 91). For, let us consider the second equa- 
tion, which is the most complicated ; by clearing the fractions it be- 
comes 

8a;«-72+10a;^=7-24a!»H-299, 
or transposing and reducing 

42a;«=378. 

Equations involving three terms, or complete equations, are those 
which contain the square, and also the first power of the unknown 
quantity, together with a known term ; such are the equations 

5^1 8 2 ,273 



6aj»-7a?=84; — aj»-— «+-r=9— T*-^-f 



6 2 ■^4"" 3 "^ 12 • 

They can always be reduced ^to the form (ui?-\-lx—c^ by the two 
transformations already cited. 

Of Equations involving two terms. 



h /\ 

aai^=:h. We deduce from it «*= — , whence «= v/ - 



139. There is no difficulty in the resolution of the equation 

a ' 

h ' 
When — is a particular number, either entire or fractional, 

we can obtain the square root of it exactly, or by approximation. 

h 
If — is algebraic, we apply the rules established for algebraic 

quantities. 
But as the square of +f» or — m, is +»i", it follows that 

r±^/ — \ is equal to — . Therefore, x is susceptible of two 

values, viz. a?= + ^y/ — , and a;= — -^Z — . For, substituting 
either of these values in the equation as^h^ it becomes 
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flx(+v — ; =*» or ox— =^ 

and . . . flx(— \/ — ) =^> or ^X — =^- 

For another example take the equation 4a;*— 7=3a;'4-9 ; by 
transposing, it becomes, a;*s=16, whence a:==fc '\/l6==t4. 
Again, take the equation 

1 5 . t . 299 

Y^-^+12^=24-^+^ 

We have already seen (Art. 138.), that this equation reduces to 

378 
42«'=378, and dividing by 42, a*=-— =9; hence x=:dtd. 

Lastly, from the equation 3a:"=5 ; we find 

«=d=v/i-=±lv/i5. 

As 15 is not a perfect square, the values of a; can oaly be deter- 
mined by approximation 

Cf compkte Equations of the Second Degree. 
140. In order to resolve the general equation 

we begin by dividing both numbers by the co-efiicient of 9t^y which 
gives, 

ar-\ — x=. — , or ar+px=q 

h c 

by making — =p and — =q. 

Now, if we could make the first member «*4-p« the square of a 
binomial, the equation might be reduced to one of the first degree, 
by simply extracting the square root. By comparing this member 
with the square of the binomial («4-a), that is, with «*4-2aa;+a*. 
It is plain that a^+px is composed of the square of a first term 0:^, 
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plus the double product of this first term « by a seccHad, which imiat 

p V P t^ 

be — , since px=2—x; therefore, if the square of "o" ^^ "T* ^ 

added to a^-^px, the first member of the equation will become the 

P 
square of a;+— ; but in order that the equality may not be destroy- 
^ # 

P* 

ed -r- must be added to the second member. 
4 

By this transformation, the equation ^-^-px^-q becomes 
Whence by extracting the square root 



.+4=±v7S. 



The double sign ± is placed here, because either 
H-V S'+-^f or —V S'+"4-> squared gives S'+Y' 



P 

Transposing — , we obtain 
2 



.=_|.±V^. 



2-- *+-4- 

From this we derive, for the resolution of complete et^uations of 
the second degree, the following general 

RULE. 

After reducing the equation to the form x*+px=q, add the square 
of half of the co-efficient of x^ or of the second term^ to both mem* 
hers ; then extract the square root of both members, giving the douMe 
sign ± to the second member ;* then find the value of x from the re* 
suiting equation. 

This formula for the value of x may be thus enunciated. 

The value of the unknown quantity is equal to half the co-efficient 

13* 
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of X, Uiktn ttiih a contrary ngn^ plus or minus the square root of the 
known term increased by the square of half the co-eficient of x. 
Take, for an example, the equation 



6 2^4"" 3 ^ 12 ' 

^ Clearing the fractions, we have 

10ar»-6a?+9=96-8ar-12a;«4-273, 
or, transposing and reducing, 

22aj»4-2ar=860, 
and dividing both members by 22, 

, 2 360 



22 22 



/Iv* 

Add ^— j to both members, and the equation becomes 

^22 ^\22/ 22 ^V22/ ' 
whence, by extracting the square root, 

1 . . / 360 / 1 \* 
^+22==^V-22-+(22)' 

Therefore, 

22 ^ 22 ^122/ ' 

which agrees with the enunciation given above for the double value 
of a?. 
It^remains to perform the numerical operations. In the first 

^ ' "22" \22/ "^"^ ^ reduced to a single number, having 
(22)* for its denominator. 

Now jgg__i /j\'_ g^QX22+l 7921 

22 "^122/ (22)« ""(22)* 

extracting the square root of 7921, we find it to be 89 ; therefore, 

22 ^122/ ~22* 
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1 89 
Consequently, «=-— ±~. 

Separating the two values, we have 

_ i. S^_ 45 
*^ "22^22"""" 11' 

Therefore, one of the two values which will satisfy the proposed 
equation, is a positive whole number, and the other a negative frac- 
tion. 

For another example, take the equation 
6a;«-37aj=-67, 
which reduces to 

87 /37\* 

If we add the square of ^o' ^' VTo) ^^ ^*^ members, it be- 
comes 

whence, by extracting the square root 

87 . . / 57 /37\» 

Consequently, 

87 . ^ / 57 /37\« 

/37\» 57 
In order to reduce (— j — ^ to a single number, wo will ob- 

serve, that 

(12)«=12xl2=6x24; 

therefore, it is only necessary to multiply 57 by 24, then 87 by itself, 
and divide the difference of the two products by (19)'. Now, 
87x37=1369; 57x24=1868; 
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therefore, 

37v« 57 



12i 



\ — 



7 6 ""(12)** 



the square root of which is — • 



Hence, ^^J^ i2' ""^ ^ 



_37 1 _38__19 

*~12"*"l2'"l2""'6"* 

37 1 36 

«= = — =3. 

12 12 12 



This example is remarkable, as both of the values are positive, 
and answer directly to the enunciation of the question, of which 
the proposed equation is the algebraic translation. 

Let us now take the literal equation 

4a"-2«»+2a«=: 18a3- 18J». 
By transposing, changing the signs, and dividing by 2, it becomes 

««-a«=2a»-9a3+93» ; 
whence, completing the square, 

a* 9a« 

g»^ax+—=—- 9db+9h'. 

4 4 

extracting the square root, 



,=±±^. 



00* 



-0a3+93». 



2^4 

Now, the square root of -— — 9ab+9h', is evidently, -; — Sb. 

Therefore, 

a . /3a V ( a?= 2a— 83, 

These two values will be positive at the same time, if 2a>3^, 
and 33>a, that is if the numerical value of * is greater than 

-;r- and less than -r-. 
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EXAMPLES. 

( x=z2 ) 
a^— 7x+10=0 .... values J _e ( » 

3 5 ^ <«=-5,73) 0,01. 

S. Given «•— 8x+10=19, to find «. Ans. x=:9. 

4. Given a;*—*— 40=170, to find «. Ans. ar=15. 

5. Given 3a^+2a?— 9=76, to find x. Ans. ar=5. 

6. Given fc*— ^«+7|=8, to find a?. Ans. a;=lj. 

tnV 

7. Given a^+J"— 23a?+a^=-^p- to find x. 

Ans. a:=-^-^(in± VaW+^'w^-a'n'). 

qtJESTIONS. 

1. Find a number such, that twice its square, increased by three 
times this number, shall give 65. 

Let X be the unknown number, the equation of the problem will be 
2a!*+8a?=65, 
whence, 

^ 23 



''""'"4 ^T'*"l6"""4 4' 



Therefore, 



«_-— 4-J--5, and a?--— -— _ - g. 

/ . 
Both these values satisfy the question in its algebraic sense. 

For, 2x(6)*+3x5=2x25+15=65. 

/ 13v« 13 169 39 130 

and 2(--)+3x-y=-y~y=— =65. 

But, if we wish to restrict the enunciation to its arithmetical 
sense, we will first observe, that when x is replaced by -^x, in the 
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equation 2a:"+3a?=65, the sign of the second term 3a; only, is chang- 
ed, because (--ar)*=a;*. 

3 23 

Therefore, instead of obtaining «= — T'^'T* ^® would find 

3 23 13 

a:=-r=t---, or x=--- and a?=— 5, values which only differ from 

4 4 2 

the preceding by their signs. Hence, we may say that the nega- 

13 

tive solution — —^ considered independently of its sign, satisfies 

this new enunciation, viz. : To find a number such, that tmU its 
square, diminished by three times this nurnber, shall give 65. ' In fact, 
we have 

/13v« 13 169 39 

My) "^x¥=— -t=^^- 

2. A certain person purchased a number of yards of cloth for 
240 cents. If he had received 3 yards less of the same cloth, for 
the same sum, it would have cost him 4 cents more per yard. How 
many yards did he purchase ? 

Let x= the number of yards purchased. 

240 
Then will express the price per yard. 

If, for 240 cents, he had received 3 yards less, that is re— 3 
yards, the price per yard, in this hypothesis, would have been repre- 

240 

sented by -. But, by the enunciation this last cost would ex- 

aj— o 

ceed the first, by 4 cents. Therefore, we have the equation 

240 240 

a?— 8*^ a? ""^' 

whence, by reducing «*—3ar=180, 

3=fc27 






+180=- , 

therefore 

a?=:15, and a;= — 12. 
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The value ^15 satisfies the eaunciation ; for, 15 yards for 240 

240 
cents, gives , or 16 cents for the price of one yard, and 12 

yards for 240 cents, gives 20 cents for the price of one yard, 
which exceeds 16 by 4. 

As to the second solution, we can form a new enunciation, with 
which it will agree. For, go back to the equation, and change x 
into —a?, it becomes, 

240 240 240 240 

-=4, or — : -7^=4, 



—re— 3 —X X a?+3 

an equation* which may be considered the algebraic translation of 
this problem, viz. : A certain person purchased a number of yards 
of cloth for 240 cents : if he had paid the same sum for 3 yards 
more, it would have cost him 4 cents less per yard. How many 
yards did he purchase 7 Ans, a?=12, and «=— 15. 

Remark. Hence the principles of (Arts. 104 and 105.) are 
confirmed for two problems of the second degree, as they were for 
all problems of the first degree. 

3. A merchant discounted two notes, one of 88776, payable in 
nine months, the other of $7488, payable in eight months. He 
paid $1200 more for the first than the second. At what rate of 
interest did he discount them ? 

To simplify the operation, denote the interest of $100 for one 
month by a?, or the annual interest by 12x ; 9a; and 8a? are the in- 
terests for 9 and 8 months. Hence lOO-f-Oa:, and 100r|-8a;, repre- 
sent what the capital of $100 will be at the end of 9 and 8 months. 
Therefore, to determine the present values of the notes for $8776, 
and $7488, make the two proportions', 

877600 
100+9X : 100 : : 8776 : 35^3^^, 



100+8a? : 100 : : 7488 



748800 



100+8aj ' 
and the fourth terms of these proportions will express what the mer- 
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chant paid for each note. Hence, we have the equation 
877600 748800 _ 
lOO+Ox 100 +ac — ^^^^ ' 

or, observing that the two members are divisible by 400, 

2194 1872 

-=3. 



100-|-9a; 100-|-8a? 

Clearing the fraction, and reducing, it becomes, 
216«^+4396«=2200; 
whence 

__ 2198 ,^/2200 (2198)^ 
*'~"""216" ^ ■216""'" (216)^ ' 

Reducing the two terms under the radical to the same denomi- 
nator, 

__— 2198db V 6306404 
*"" 216 ' 

or multiplying by 12, 

_ -2198d= V 5306404 
12.= j^ . 

To obtain the value of 12a; to within 0,01, we have only to ex- 
tract the square root of 5806404 to within 0,1, since it ia afterwards 
to be divided by 18. 

This root is 2303,5 ; hence 

-2198=fc2303,5 
120,= ^ ; 

and consequently. 



and 



105,5 
12«=— j~-=5,86. 



-4501,6 

12a?= 75-^= -250,08. 

Id 



The positive value, 12d;=5,86, therefore represents the rate of 
interest sought. 
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As to the negative solution, it can only be regarded as connected 
with the first by an equation of the second degree. By going back 
to the equation, and changing x into —-a?, we could with some trou- 
ble, translate the new equation into an enunciation analogous to that 
of the proposed problem. 

4. A man bought a horse, which he sold afler some time for 24 
dollars. At this sale, he loses as much per cent, upon the price of 
his purchase, as the horse cost him. What did he pay for the 
horse? 

Let X denote the number of dollars that he paid for the 
horse, a;— 24 will express the loss he sustained. But as he 

X 

lost a? per cent, by the sale, he must have lost , upon each 

x^ 
dollar, and upon- a? dollars he loses a sum denoted by ; we 

have then the equation 

x^ 
-—-— =a;— 24, whence ar» -.100a?=— 2400. 

100 " 

and x=50± V2500— 2400=50±10. 

Therefore, 

=60 and a:=40. 
Both of these values satisfy the question. 

For, in the first place, suppose the man gave 860 for the horse 

and sold him for 24, he loses 36. Again, from the enunciation, he 

, . 60 60x60 

:should lose 60 per cent, of 60, that is, --— of 60, or , 

which reduces to 36 ; therefore 60 satisfies the enunciation. 

If he paid 840 for the horse, he loses 16 by the sale ; for, he 

40 
should lose 40 per cent, of 40, or 40x ,^^ > which reduces to 16 ; 

therefore 40 verifies the enunciation. 

5. A grazier bought as many sheep as cost him £60, and ailcr 

14 
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reserving fifleen dut of the number, he sold the remainder for j&64, 
and gained 2s a head on those he sold : how many did he buy ? 

Ans. 75i 

6. A merchant bought cloth for which he paid £33 15^, which 
he sold again at £2 8s per piece, and gained by the bargain as 
much as one piece cost him : how many pieces did he buy ? 

Ans. 15. 

7. What number is that, which, being divided by the product of 
its digits, the quotient is 3 ; and if 18 be added to it, the digits will 
be inverted ? Ans. 24. 

8. To find a number such that if you subtract it from 10, and 
multiply the remainder by the number itself, the product shall be 31. 

Ans, 7 or 3. 

9. Two persons, A and B, departed from different places at the 
same time, and travelled towards each other. On meetings it ap. 
peared that A had travelled 18 miles more than B ; and that A 
could have gone B's journey in 15f days, but B would have been 
28 days in performing A's journey. How far did each travel ? 

A 72 mUes. 



( B 54 mues. 
Discussion of the General Equation of the Second Degree, 

141. As yet we have only resolved problems of the second de- 
gree, in which the known quantities were expressed by particular 
numbers. To be able to resolve general problems, and interpret 
all of the results obtained, by attributing particular values to the 
given quantities, it is necessary to resume the general equation of 
the second degree, and to examine the circumstances ^hich result 
from every possible hypothesis made upon its co-efficients. This is 
the object o^the discussion of the equation of the second degree* 

142. A root of an equation of the second degree, is such a num. 
ber as being substituted for the unknown quantity, will satisfy the 
equation. 
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It hiis been shown (Art. 13d), that every equation of the seoond 
degree ean be reduced to the form 

V+i)a?=:g (1), 

f and q being numerical or algebraic quantities, whole numbers 
or fractions, and their signs plus or minus. 

If, in order to render the first member a perfect square, we add 

— to both members, the equation becomes 



or (.+|-)=^+f- 



Whatever may be the value of the number expressed by q-^—r-f 
its root can be denoted by m, and the equation becomes 

(«+y) =mS or {^+y) -^■=^^' 

But as the first member of this equation is the difierence between 
two squares, it can be put under the form 

(x+^^my(x+-^+m)=0; . . . (2). 

in which the first member is the product of two factors, and the 
second is 0. No^ we can render the product equal to 0, and con- 
sequently satisfy the equation (2), in two different ways : viz. 

p P 

By supposing «+— — m=0, whence «= — o"^"*" 

P P 

or supposing x-\'—']-m=.Of whence a:= — 2^^' 



Or substituting for m its value. 
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Now, either of these values, being substituted for x in its cor- 
responding factor of equation (2) will satisfy that equation ; and as 
equation (1) will always be satisfied when the derived equation (2) 
is satisfied, it follows, that either value will satisfy equation (1). 
Hence we conclude, 

1st. That every equation of the second degree has two roots, and 
only ttoo, 

2d. Tliat every equation of the second degree may he decomposed 
into two binomial factors of the first degree vnth respect to x, having 
X for a common term, and the tvjo roots, taken with their signs 
changed, for the second terms. 

For example, the equation a;*+3x— 28=0 being resolved gives 
a;=4 and x=i—l ; either of which values will satisfy the equation. 
We also have 

(a;-4) (a;+7) =a?-|-3a?-28. 

143. If we designate the two roots by aj' and x", we have 

"^^-i+V^^ and .--f-V^, 
by adding the roots we obtain 

and by multiplying them together, we have 

4-('4)=-'- 

Hence, isi. Tfw u^c^/wm/ oi*//» \ff tht, «•»« #^««« «« »quaJt to the cOm 
efficient of the second term of the equation, taken with a contrary 
sign, 2d. The product of the two roots is equal to the second mem^ 
her of the equation, taken also with a contrary sign. 
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RlQIUW. Tke preeediflg proportiM suppose that the equation 
has been reduced to the form a^+px^q ; that is, 1st. That every 
term of the equation has. been divided by the co-efficient of o^. 
2d. That all the terms involving x have been transposed and ar- 
ranged in the first member> and a^ made positive. 

144. There are four forms, under which the equation of the se^ 
coad degree may be written. 

iff'+.px= q (1) 

x^^fx = q {2) 

a^-^fx^-^q (4). 

In which we suppose j» and ^ to be poi^ive. 
These equations being resolved, gtvoj 



2 



^+T <^> 



a:=-|.=h\/-^+^ (3) 

x=+f±:\/^q+^ (4). 

In order that the value of a?, in these equations, may be fiumd, 
cither exactly or approximatively, it is necessary that the quantity 
under the radical sign be positive (Art. 126). 

Now, — being necessarily positive, whatever may be the sign 

of Pf it follows, that in the first and seco^ forms all the values of 
x will be real. They will be determined exactly, when the quan- 

tity J+"T- is a perfect square, and approximatively when it is 

not so. 

In the first form, itte first value of «, that is, the one arising from 

14* 
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taking the plus value of the radical, is always positive ; for the 

^ / W V 

radical v ^+"7"' being numerically greater than — , theex- 



V A. / 1^ 
pression — 5"^V^ S'+'F ^ necessarily of the same sign as 

that of the radical. For the same reason, the second value is es- 
sentially negative, since it must have the same sign as that with 
which the radical is affected : but each root, taken with its proper 
sign, will satisfy the equation. The positive value will, in general, 
alone satisfy the problem understood in its arithmetical sense ; the 
negative value, answering to a similar problem, differing from the 
first only in this ; that a certain quantity which is regarded as ad- 
ditive in the one, is subtractive in the other, and the reverse. 

In the second form, the first value of a; is also positive, and the 
second negative, the positive value being the greater. 

In the third and fourth forms, the values of x will be imaginary 
when 

And since v — i'+x ^ less than — , it follows that the 

real values of x will both be negative -in the third form, and both 
positive in the fourth. 

146. The same general consequences which have just been re- 
marked, would follow from the two properties of an equation of the 
second degree demonstrated in (Art. 143), The properties are : 

The algehraic sum of the roots is equal to the co-efficient of the se^ 
cond temij taken unih a contrary sign, and their product is eqtuzl to 
the second memhery taken also with a contrary sign. 

For, in the first two forms, q being positive in the second mem. 
ber, it follows that the product of the two roots is negative : hence, 
they have contrary signs. But in the third and fourth forms q being 
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negative in the second member, it follows that the product of the 
two roots will be positive : hence, they vnU have like signs^ viz. both 
negative in the third form, where p is positive, and both positive in 
the fourth form where p is negative. 

Moreover, since the sum of the roots is affected with a sign con- 
trary to that of the co-efficient p ; it follows, that, the negative root 
mil be the greatest in the first form, and the least in the second, 

146. We will now show that, when in the third and fourth forms, 
we have ?>"t-> the conditions of the question will be incompa- 
tible with each other, and therefore, the values of x ought to be 
imaginary. 

Before showing this it will be necessary to establish a proposition 
on which it depends : viz. 

If a given number be decomposed into two parts and those parts 
multiplied together, the product will be the greatest possible when 
the parts are equal. 

Let p be the number to be decomposed, and d the difference of 
the parts. Then 

p d ^ 

Y+-2-= the greater part (Art. 32). 

p d 
and — — — = the less part. 

and 4 ""T~^' ^^^^' product (Art. 46). 

Now it is plain that P will increase as d diminishes, and that it 
will be the greatest possible when d=0 : that is, 

p p 1^ 

— X-r-=-j- is the greatest product. 

147. Now, since in the equation 

9?^px=. ^q 
p is the sum of the roots, and q their product, it follows that q can 
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never be greater than •^- The conditions of the equation there- 
of 
fore fix a linoit to the value of 9, and if we make y>"x> ^® express 

by the equation a condition which cannot be fulfilled^ and, this oon- 
tradiction is made apparent by the values of x becoming imaginary. 
Hence we may conclude that, 

The value of the unknown quantity wUl always be imaginary when 
the conditions of the question are incompatible with each other. 

RsMABK. Since the roots of the equation, in the first and seecMid 
forms, have contrary signs, the condition that their sum ah»XL ho 
equal to a given number p, does not fix a limit to their product : 
hence, in those two forms the roots are never imaginary. 

148. We will conclude this discussion by the following remarks. 
1st. If in the third and fourth forms, we suppose q=-T-j the ra- 
dical part of the two values of x becomes 0, and both of these 

P 
values reduce to a;= — jr- : the two roots are then said to be equal. 

P' 
In fact, by substituting — for j' in the equation, it becomes 

si?-\-px= — -r-, whence 

a^+i?a?+^=0, or (a?+y)'*=0. 

In this case, the first member is the product of two equal factors. 
Hence we may also say, that the roots of the equation are equal, 
since in this case the two factors being placed equal to zero, give 
the same value for x, 

2d. If, in the general equation, a^-\-px=:q, we suppose q=Of 

the two values of x reduce to a?=— ^+~-, or a;=0, and to 



3 2' 



a?=— — — ^, or a;=— 1?. 
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In fact, the equation is then of the form a^+pa;=0, or a?(a?+j>)=0, 
which can be satisfied either by supposing x=0, or a?-f-p=0, 
whence x= —p : that is, one of the roots is 0, and the other the 
co-efficient of x taken with a contrary sign. 

3d. If in the general equation aj'+|)x=^, we suppose p=0^ 
there will result 3i^=q9 whence a;=di y/q ; that is, in this case the 
two values of x are equal, and have contrary signs, real in the first 
and second forms, and imaginary in the third and fourth. 

The equation then belongs to the class of equations involving two 
terms, treated of in (Art. 139). 

4th. Suppose we have at the same time p=0, ^=0 ; the equa- 
tion reduces to a^=0, and gives two values of x, equal to 0. 

149. There remains a singular case to be examined, which is often 
met with in the resolution of problems of the second degree. 

To discuss it, take the equation a3i^-\-hx=zc. This equation 
gives 

— 5=h Vi^+4ac 

^= 2^ • 

Suppose now, that from a particular hypothesis made upon the 
given quantities of the question, we have a=0 ; the expression for 
X becomes 



whence < ^ 

'=-0- 

The second value is presented under the form of infinity, and 
may be considered as an answer when the proposed questions will 
admit of answers in infinite numbers. 

As to the first — , we must endeavour to interpret it. 

By multiplying the numerator and denominator of the 2d mem- 
ber of the equation 

— *+ V3"+4ac , —J- Vi«+4ac 

^ 2^: ^^ ^ — ^ 
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we obtain 

"~2a(-J-. V^+iac •2a(-i~ V^+4ac' 

or a?= ^ by dividing by 20, 

c 
or ^=="r ^y making a=0. 

Hence we see that the indetermination arises from a coinmon fac- 
tor in the numerator and denominator. 

If we had at the same time a=0» 3=0, c=0, the proposed 
equation would- be altogether indeterminate. 

This is the only case of indetermination that the equation of the 
second degree presents. 

We are now going to apply the principles of this general discus- 
sion to a problem which will give rise to most of the circumst^u^oea 
which are commonly met with ia problems of the second degree. 

Problem of the Lights, 

'a' A C B ^ 

150. Find upon the line which joins two lights, A and B, of dif- 
ferent intensities, the point which is equally illuminated ; admitting 
the following principle of physics, viz. : The intensity of the same 
light at two different distances, is in the inverse ratio of the squares 
of these distances. 

L^ the distance AB between the two lights be expressed hj a; 
the intensity of the light A, at the units distance^ by b ; that of the 
light B, at the same distance, by c. Let C be the required point, 
and make AC=x, whence BC=a-^x, 

From the principle of physics, the irtensity of A, at the nniiy 

of distance, being 3, its intensity at the distances 2, a^ 4, dsc.^ is 

b b b 
— , — , —f 4m, f heae^ «t thatiiotcuaee te it will be expressed by 
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b 
^« In like maimer, the inteosity of B at the distance a— ar, is 



V ' ^ va ; . hut, by the enunciation, these two intensities are equal 
to each oth^, therefoire we have the equation 
l_ c 

tVl^ence) by developing and redneiRg, 

(3— c)««— 2a*an= — «**• 
This equation gives 






d^h 



or reducing, 

a{h±i Vh6) 

a?= 7 • 

A— c 

This expression may be simplified by observing, 1st. that 3d: Vhc 
can be put under the form >/!). >/h-±L ^h, \/c, or \/3( \/3± -/c) ; 
2d. that *-c=(v'*)*-(\/c)«=(s/*+i/c).(v^*~>/c.) There- 
fore, by first cc»sidering the superior sign of the above expression, 
we have 

^^ ( \/*+ \/c).( %/d- -v/c) ~ i/6~ y/C ' 

In like manner we obtain for the second value, 
a y/h{ ^h— y/c) a y/h 

"^"^ ( >/*+ %/c).( >/i- Vc) "" >/*+ Vc • 

Hence, we have 

flv^3 ^ 
y/b-^- y/c' from which 

a ^i I we obtain 



1st . . . x=- 



2d . . . x= 



y/b-^y/c' ^ 




1st. Suppose that 3>c. 
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The first value of «, , is then positive and less than 

a, because — -^rr — 7- is a proper fraction ; thus this value gives 

for the required point, a point C, situated between the points A and 

B. We see moreover, that the point is nearer to B than A ; for 

since ft>c, we have v^34- v^3 or 2 i/J>( %/^+ \/c) ; whence 

y/h 1 a\/i a 

— = 7->-^ and consequently, — 7^-; — T'^-^* I^* f*ct this 

ought to be the case, since the intensity of A was supposed to be 
greater than that of B. 

The corresponding value of a— a?, , is also positive, 

a 
and less than — , as may easily be shown. 

ay/h 
The second value of a?, , __ , is also positive, but greater 

than a ; because ,^ / ^^' Hence this second value gives a 

second point C, situated upon the prolongation of AB, and to the 
right of the two lights. We may in fact conceive that the trwo lights, 
exerting their influence in every direction, should have upon the 
prolongation of AB, another point equally illuminated ; but this 
point must be nearest that light whose intensity is the least. 

We can easily, explain, why these two values are connected by 
the same equation. If, instead of taking AC for the unknown quan- 
tity a?, we had taken AC, there would have resulted BC'=X'-a ; 

b e 

and the equation -^=7 ri- Now, as (a;— a)^ is identical with 

a> iaj"~~w) 

(a— x)*, the new equation is the same as that already established, 

which consequently should have given ilC as well as AC. 

And since every equation is but the algebraic enunciation of a 

problem, it follows that, when the same equation enunciates several 

problems^ it ought by its different roots to solve them all. 
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When the unknown quantity x represents the line -AC, the 
second value of a— x, .^_ , is negative, as it should be, since 
we have aj>a; but by changing the signs in the equation 
g— a?= ,^_,^ It becomes g—a= ^^ ; and this value of 
«— a represents the positive value of EC 

2d. Let h<c. 

ay/h 
The first value of x, ^ is always positive, but less than 

a 

-^"j since we have 

( v^3-f %/c)>( y/b+ ^h) or than 2 ^h. 
The corresponding value of a— a?, or — jr-- — -- is positive, and 

greater than — . 
2 

Therefore in this hypothesis, the point C, situated between A 

and By must be nearer A than B, 

The second value of x, — -r 7- or —, ttj is essentially ne- 

gative. To interpret it, let us take for the unknown quantity the 
distance AO\ and let us represent this distance by x, and at the 
same time consider, as we have a right to do, x as essentially ne- 
gative. Then the general expression for EC" being a—Xy if 
we regard x as essentially negative, the true numerical value of 
^_x is expressed by a-\-x. Hence as before, the equation or 
algebraic expression will be 

b c b c 

;?= (a-^xy ^^ l^^Ja+xy 
in the first of which equations x is essentially negative. 

This equation ought to give a negative value for a?, and a posi- 
tive value for J?C"=a+a?. Indeeed, since the intensity of the light 
E is greater than that of A, the second required point ought to be 

15 



170 ALGSBRA. 

nearer A than B. The algebraic value for BC", which ia 

— or — m : — is positive. 



a— «, or — — i^ TTT or — — ^ 



3d. Let ft=c. 

a V. , . 
The first two values of x and a-^x reduce to y» ^"^^"^ gives 

the middle of AB for the first required point. This result agrees 
with the hypothesis. 

db a y/h . , 

The two other values reduce to — - — , or infinity; that is, the 

second required point is situated at a distance from the two points 

A and B, greater than any assignable quantity. This result 

agrees perfectly with the present hypothesis, because, by supposing 

the difference b—c to be extremely small, without being absolutely 

nothing, the second point must be at a very great distance from the 

ay/b 
lights ; this is indicated by the expression .^_ . , the denomi- 

nator of which is extremely small with respect to the numerator. 
And if we finally suppose i=c, or y/.b— v'c=0, the required point 
cannot exist for a finite distance, or is situated at an infinite distance. 
We will observe, that in the case of i=c, if we should consider 
the values before they were simplified, viz. 

a{bi'y/bc) ^ a(b-^ y/hc) 

x= r , and a;= r , 

o — c o — c 

the first, which corresponds to xrzz — ^ , would become 

2db ' CL Vb 

— , and the second, which corresponds to , , wouW be* 



come — . But -— would be obtained in consequence of the exist. 

ence of a common factor, i/i— -/c, between the two terms^ of the 
value of ar (see Art. 113). 
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Let h=C9 and a=0. 

The first system of values for x and a— x, reduces to 0, and the 


second to — . This last symbol is that of indetermination ; for, 

resuming the equation of the problem, (i— c)«*— 2ai«=— a*3, it 
reduces, in the present hypothesis to O.a^— 0.a:=0, which may be 
satisfied by giving x any value whatever* In fact, since the two 
lights have the same intensity, and are placed at the same point, 
they ought to illuminate equally each point of the line A B. 

The solution 0, given by the first system, is one of those solutions 
in infinite numbers, of which we have spoken. 

Finally^ suppose a=0, and h and c, unequal 
Each of the two systems reduces to 0, which proves that there is 

but one point in this case equally illuminated, and thai is the point 

in which the two lights are placed. 

In this case, the equation reduces to (J--c)a::^=0, and gives the 

two equal values, «=0, a?=0. 

The preceding discussion presents another example of the pre- 

cision with which algebra responds to all the circumstances of the 

enunciation of a problem. 

Cf Equations of the Second Degree, involving two or more 
unknoum quantities. 

151. A complete theoiy of this subject cannot be given here, be- 
cause the resolution of two equations of the second degree involv- 
ing two unknown quantities, in general depends upon the solution of 
an Equation of the fourth degree involving one unknown quantity ; 
but we will propose some questions, which depend only upon the 
solution of an equation of the second degree involving one unknown 
quantity. 

1. Find two numbers such that the sum of their products by the 
respective numbers a and 3, may be equal to 2s, and that their 
product may be equal to p. 
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Let X and y be the required numbers, we have the equations, 
ax-{-hy=28, 

2« ax 

From the first y= — r — ; whence, by substituting m the ae 

cond, and reducing, 
Therefore, 



and consequently, 



a a 



y=y=Fy V*»-a^. 



This problem is susceptible of two direct solutions, because s ia 

evidently > V**— o^, but in order that they may be real, it is 
necessary that **> or =a3p. 

Let a=ft=l ; the values of a;, and y, reduce to 

«=*=b V^—p and y=*=F: V^-^p 
Whence we see, that the two values of x are equal to those of y^ 
taken in an inverse order ; which shows, that if *+ V**— p repre- 
sents the value of «, *— Vt^—p will represent the corresponding 
value of y, and reciprocally. 

This circumstance is accounted for, by observing, that in this par. 

c x4-y=2«, 
ticular case the equations reduce to < and then the 

i xy=p; 

question is reduced to, finding two numbers of which the sum is 29, 

and their product p, or in other words, to divide a number 2s, into 

two such parts, that their product may be equal to a given number p. 

2. Find four numbers in proportion, knowing the Sum 2* of their 
extremes, the sum 2s' of the means, and the sum 4c* of their squares. 

Let u, X, y, z,^denote the four terms of the proportion ; the equa- 
tions of the problem will be 
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At first Bight, it may appear difficult to find the values of the un- 
known quantities, but with the aid of an ttn^otwi auxiliary they are 
easily determined. 

Let p be the unknown product of the extremes or means, we 
have 

1st. The equations 

I u4-2;=2«, .... { u=s+ V s'-p, 
] which give \ . 

2d. The equations 

\ which give \ 

Hence, we see that the determination of the four unknown quan- 
tities depends only upon that of the product p. 

Now, by substituting these values of «, «, y, « in the last of the 
equations of the problem, it becomes 

or, developing and reducing, 

4«*-f-4«'^--4p=4c ; hence i>=«^+*'«— c^. 
Substituting this value for p, in the expressions for u, a;, y, a;, we 
find 

These four numbers evidently form a proportion ; for we have 

15* 
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This problem shows how much the introduction of an unknown 
auxiliary facilitates the determination of the principal unknown quan- 
tities. There are other problems of the same kind, which lead to 
equations of a degree superior to the second, and yet they may be 
resolved by the laid of equations of the first and second degrees, by 
introducing unknown auxiliaries. 

152. We will now consider the case in which a problem leads to 
two equations of the second degree, involving two unknown quan- 
tities. 

An equation involving two unknown quantities is said to be of the 
second degree^ when it contains a term in which the sum of the expo^ 
nents of the two unknoum quantities is equal to 2. Thus, 

Sa^-r4a+t^'-'Xy—&y+6=0t 7a?y— 4a:+y=0, 

are equations of the second degree. 

Hence, every general equation of the second degree, involving 
two unknown quantities, is of the form 

af-\-hxy+C(x^'{-dy'{fx'{-g=0, 

0, ^, c, . . . representing known quantities, either numerical OT al- 
gebraic. 

Take the two equations 

ay''{-hxy-\'Cx'-\-dy+fx+g=z09 
ay+l/xy+cfx'+d'y+fx+g'^rO. 
Arranging them with reference to x^ thoy become 
c3^-\-{hy+f)x-\-af-hdy+g=zOy 

Now, if the co-efficients of a;* in the two equations were the same, 
we could, by subtracting one equation from the other, obtain an 
equation of the first degree in a?, which could be substituted for one 
of the proposed equations ; from this equation, the value of x could 
be found in terms of y, and by substituting this value in one of the 
proposed equations, we would obtain an equation involving only the 
unknown quantity y. 
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By multiplying the first equation by c', and the second by c, they 
become 

cc'x«+(*y+/)c'x+(ai^+dy+^)c'=0, 
ccV+(J'y+/)ca:+(ay+d'y+g')c =0, 

and these equations, m which the co-efiicients of ^ are the same, 
may take the place of the preceding. 
Subtracting one from the other, we have 

[(3c'-cy)i^+/c'-c/>+(ac'-ca')3^+(<fc'-«r)y+gc'-(^==0, 

which gives 

This expression for «, substituted in one of the proposed equa- 
tions, will give a final equatiarif involving y. 

But without effecting this substitution, which would lead to a very 
complicated result, it is easy to perceive that the equation involving 
y will be of the fourth degree ; for the numerator of the expres- 
sion for X being of the form mt^+ny+p^ its square, or the expres- 
sion for a^, is of the fourth degree. Now this square forms one of 
the parts of the result of the substitution. 

Therefore, in general, the resolution of two equations of the se» 
cand degree, involving two unknown quantities^ depends upon that of 
an equation of the fourth degree, involving one unknown quantity, 

153. There is a class of equations of the fourth degree, that can 
be resolved in the same way as equations of the second degree ; 
these are equations of the form a:^-\-pa^'\-q=0. They are called 
trinomial equations, because they contain but three kinds of terms ; 
viz. terms involving a?*, those involving «*, and terms entirely known. 

In order to resolve the equation a!*+pir"+g=0, suppose «*=y> 
we have 

!^+py+q=0, whence y=-|-±V-j+— . 

But the equation «*=y, gives a:=dc y/y. 
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Hence, ar=db\/-^dbV -^+^. 

We perceive that the unknown quantity has fout valu^ since 
each of the signs + and — , which affect the first radical, can be 
combined successively with each of the signs which affect the se- 
cond ; hut these values taken two and two are equals and have contra^ 
ry signs. 

Take for example the equation a?*— 250*= -^144 ; 

by supposing a^^y, it becomes y"--25y= — 144; 

whence y=16, y=9. 

Substituting these values in the equation s^=y there will result 

1st. a:*=16, whence x=db4; 2d. «^=9, whence x=db8. 

Therefore the four values iare +4, —4, +3 and —8. 

Again, take the equation rc*-t-7rc*=8. Supposing a'=y, the 
equation becomes y*— 7^=8; whence y=8, y= — 1. 

Therefore, 1st. 35*= 8, whence a;=db2-/2; 2d. «»=: — 1 ; 
whence a?=± v/— 1 ; the two last values of x are imaginary. 
Let there be the algebraic equation a?*— (25c4-4a^)a:^=— ^c* ; 
taking a:*=y, the equation becomes t^—(2bc-\-A(^)y =-^Ij^c^ ; 

from which we deduce y= he + 2a^±:2a Vbc + ct*. 

And consequently a;=dbv/ Ac + 2a*db2a V^ -f a*. 

154. Every equation of the form y*"+i'y"+^=0, in which the 
exponent of the unknown quantity in one term is double that of the 
other, may be solved by the rules for equations of the second degree. 

For, put y"=a?, then i^=^a^f and y''*+py"+5'=a'+pa;-h^=0. 



Hence x = — |.=bV^^+?^, 

Or sr = -|-±\/-^+^. 

And y JV-^^V-q^-X 
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Extraction of the Square Root of Binomials of the form 

a ±:VhT 

155. The resolution of trinomial equations of the fourth degree^ 
gives rise to a new species of algebraic operation : viz. the extract 

tion of the square root of a quantity of the form arb Vb^ a and b 
being numerical or algebraic quantities. 
By squaring the expression 3=b V^ we have 

(Szb VT)«=9±6 •/y+5=14=fc6 VTi 

h«ncey redprocaUy \/ 14d:6 V^=:3=b V sT 

In like manner, ( ^/7=b v'll)*=7=b2 ypX •H + H 

= 18±2^/77. 

Hence reciprocally Vl8=b2 VTii=^ ^=fc ^11. 

Whence we see that an expression of the iform Va=b v'ft, may 
sometimes be reduced to the form a'db -^V or v^a'i ^V ; and 
when this transformation is possible, it is advantageous to effect it* 
since in this case we have only to extract two simple square roots, 

whereas the expression Vazt.y/h requires the extraction of the 
square root of the square root. 

156. If we let jp and q denote two indeterminate quantities, we 
can always attribute to them such values as to satisfy the equations 

Va-f y/h^ p-{-q (1). 

Va— -v/J=p— 5 (2). 

These equations, being multiplied together, give 

V^^h^f-^f (3). 

Now, if p and (^ are irrational monomials involving only single ra- 
dicals of thesecond degree, orif one is rational and the other irration- 
al, it follows that ^ and f will be rational ; in which case, 1^— fl*, 

or its value, Va"— ^, is necessarily a rational quantity, or a*— J is 
a perfect square. 
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When this is the case, the transformation can always be effected. 
For, take a*— ft, a perfect square, and suppose VV— ft=c ; the 
equation (8) becomes 

Moreover, the equations (1) and (2) being squared, give 

whence, by adding member to member, 

f+f=a (4); 

but p"— ^=c (5). 

Hence, by adding these last equations, and subtracting the se- 
cond from the first, we obtain 

2f=a-'C ; 




and consequently. 
Therefore, 

/ 7 . A. /«+C , 4. /« — c 

Va+v'J, or j»+j-=± V -g-i V -g-, 

/ 7 . A /«+c . /a—c 

Vo-V*, or f-q=±S/ ——z^S/ -—■ 



or V^+7i=±(V ^+V -Y") («\ 

V^W3=dt(V^-\/^)....(7). 

These two formulas can be verified ; for by squaring both mem- 
hers of the first, it becomes 

but the relation i/a^--6=c, gives <^=.€^'-h. 
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Hence, a+ ^h=a+ Vet'—a^+b^a-i- y/h. 

The second formula can be verified in tbe same manner. 

157. Rbmask. As the accuracy of the formulas (6) and (7) is 

proved, whatever may be the quantity c, or Va^—h^ it follows, 
that when this quantity is not a perfect square, we may still replace 

the expressions Va+ y/b and Va— v/i, by the second members 
of .the equalities (6) and (7) ; but then we would not simplify the 
expression, since the quantities p and q would be of the same form 
as the proposed expression. 

We would not, therefi)re, in general, use this transformation, 
unless 0^— & is a perfect square. 

EXAHPLES 

168. Take the numerical expression 94+42 \/5, which reduces 



to 94+ ^8820. We have 

a=94, 3=8820, 

whence c= Va*— *= •\/8836— 8820=4, 

a rational quantity ; therefore the formula (6) is applicable to this 
case. 

It becomes 

or, reducing, ==b( ^49+ ViS) ; 

therefore, V 94+42 v^5= =h(7 +3 v/5). 

In fact, (7+8 v/5)«=49+45+4^ v/5=94+42 ^/5. 

Again, take the expression 

V^ np+2m*— 2ot Vnp-^-w? ; 
we have a=:np-\-2m^f h=4an\np+w^)f 

whence a^~-h=n'ji^f 

and c or Va*—h=znp ; 
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therefore the formula (7) is applicable« It gives for the required 
root 



or,' reducing, db( V^np4^— m). 

In fact, ( Vnp+ffi*— OT)*=np+2m"— 2m Vnp-\-m''. 
For another example, take the expression 

V 16+30 V^^+Vl6-30 V^, 
and reduce it to its simplest terms. By applying the preceding 
formulas, we find 



Vie+so v^^^^^l^5+3 -v/^i, vl6-30-v/-i=5-3>/^iriT 

Hence, V16+80 V^+ V16-30 -/^ITnrlO. 

This last example shows, better than any of the others, the utili- 
ty of the general problem ; because it proves that imaginary car- 
pressions combined together, may produce redly and even rational 
results. 

\/28+10 VT=5+ VT; .\/l+4 V -3 =2+ y/^^^ 

\/ hc+^h V1^I:F+V*c~23 V3c--^=db2J; 

\/«*+4c*-<^+2 V^ahc'--ahdJ'= Vab+ y4c«-(f». 

Examples of Equations of the Second Degree, which eitlier 
involve Radicals, or two unknown quantities. 

, 2a^ 

1- Given a;+ V d'-\-s? = to find x. 

a? Va*+ic«+a'»+a:*=2a» 

» Va^-{-a?= a^^n^ by transposing. 
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Wt 



hence 
or 



ii"«^+aj*=a* — 2flV+a?*^ by squaring, 
3aV=aJ». 



2. Given \/^+^- V ^-i»=J to find x. 

\/^+*»=V 3i~^+3, by transposing. 



l+^=J^i«+2J 



v?I 



*»+»», 



hence 



or 



i»=2Jv5^ 



J=2V^I^ 



4a« 



hence &*=— — — 4i*, 



«»=:- 



4a?» 



hence 



a?=db- 



2a 



bVT 



3. Given — 1 =t- to find x. 



Arts. x=± V2a*-*». 



4. Given 



ay 



and 



ay 



=48 



w 



=24 



to find AT and y. 



Dividing the first equation by the second, we have 

10 
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-^= Vir=2, or y=4. 



y 

Whence from the second equation 
hence 
6. Given 



6. Given x + Vxy-{-y = 19 ) 
and aj"+ ay-h/=133 ) ^ 



4x 



==4 -/T=24, 




to fino 27. 



(*Ti)" 



find X and y. 



Dividing the second equation by the first, we have 
X— Vxy-\-y=^ 7 
x+ V^+y=19 



but 

hence 

or 

and 



2a:H-2y=26 by addition, 
x+ y=13 
V^+13=19 by substituting in the 1st eq. 

or .... V^= 6 
and .... >y=36 
From 2d equation, a;'+a^+y'=133 
and from the last ^xy =108 



Subtracting 
Hence . . 
But . . 
Hence 

7. Given 



. . ar»— 2a:2^+y"= 25 

. . . a?— y=it 5 

. . . a;4-y= 13 

, a?=9 or 4; and y=4 or 9. 

a— Va=— ar» 



a+ V a^—x^ 



,=J, to find X. 



jItw. a?=: ± 



2ajv/T" 
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8. Given — = ; = to find x. 

V a? — V «— a ^—^ 

^ fl(l=bn)> 
l±2fi 

Va-|-5 V^a a? / x 

9. Given —7=-+ — :;=r-= V ^ to find «. 



Am. a?= zt 2 Va^— ft«. 



10. Given j ^^^^^^12^ j to find a: and y. 

'y=l or 2 



( x=2 or 1 






( v=5 



= 11 or 5 
y=5 or 11. 



12. Given ; =J, to find «. 



V23-^ 



13. Given | +^^+^^18 f^ to find a? and y 

x=3 or 2 or — 3± VT 



^ y=2 or 3 or — 3ip -/T. 
14. Given the sum of two numbers equal to a, and the sum of 
their cubes equal to c, to find the numbers 

( X -{-y =a 
By the conditions \ « 

Putting a;=*+«, and y=8—Zy we have a=2^, 
( ar'=«5+.3«^«+3*r»+z» 
^*^ • • • • I y»=J'*-3^%+3^g"-z^ 
Hence, by addition, aP+tf^=zfl^ +68^=zc 



IM jMoimk. 



c— 2«' /c— 2^ 

Whence ^^~ei — and g=x±:V ^^ > 



r=*:±:V -i^-— ; and/y=«qF V^ 



or «=*:±:V — gj — » and/y=«qF'V -^"g^ — > 

Or by putting for * its value, 



■=T^*/(^hi-s/- 



40—0^ 



12a ' 



and *=-a=pv(-ir^;=T=Pv~i2i-- 



1* There are two numbers whose difference is 1^ and half their 
product is equal to the cube of the lesser number. What are those 
nttmbers? Ans. 3 and IS. 

2. What two numbers are thos^ urbope mm, multiplied by the 
greater, is equal to 77 ; and whose difierence, multiplied by the 
leiMr, i$ equfij to 12 ? 

Ans, 4 and 7, or f y/2 and y \/2. 

3. To divide 100 into two such parts, that the sum of their square 
roots may be ^4. Ans, '^4 :aiid 30. 

4. It is required to divide the number 124 into two such parts, that 
th^lr product may be equal to 35 times tb€$ir difference. 

Ans. 10 and 14. 
^. The sum of two s^tmbers is 8, and the sum of their cubes is 
152. What are the numbers ? Ans. 3 and §. 

6. The sum of two numbers is 7, and the sum of their 4th powers 
is 641. What are the numbers 7 . Ans, 2 and 5. 

7. The sum of 4wo numbers is 6, and the $un(i of their 6th pow. 
ers is 1056. What are |the members? Ans. 2 and 4. 

8. Two merchants eaehsdd the same kiai of stuff; the second 
♦sold 3 yards more of it than tbe first, and together, they receive 85 
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crowns. The first said to the second, I would have received 24 
crowns for your stuff; the other replied, and I would have received 
12| crowns for yours. How many yards did each of them sell ? 
( 1st merchant x=15 x=zb ) 

( 2d . . . y=18 y=:8 ) 

9. A widow possessed 13,000 dollars, which she divided into two 
parts, and placed them at interest, in such a manner, that the incomes 
from them were equal. If she had put out the first portion at the 
same rate as the second, she would have drawn for this part 360 
dollars interest, and if she had placed the second out at the same 
rate as the first, she would have drawn for it 4^0 dollars interest. 
What were the two rates of interest ? 

Ans. 7 and 6 per cent. 



CHAPTER IV. 

Formation of Powers^ and Extraction of Roots of 
any degree whatever, 

159. The resolution of equations of the second degree supposes 
the process for extracting the square root to be known ; in like man- 
ner the resolution of equations of the third, fourth, &c. degree, re- 
quii*es that we should know how to extract the third, fourth, dtc. 
root of any numeri<»il or algebraic quantity. 

It will be thq principal object of this chapter to explain the rais- 
ing of powers, the extraction of roots, and the calculus of radicals. 

Although any power of a number can be obtained from the rules 
of multiplication, yet this power is subjected to a certain law of com- 
position which it is absolutely necessary to know, in order to deduce 
tlie root from the power. Now, the law of composition of the square 
of a numerical or algebraic quantity, is deduced from the expressio9 
fdr the square of a binomial (Art. 117) ; so likewise, the law 

16* 
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of a power of aay degree, is deduced fromi the ?»«e powpr pf 
a binomial. We will therefore 4et^r|niD9 ^ depel(fment of qny 
poller of a hinonii^' 

160. By multiplying the binomial X'\'a into itself several times 
the following results are obtained ; 

(x+a)=x+a, 

(a?+a)*=jr*+4aar»-f6£i»aj«+4a»a?+a*, 

By inspecting these developments it is easy to discover a law ac- 
cording to which the exponents of x and a decrease and increase in 
the successive terms; it is not, however, so easy to discover 
a law for the co-efficients. Newton discovered one, by means of 
which, any power of a binomial can be formed, without first obtain- 
ing all of the inferior powers. He did not however explain the 
course of reasoning which led him to the discovery of it ; but the 
existence of this law has since been demonstrated in a rigorous 
manner. Of all the known demonstrations of it, the most elemen- 
tary is that which is founded upon the theory of combinations. How- 
ever, as it is rather complicated, we will, in order to simplify the ex- 
position of it, begin by resolving some problems relative to combi- 
nations, from which it will be easy to deduce the formula for the hi^ 
nomialf or the development of any power of a binomial. 

Theory of Permutations and Combinations. 

161. Let It be proposed to determine the whole number of ways 
in which several letters, a, 5, c, d^ &;c. can be written one after the 
other. The results corresponding to each change in the position of 
any one of these letters, are called permutations. 

Thus, the two letters a and b furnish the two permutations ab 
and ba. 
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In like manner, the three letters a, h^ c, furpish 
six permutfitioDs. 



W9C 

aeb 
tab 
hoc 
hca 
^cha 

Permutations, are the results eUfdned hy writing a certain numb^ 
of letters one after the other, in every possible order, in such a man- 
ner that aU the letters shall enter into each resuU, ani each letter 
enter but once. 

Problem 1, To determine the number of permutatians of which 
n letters are susceptible, 

Iq the first place, two letters a and b evidently ( ab 

give two permutations. I ba 

Therefore, the number of permutations of two letters is lx9< 
Take the three letters a, 6, and c. Reserve 
either of the letters, as c, and permute the other two, 
giving 



] ab 

( ba 



cab 
acb 
abc 
cba 
bca 
bac 



Now, the third letter c may be placed before oJ, 
between a and b, and at the right of ab ; and the 
same for ba : that is, in one of the first permutations 
the reserved letter c may have three different places, 
giving three permutations. Now, as the same may 
be shown for each of the first permutations, it fol- 
lows that the whole number of permutations of three 
letters will be expressed by 1x2x3. 

If now, a fourth letter d be introduced, it can have four places in 
each of the six permutations of three letters : hence all the per- 
mutations of four letters will be expressed by 1x2x3x4. 

In general, let there be n letters a, b, c, &c. and suppose the total 
number of permutations of n— 1 letters to be known; and let Q 
denote that number. Now, in each of the n— 1 permutations the 
reserved letter may have n places, giving n permutations : h^qe, 
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when it is so placed in all of them, the number of permutations will 
be expressed by Qxn. 

Let ft =2. Q will then denote the number of permutations that 
can be made with a single letter; hence Q=l, and in this particu- 
lar case we have Qx«=lX2. 

Let n=3. Q will then express the number of permutations of 
3—1 or 2 letters, and is equal to 1x2. Therefore Qxn is equal 
to 1X2X3. 

Let n=4. Q in this case denotes the number of permutations 
of 3 letters, and is equal to 1x2x3. Hence, Qx« becomes 
1x2x3x4, and similarly when there are more letters. 

162. Suppose we have a number m, of letters a, h, c, d, &c., if 
they are written one afler the other, 2 and 2, 3 and 3, 4 and 4 • . . 
in every possible order, in such a manner, however, that the num. 
ber of letters in each result may be less than the number of given 
letters, we may demand the wJiole number of results thus obtained. 
These results are called arrangements. 

Thus ah, ac, ad, , , , ha, be, bd, . , , ca, cb, cd^ . . . are arrange ^ 
menu of m letters taken 2 and 2, or in sets of 2 each. 

In like manner, abc, abd, . . . bac, had, . . . acb, acd, . . . are ar^ 
rangements taken in sets of 3. 

Arrangements, are the resuUs obtained by writing a number m of 
letters one after the other in every possible order, in sets of 2 and 
2, 3 and 3, 4 and 4 . . . n and n ; m being >n : that is, the num- 
ber of letters in each set being less than the whole number of letters 
considered. However, if we suppose n=m, the arrangements taken 
n and n, will become simple permutations, 

Probleh 2. Having given a number m of letters a, b, c, d • • •, 
to determine the total number of arrangements thai may be formed q^ 
them by taking them n at a time ; m being supposed greater than n. 

Let it be proposed, in the first place, to arrange the three letters 
a, h, and c in sets of two each. 
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Ficsty anraoge the letters in sets of one ench, in which 
<sitse we say there are two letters reserved : the reserved 
iettoors for either jurrangenient, heing those whioh do not 
^enter it. 

Now, to any one of the letters, as a, annex, in suc- 
eesidon, the reserved letters h and € : to the second ar- 
rangement b, annex the reserved letters a and c ; and 
to the third arrangement c, annex the reserved letters a 
and b : this gives 
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1; 



fab 
ac 
bn 

bjC 

ca 
cb 

Hence, we see, that the arrangements of three Utters taken two in 
a sety win, be equal to the arrangements of the same numher of Utters 
taken one in a set, multiplied by the number of reserved letters* 

hex it be required to ibmi the arrangement of lour letters, 
Uf h Cy and (2, taken 3 in a set. 

First, arr^ange the four letters two in a set : there will ^ab 

then be two reserved letters. Take one of the Bets and ha 

write after it, in succession, each of the reserved letters : ae 

we ^all thus form as many sete of three letters each as ca 

there are reserved letters ; these sets differing from each ad 

other by at least the last letter. Take another of the da 

first arrangements, and annex in succession the reserved \ be 
letters ; we shall again form as many different arrange. cb 

ments, as there are reserved letters. Do the same for • bd 
all of the first arrangements, and it is plain, that the whole db 

number of arrangements which will be formed, of four cd 

letters, taken 8 and 8, trill be equal to the arrangements of v dc 

the same letters, taken twp in a set, multiplied by the num- 
ber of reserved letters. 

In order to resolve this question in a general manner, suppose the 
total number of arrangements of the m letters taken n— 1 in a set 
to be known, and denote this number by P. 

Take any one of these arrangements, and annex to it each of 
the reserved letters, of which the wimbor is «--(ii— I), or 
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♦ft— n+1 ; it is evident, that we shall thus forni a number m^n-k- 1 
of arrangements of n letters, differing from each other by the last let- 
ter. Now take another of the arrangements of n—- 1 letters, and an- 
nex to it each of the m— n+1 letters which do not make a part of 
it; we again obtain a number m— n+1 of arrangements of n let- 
ters, differing from each other, and from those obtained as above, at 
least in the disposition of one of the n— 1 first letters. Now, as 
we may in the same manner take all the P arrangements of 
the m letters, taken n— 1 in a set, and annex to them successively 
the m—- n+1 other letters, it follows that the total number of ar- 
rangements of m letters taken n in a set, is expressed by 

P(ot— n+1). 

To apply this to the particular cases of the number of arrange- 
ments of m letters talren 2 and 2, 3 and 8, 4 and 4, make n=2, 
whence m— n+l=m— 1;P will in this case express the total num- 
ber of arrangements, taken 2—1 and 2—1, or 1 and 1, and is con- 
sequently equal to m ; therefore the formula becomes fR(m— -1). 

Let n= 3, whence m— n+l=m— 2; P will then express the 
number of arrangements taken 2 and 2, and is equal to m(m — 1) ; 
therefore the formula becomes m(ffi— 1) (m— 2). 

Again, take n=4, whence m— n+l=i»— 3 ; P will express the 
number of arrangements taken, 3 and 3, or is equal to 
m(m— l)(m— 2); 

therefore the formula becomes 

m(m— 1) (m— 2) (m— 3). / 

Remark. From the manner in which the particular cases have 
been deduced from the general formula, we may conclude that it 
reduces to 

m(m— 1) (m— 2) (m— 3) .... (m— n+1) ; 

that is, it is composed of the product of the n consecuHve numbers 
comprised hettoeen m and m— n+1, inclusively^ 
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From this formula, that of the preceding Art. can easily be de- 
duced, viz. the development of the value of Qx". 

For, we see that the arrangements become permutations when the 
number of letters composing each arrangement is supposed equal 
to the total number of letters considered. 

Therefore, to pass from the total number of arrangements of m 
letters, taken n and n, to the number of permutations of n letters, 
it is only necessary to make m=n in the above development, which 
gives 

n(n-l) (n-2) (n-3) 1. 

By reversing the order of the factors, observing that the last is 
1, the next to the last 2, which is preceded by 3 . . ., it becomes 

1,2,3,4 (n-2)(n-l)n, 

for the development of Qx^- 

This is nothing more than the series of natural numbers compris- 
ed between 1 and n, inclusively. 

163. When the letters are disposed, as in the arrangements, 2 
and 2, 3 and 3, 4 and 4, &c., it may be required that no two of the 
results, thus formed, shall be composed of the same letters, in which 
case the products of the letters will be different ; and we may then 
demand the whole number of results thus obtained. In this case, 
the results are called combinations. 

Thus, ahy acyhc^ . . • ad^hd^ . . . are comMnations of the letters 
taken 2 and 2. 

In like manner, abc^ abd, . • . dcd^ bed . . • are combinations of 
the letters taken 3 and 3. 

Combinations, are arrangements in which any two voiU differ from 
each other by at least one of the letters ibhich enter them. 

Hence, there is an essential difference in the signification of the 
words, permutations^ arrangements, and combinations. 

Problem 3. To determine the total number of different combina- 
tions that can be formed of m letters j taken nin a set. 

Let X denote the total number of arrangements that can bo 
formed of m letters, taken n and n : Fthe number of permutations 
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of n letters ; and Z the total number otdiffereni combinations taken 
ft and ft. 

It is evident, that all the possible arrangementsr of m letters, taken 
ff at a time, can be obtained, b^ subjecting the n letters of each of 
the Z combinations^ to all the permutations of which these, letters 
are susceptible. Nov a single combination of n letters gives, by 
h3rpothesis Y permutations; therefore Z combinations will give 
TxZ • . • arrangements^ taken n and n; and as X denotear tiie 
total number of arrangements, it follows < that the three quantities 

Xf y, and Zf give the relations X= YxZl whence Z=:-=-. 

But we haVo (Art. 162), X=P(fli— n-f 1) 
and (Art. 161), Y=Qxn. 

Therefore, Z=. ^^^ ^-x—-—. . 

Since P expresses the total number of arrangements, taken n 1 

and n— 1, and Q the number of permutations of n— 1 lettere, it 

P 
foUows that ^ expresses the number of different combinatictns 

of m letters taken n— 1 and n— 1. 

To apply this to the particular case of combinations of m lettere 
taken 2 and 2, «3 and 9, 4 and 4 . . . 

P 

Make n=2, in which case — expresses the number of com* 

binations of the letters taken 2—1 and 2—1 or 1 and 1, and is 
equal torn; the above fbrmula becomes 

TO— 1 i»(m— 1) 

P 

Let n=3, — will express the number of combinations taken 

A J « 'i . * , jfi(«i— 1) 

2 and 2, and is equal to '^ ^ ; and the formula becomes 

f»(m— l)'(«i— 2) 
■~~ia5 ' 
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In like manner, we would find the number of combinations of m 

«i(»i— 1) (m— 2) (m— 8) 

letters taken 4 and 4, to be — ^ \ ^ ^ / ; and m ge- 

l.«.o.4 

neral, the number of combinations of m letters taken n and n, is ex. 

pressed by 

m(fft"-l) (m~2) (m— 3) . . . (ffl—n+l) 
1.2.3.4 . . . (n— l).n ' 

which is the development of the expressioi^ 

P(m-n+l) 
QXn 



. Demonstration of the Binomial Theorem. 

164. In order to discover more easily the law for the develop- 
ment of the flith power of the binomial a?+a, we will observe the 
law of the product of several binomial factors «+fl, «+3, x-\'Ci 
X'\'d ... of which the first term is the same in each» and the se- 
cond terms dlfierent. 



1st. product 



2d. 



8d. 







«?+.«* 


a?+ ahe 


+ ac 


+ abd 


+ ad 


■ + aed 


+ he 


+ led 


+ U 




+.ci: 


'ft 



X + abed 



17 
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From these products, obtained by the common lule ibr algebraic 
multiplication, we discover the following laws : 

Ist. With respect to the exponents ; the exponent of a;, in the first 
term, is equal to the number of binomial fhctors employed. In the 
following terms, this exponent diminishes by unity to the last temiy 
where it is 0. 

2d. With respect to the co-efficients of the different powers of x^ 
that of the first term is unity ; the co-efficient of the second term is 
equal to the sum of the second terms of the binomials ; the co-effi* 
cient of the third term is equal to the sun> of the products of the 
different second terms taken two and two ; the co-efficient of the 
fourth term is equal to the sum of their different products taken 
three and three. Reasoning from analogy^ we may conclude that 
the co-efficient of the term which has n terms before it, is equal to 
the sum of the different products of the m second terms of the hi* 
nomials taken n and n. The last term is equal to the continued pro- 
duct of the second terms of the binomials. 

In order to be certain that this law of composition is general, sup- 
pose that it has been proved to be true for a number m of binomials ; 
let us see if it be true when a new factor js introduced into the pro. 
duct. 

For this purpose, suppose 

to be the product of m bbomial factors, Naf""* representing the 
term which has n terms before it, and Maf*~^^ that which immedi. 
diately precedes. 

Let x-^-K be the new factor, the product when arranged according 
to the powers of «, will be 

-fKl +ak1 +bkI +mkI • +UK. 

From which we perceive that the law rf the eixjxmeraa is evident- 
ly the same. 
With respect to the co-efficients, 1st. That of the first term is 
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unity. 2d. A+iT, or the co-efficient of if", is also the $um of the 
second terms of the m-^-l hinomials. 

3d. ^ is by hypothesis the sum of the different products of the 
second terms of the m binomials, and A.K expresses the sum of the 
products of each of the second terms of the m first binomials, by 
the new second term K; 'therefore B-\-AK is the sum of the dif- 
ferent products of the second terms 4ff them-^l binomials^ taken two 
and two. 

In general, since N expresses the sum of the products of the se- 
cond terms of the m first binomials, taken n and n ; and as JflT re- 
presents the sum of the products of these second terms, taken n— 1 
and ft— 1, multiplied by the new second term £, it follows that 
N-{-MK, or the co-efficient of the term which has n terms before 
it, is equal to the sum o£ the different products of the second terms 
of the fn+1 binomials, taken n and n. The last term is equal to 
the continued product of the m+l second terms. 

Therefore, the law o£ composition, supposed true for a number 
m of binomial factors, is also true for a number denoted by m+1. 
It is therefore general* ^ 

Let us suppose, that in the product resulting from th6 multiplica- 
tion of the m binomial factors, si-h^ «f+^f x+c^ X'{-d . « . ive make 
as=b=^c=sd . . •, the indicated expression of this product, (x+a) 
(x+b) (x+c), will be changed into (x+af. With respect to its de- 
velopment, the co-efficients being a-^-b+c+d . . ., ah+ac+ad+* . ., 
abC'\'abd-{-acd . . .> the eo-efficient of af^*, or a+d+c+c? . . ., 
becomes a-fa+a+a-f- . . ., that is, a taken as many times as there 
are letters a, 3, c . . ., and is therefore equal to ma. The co-effi- 
cient of af*-*, or ab+ac-^-ad+ . . ., reduces to c^+a"+«r* . . 4, 6r 
to oF taken as many times as we can form different combinations with 

; , , m— 1 

m letters, taken two and two, or to m . — 5"^"fl*- (Art. 163). 

The co-efficient of af^ reduces to the product of a?f multiplied 
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by the number of diflferent combinations of m letters, taken 3 and^ 

m— 1 wi— 2 
3, or to m . — ^^ • — o"^* ^^• 

In general, if the term, which has n terms before it, is denoted by 
iVaf*-^, the co-efl5cient, which in the hypothesis of the seoond terms 
being different, is equal to the sum of their products, taken n and 
"11, reduces, when all of the terms are supposed equal, to a" multi- 
plied by the number of different combinations that can be made 
with m letters, taken n and n. Therefore 

i^=^^^=^V. (Art. 163). 

From which we have the formula 

m— 1 ^ 

wi— 1 TO— 2 , , . P(m— n+1) 

2 3 Q , n 

165. By inspecting the different terms of this development, a 
simple law will be perceived, by means of which the co-efficient of 
any term is formed from the co-efficient of the preceding term. 

The co-efficient of any term is farmed by multiplying the co-effi^ 

cient of the preceding term hy the exponent of x in that term, and du 

viding the product by the number of terms which precede the required 

term, 

P(w— n+1) 
For, take the general term ^ -a"x*^-^. This is called 

the general term^ because by making n=2, 3, 4 . . ., all of the 
others can be deduced from it. The term which immediately pre« 

P P 

cedes it, is evidently — a"-*a?'»--"+S since — expresses the num- 
ber of combinations of m letters taken n— 1 and n— 1. Here we 

^(»»— w+1) . 
see that the co-efficient — rr is equal to the co-efficient 
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P 

•^ which precedes it, fnultiplied by m— n+1, the ejtponent of jc in 

that term, and divided by n, the number of terms preceding the re- 
quired term. This law serves lo develop a particular power, with- 
out our being, obfiged to* hor^e reeoufse^ to the gen^ei^ai formula. 

For example, let it be reqtrired to develop (»+a)*. From this 
law we have, 

(a?+a)«==a:»-h6<ite*-f.l5ttV+20aV4l5aV+6a"aj+a«. 

After having fbrm^d the first two terms from the terms of the 
general formula af*-f f7MMJ'^*+ . . ., multiply 6, the co-efficient of 
l^e second' termv by 5^> the expbnent of $ in this term^ th^i divide 
the product by % which gives 15 fot the coefficient of the third 
term. To obtain tiiat o{ the fourth, multiply 15 by 4, the exponent 
of 0? in the third tenta,^ and divide the proda.ct by 3, the number of 
term? which precede the fourth, this gives 20 ; and the co-efficients 
of the oliier terms are found in the same way« 

\xL like manner we find 

(a!-f-a)"=ar'«4.10a«»4.45a«ir«'+120<i^aj''+210aV, 
+252aV+210aV4-120aV+45aV-hl0fl»a?+a". 

166. It frequently occurs that the terms of the binomial are af- 
fected with co-efficients and exponents, ai^in the following example. 

Let it be required to raise the binomial da'c— 23(2 to the- 4th 
power. 

Placing 30*0=0? and — 2W=y, we have 

(a,4-j,)<=sa?44.4j^4.6«V+4«y»-fy*. 

Substituting for «.and j^ their values, we have 
(3a»c-2W)*=(3a*c)*+4(3a»c)^(«2W)+6(3a«c)»(-2W)«+ 
4(3«>c). (-2M)3+(-2W)*, 

or, by performing the opemtions indicated 

(3«»c--2W)*==81ii«e*--216a^d»W+216<i*c*i»a»-.96fl»<^^ 
-fl6**d*. 
The terms of the deVelc^nneiit ar e alti0rtiat<»ly plus and minns, a« 
they should be, since the'Mcandteffn is* -^. 

17* 
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. 167. The powers of any polynomial may easily be found by the 
binomial theorem. 

For example, raise a+h-^-e to the third power. 
First, put . • . • b+c^d. . 
Then (a+J+c)'==(a+d)3=a*+3a«d+3acP+<P. 
Or, by substitutmg for the value of d, 

4-3ac»+3Jc« 

+ ^- 

This expression is composed of the cuhes of the three terms^ plus 
three times the square of each term hf ike first powers of the two 
others, plus six times the product of aU three terms. It is easily 
proved that this laiw is true for any polynomial. 

To apply the preceding formula to the development of the cube 
of a trinomial, in which the terms are affected with co-efficients and 
exponents, designate each term by a single letter, then replace the let-^ 
ters introduced, by their values, and perform the operations indicated. 

From this rule, we will find that 

(2a»-4a5+35«)'=8a«-48a»3+132a*^-208a»i' 
+108a»^- 108aJ«+27J». 

The fourth, fifth, &c. powers of any polynomial can be develop- 
ed in a similar manner. 

Consequences of the Binomial Formula. 

168. First. The expression (x+a)*" being such, that x may 
be substituted for a, and a for x, without altering its value, it fbl. 
lows that the same thing can be done in the development of it ; 
therefore, if this development contains a term of the form Ka"af"~", 
it must have another equal to Ka:"a'^" or Ka^^^sf, These two 
terms of the development are evidently at equal distances from the 
two extremes ; for the number of terms which precede any term, 
being indicated by the ^exponent of a in that term, it follows that 
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the tenn KaTaf"^ has n terms before it ; and that the term Kic^^sr 
has m— n terms before it, and consequently n terms af\er it, since 
the whole number of terms is denoted by m+1. 

Therefore, in the development cf- any power of a hinqmial^ the co* 
efficients at equal distances from the two extremes are equal to each 
other, 

Remask. In the terms Ka^a?"*^, Ka''»-"af* , the first co-efficient ex- 
presses the number of different combinations that can be formed with 
tn letters taken n and n ; and the second, the number which can be 
formed when taken m—n and m— n ; we may therefore conclude 
that, the number of different combinations ofva letters taken n and n, 
is equal to the number of combinations of m letters taken m— n and 
m— n. 

For example, twelve letters combined 5 and 5, give the same 
number of combinations as these twelve letters taken 12—5 and 
12—5, or 7 and 7. Five letters combined 2 and 2, give the same 
number of combinations as five letters combined 5—2 and 5— 2, or 
3 and 8. 

169. Second, If in the general formula, 

m— 1 

we suppose a?= 1, a= 1, it becomes 

^, ,^ « , m— i m— 1 wi— 2 

(1+ir or 2'»=l+»t+m— ^— f m — - — . — g— +, &c. 

That is, the sum of the co- efficients of the different terms of the 
formula for the binomial, is equal to the mth power of 2. 
Thus, in the particular case 

(a;+a)*=«'4-5aaj*+10aV+10a3a;"+5a*a;4-a', 
the sum of the co-eflGicients 1+5+104-104-5+1 is equal to 2* or 
32. In the 10th power developed, the sum of the co-efficients is 
equal to 2" or 1024. 

170. Third, In a series of numbers decreasing by unity, of which 
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the fisst term 18 « and the last m— 1», » and j» bdng entire nunbers, 
the Gontifiued product of all these aumhers k divisible by the cobm 
tinued product of all the natural numbers from 1 to p+l iacluu 
siveljr. 

That is, , o Q A TTXn isawholenum- 

1.2 . 3 . 4.... (p+1) 

ber. For, from what has been said in (Art. 163), this expreswon 
represents the number of different combinations that can be formed 
of m letters taken p+l and |>+1. Now this number of combina- 
tions is, from its nature, an entire number ; therefore the above ex- 
pression is necessarily a whole number^ 

Of the Extraction of the Roots of particular numbers, 

' 171. The third power or cube of a number, is the product arising 
from multiplying this number by itself twice ; and the third or cuhe 
root, is a number which, being raised to the third power, will produce 
the proposed number. 

The ten first numbers being 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 
their cubes are 1, 8, 27, 64, 125, 216, 343, 512, 72^ 1000. 

Reciprocally, the numbers of the first line are the cube roots of 
the numbers of the second. 

By inspecting these lines, we perceive that there are biit nine 
peffect cubes among numbers expressed by one, two, or three figures ; 
each of the other numbers has for its cube root a whole number, plus 
a fraction which cannot be expressed &cactly by means of unity^ as 
may be shown, by a course of reasoning entirely similar to that' 
pursued in the latter part of (Art. 118). 

172. The difference between the cubes of two consecutive nunir 
bers inoreases, when the numbers are increased. 

Let a and a+1, be two. consecutive whok numbers ; we have 

(a4-l)»=a»+3a«+3a+l ; 
idience. (a^^l)*— <;?=8a?+3«4^1. 
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That is, the difference between the cubes of (wo consecutive whole 
numbers, is equal to three times the square of the least number^ plus 
three times this number, plus 1. 

Thus, the difference between the cube of 90 and the cube of 89, 
is equal to 3(89)«-f 3x894-1=24031. 

173. In order to extract the cube root of an entire number, we 
will observe, that when the figures expressing the number do not 
exceed three, its root is obtained by merely inspecting the cubes of the 
first nine numbers. Thus, the cube root of 125 is 5 ; the cube root 
of 72 is 4 plus a fraction, or is within one of 4 ; the cube root of 
841 is within one of 9, since 841 falls between 729, or the cube of 
9, and 1000, or the cube of 10. 

When the number is expressed by more than three figures, the 
process will be as follows. Let the proposed number be 103823. 
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110592 103823 

This number being comprised between 1,000, which is the cube 
of 10, and 1,000,000, which is the cube of 100, its root will be ex- 
pressed by two figures, or by tens and units. Denoting the tens by 
a, and the units by b, we have (Art. 160), 

(a-l-ft)'=a»4-3a«ft-l-3a3»+5». 

Whence it follows, that the cube of a number composed of tens 
and units, is equal to the cube of the tens, plus three times the product 
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€f the square of the tens by ihe unitSjphu three times the product o^ 
the tens hf the square of the units^ pbu the cube of the units. 

This being the case, the cube of the tens, giring at least, thou- 
sandSi the last three figures to the right cannot form a part of it : the 
cube of the tens must the^^efore be found in the part 103 which is 
separated from the last three figures by a point. Now the root of 
the greatest cube contained in 103 being 4, this is the number of 
tens in the required root ; for 103823 is evidently comprised be- 
tween (40)' or 64,000, and (50)' or '125,000 ; hence the required 
root is composed of 4 tens, plus a certain number of units less than 
ten, ■ 

Having found the number of tens, subtract its cube 64 J&om 103 ; 
there remains 39, and bringing down the part 823, we have 39823, 
«yhich contains three times the^ square of the tens by the units, plus 
the two parts before mentioned. Now, as the square of a number 
of tens gives at least hundreds, it follows that three times the square 
of the tens by the units, must be found in the part 398, to the left of 
23, which is separated from it by a pbint. Therefore, dividing 398 
by three times the square of the tens^ which is 48, the quotient 8 
will be the unit of the root, or somethipg greater, since 398 hun- 
dreds is composed of three times the square of the tens by the units, 
together with the two other parts. We may ascertain whether the 
figure 8 is too great, by forming the three parts which enter into 
39823, by means of the figure 8 and the number of tens 4 ; but it 
is much easier to cube 48, as has been done in the above table. Now 
the cube of 48 is 110592, which is greater than 103823 ; therefore 
8 is too great* By cubdng 47 we obtain 1*03823 ; hence the pro- 
posed number is a perfect cube, and 47 is the cube root of it. 

Rkmakk. The units figures could not be fint obtained ; because 
the cube of the units might give tens, and even hundreds, and tbe 
t^ns and hundreds would be confounded with those which arise from 
other parts of the cube. 
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Again, extract the cube root of 47954 
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The number 47954 being below 1,000,000, its root contains only 
two figures, viz. tens and units. The cube of the tens is found in 
47 ihousandjff and we can prove, as in the preceding example, that 
3, the root of the greatest cube conta^ed in 47, expresses the tens. 
Subtracting the cahe of 3 or 27, from 47, there remains 20 ; bring, 
ing down to the right of this reniaiacler the figure 9 from the part 
054, the number 209 hundreds, fs- composed of three times the 
square of the tens by the unifs^ plus the number arising from the 
other two parts. ThereA>re, by forming three times the square of 
the tens, 3, which is 27, «md ^viding 209 by it, the quotient 7 will 
be the units of the root, or something greater. Cubing 37, we have 
50653, which is greater than 47954 ; then cubing 36, we obtain 
46656, which subtracted from 479'54, gives 1298 for a remainder. 
Hence the proposed number is not a perfect cube ; but 96 is its 
root to witMn im%. In Ikct, the difference between the proposed 
number and the cube of 36, is, as we have just semi, 1298, which 
is less than d(36)'+3x36+l, for in verifying the result we hAVt 
obtained 3888 for three times the square of 36. 

174. Again, take for another ezamp^le, the number, 49726658 
eootaining more than 6 figures. 



204 



ALOBBRA. 





43.725.658 


352 




3^X3=27 
35«X 3=3675 


27 
167 

43 725 
42 875 


35 
35 

175 
105 


352 
352 

704 
1760 


" 


8506 


1225 


1056 






35 


123904 




43725658 


6125 


352 




43614208 


3675 


247808 


Rem. • • • 


111450 


42875 


619520 
371712 

43614208 



Now the required root contlQns more than one figure, and may 
he considered as composed of units and tens only, the tens being 
expressed by one or more figures. 

Since the cube of the tens gives at least thousands, it must be 
found in the part which is to the left of the last three figures 658. 
I say now that if we extract the root of the greatest cube contain- 
ed in the part 43725, considered with reference to its absolute value, 
we shall obtain the whole number of tens of the root ; for let a be 
the root of 43725, to within unity, that is, such that 43725 shall be 
comprised between a' and (a+1)* ; then will 43725000 be compre- 
bended between c^ x 1000 and (a+l)^x 1000 ; and as these two last 
numbers differ from each other by more than 1000, it follows that 
the proposed number itself, 43725658, is comprised between c? x 1000 
and (a 4- 1)^X1000 ; therefore the required root is comprised be- 
tween that of a'x 1000, and (a4-l)'x 1000, that is, between ax 10 
and (a+l)x 10* It is therefore composed of a tens, plus a certain 
number of units less than ten. 

The question is then reduced to extracting the cube root of 48725 ; 
but this number having more than three figures, its root will ooi&- 
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tain more than one» that is, it will contain tens and units. To ob. 
iain the tens, point off the last three figures, 725, and extract the 
root of the greatest cube contained in 43. 

The greatest cube contained in 43 is 27, the root of which is 3 ; 
this figure will then express the tens of the root of 43725, or the 
figure in the place of hundreds in the total root. Subtracting the 
cube of 3, or 27, from 43, we obtain 16 for a remainder, to the right 
of which bring down the first figure 7, of the second period 725, 
which gives 167. 

Taking three times the s<quare of the tens, 3, which is 27, and 
dividing 167 by it, the quotient 6 is the unit figure of the root of 
43725, or something greater. It is easily seen that this number is 
in fact too great ; we must therefore try 5. The cube of 35 is 
42875, which, subtracted from 43725, gives 850 for a remainder, 
which IS evidently less than 3 x(35)*+3X 35-1-1. Therefore, 35 
is the root of the greatest cube contained in 43725 ; hence it is the 
number of tens in the required root. 

To obtain the units, bring down to the right of the remainder 850, 
the first figure, 6, of the last period, 658, which gives 8506 ; then 
take 3 times the square of the tens, 35, which is 3675, and divide 
8506 by it ; the quotient is 2, which we try by cubing 352 : this 
gives 43614208, which is less than the proposed number, and sub- 
tracting it from this number, we obtain 111450 for a remainder. 
Therefore 352 is the cube root of 43725658, to within unity. 
Hence, for the extraction of the cube root we have the following 

RULE. 

I. Separate the given number into periods of three fgures each, be- 
ginning al the right hand : the left hand period unU often contain less 
than three places of figures. 

II. Seek the greatest cube in the first period^ at the left^ and set its 
root on the rights after the manner of a quotient in division. Subtract 
the cube of this figure of the root from the first period, and to the rer^ 

16 
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nutinder bring down the first figure of the next period^ and caU this 
number the dividend. 

III. Take three times the square of the root just found for a divi^ 
sory and see how often it is contained in the dividend, and place the 
quotient for a second figure of the root. Then cube the figures of the 
root thus found, and if their cube be greater than the first two periods 
of the given number, diminish the last figure ; but if it be less, subtract 
it from the first two periods, and to the remainder bring down ^ first 
figure of the next period, for a new dividend. 

IV, Take three times the square of the whole root for a new divi^ 
sor, and seek how often it is contained in the new dividend : the quo^ 
tient wiU be the third figure of the root. Cube the whole root and 
subtract the result from' the three first periods of the given number, 
and proceed in a similar way for all the periods. 

Remark. If any of the remainders are equal to, or exceed, 
three times the square of the root obtained plus three times this root, 
plus one, the last figure of the root is too small and must be aug- 
mented by at least unity (Art. 172), 

EXAMPLES. 
1. V48228544=364, 



2. V27054036008=3002, 



3. V483249=78, with a remainder 8697; 

4. V91632508641=4608, with a remainder 20644120 • 

5. V32977340218432= 32068. 

To extract the n^ root of a whole number. 

176. In order to generalize the process for the extraction of roots, 
we will denote the proposed number by N, and the degree of the 
root to be extracted by n. If the number of figures in N, does not 
exceed n, the root will be expressed by a single figure, and is ob.. 
tained immediately by forming the n*^ power of each oF the whole 
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numbers comprised between 1 and 10 ; for the n* power of 9 is the 
largest perfect power which can be expressed by n figures. 

When N contains more than n figures, there will be more than 
one figure in the root, which may then be considered as composed 
of tens and units. De^signating the tens by Oy and the units by b^ 
we have (Art. 166), 

that is, the proposed number contains the n^ power of the tens^ plus 
n times the product of the n^ I power of the tens hy the units y plus a 
series of other parts which it is not necessary to consider. 

Now, as the n'* power of the tens cannot give units of an order 
inferior to unity fi)llowed by n ciphers, the last n figures on the right, 
cannot make a part of it. They must then be pointed ofi^ and the 
root of the greatest n** power contained in the figures on the left 
diould be extracted ; this root will be the tens of the required root. 

If this part on the left should contain more than n figures, the n 
figures on the right of it, must be separated from the rest, and the 
root of the greatest n'^ power contained in the part on the left ex- 
tracted, and so on* Hence the following 

RULE. 

I. Divide the number N into periods of n figures each^ begtnmng 
at the right hand ; extract the root of ^ greatest n^ power contained 
in the left hand period, and subtract the n"* power of this figure from 
the left hand period. 

[I. Bring doion to the right of the remainder corresponding to the 
first periodf the first figure cf the second period, and call this number 
the dividend. 

III. Form the n— 1 power of the first figure of the root, multiply tt 
by n, and see how often the product is contained in the dividend : the 
quaint wHt be the second figure of the root, or something greater. 

IV. Raise the number thus formed to the n^ power, then subtract 
this result from the two first periods, and to the new remaind^ bring 
down the first figure of the third period ; then divide iihe number thus 
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formed by n Umes the n— 1 power of the two figures of the root aU 
ready fownd^ and continue this operation until aU the periods are 
brought down. - 

AXAHPLES. 

Extract the 4th root of 531441. 

53.1441 I 27 
2*= 16 



4x2^=32 I 871 
(27)*= 531441. 
We first divide off, from the right hand, the period of four figures, 
and then find the greatest fourth root contained in 53, the first 
period to the lefl, which is 2. We next subtract the 4th power of 
2, which is 16, from 53, and to the remainder 37 we bring down the 
first figure of the next period. We then divide 371 by 4 times the 
cube of 2, which would give 8 for a quotient ; but by raising 28 to 
the 4th power, we discover that 8 is too large, then trying 7 we find 
the exact root to be 27. 

176. Remark. When the degree of the root to be extracted is a 
multiple of two or more numbers, as 4, 6, ... ., the root can ^ oh^ 
tained by extracting the roots of more simple degrees, successvcely. 
To explain this, we will remark that, 

(d?)*=:a« X a' X a' X a'=a'+***»^=a* '^ *=a". 

and that in general (a'")"=a"»Xfl^Xa~Xa~ . . . =rt"»«'* (Art. 13). 
Hence, the vl^ power of the xs^ power of a number^ is equal to the 
mn"* power of this number. 

Reciprocally, the mn***. root of a number is equal to the n* root of 
the m^ root of this number, or algebraically 

For, let . . . ^/^a=a\ raising both membera to the n* power 
there will result . . . 'V^^^a*'' ; for from the definition of a root, we 
have(\^)=K. 
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Again, by raising both members to the m^ power, we obtain 
a:sz(^a"'Y=ia!^, Extracting the mr^ root of both members, ^a^oS ; 

but we already have ^yu^^a! ; hence "V^*= V^V^« 

In « simijiar manner we might &d ' 
By this method we find th^t 

V266=V V256 = VT6=4 ; 



V 2985984 = V V 2985.984 = Vl728=12 ; 

V 1771661 =V V 1771561 =11 ; 

V 1679616 = Vl296=V Vl296=6. 

Remark. Although the successive roots may be extracted in 
any order whatever, it is better to extract the' roots of the lowest 
degree first, for then the extraction of the roots of the higher de- 
grees, which is a more complicated operation, is effected upon num- 
bers containing fewer figures than the proposed number. 

Extraction of Roots by approximation, 

177. When it, is requiijed to extract the t^ toot of a. number 
which is not a perfect power, the method of (Art. 175), will give 
only the entire part of the root, or the root to within unity. As to 
the fraction which is to be added, in order to complete the root, it 
cannot be obtained exactly, but we can approximate as near as we 
please to the required root. 

Let it be rebuked to estract the n^ root of the whole number a, 

to within % fraction — ; that is, so near it, th^t the error shall be 
P 

leas than — . 
P 

We will observe that a can be put under the form ^— , If 

18* 
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we denote the root of <^ to within unity, by r, the number ;; 

or a, will be comprehended between — and — — ; — ; there- 
fore the Va~wiU be comprised between the two numbers, 

— and • Hence — is the required root, to within the 

P P P 

iractioa — . 
P 

Hence, to extract the root of a whole number to within a JracUan 
— , multiply the nvmber hy ^; extract the v^ root of the product to 
wUhin uni^t and divide the result hy p. 

178. Again, suppose it is required to extract the n*^ root of the 

fraction -y. 

Multiply each tenn of the fraction by 

a oi"^' 
^■^* ; it becomes ■?-= ^ , . 

Let r denote the n^ root of a^\ to within unity ; 

tf^* a r* (r+1)" 

— ^ or — , will be comprised between -^ and ^ ^ ' 

Therefore, after having made the denominator of the fraction a per- 
fect power of the n^ degree, extract the n^ root of the numerator, to 
within unity f and divide the result hy the root of the new denominator. 
When a greater degree of exactnedB is required than that indi- 

cated by -rn, extract the root of dtr^^ to within any fraction — ; 
b • p 

and designate this root by — . Now, since — is the root of the 

p f 

numerator to within — ^ itYoUows, that -r- is the true root of 
p lip 

the fraction to within -r-» 
hp 
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179, Suppose it is required to extract the cube root of 15, to 
withm — • We have 15x12'= 15x1728=25920. Now the 

cube root of 25920, to within unity, is 29 ; hence the required root 

.29 ^6 

IS — or 2 — . 
12 12' 

1 * 

Again, extract the cube root of 47, to within — . 

We have 47x20^=47x8000= 376000. Now the cube root 

, 72 12 

of 376000, to within unity, is 72; hence v47=— =8—-, to 

«U 20 

Within -. 

Find the value of V25 to within 0,001. 

To do this, multiply 25 by the cube of 1000, or by 1000000000, 
which gives 25000000000. Now, the cube root of this number, is 

2920 ; hence V25=2,920 to within 0,001^ 

In general, in order to extract the cube root of a whole number tq 
wUhin a given decimal fraction^ annex three times as many cipliers to 
the numibery as there are decimal places in the required root ; extract 
the cube root of the number thus formed to within unity ^ and point cff 
from the right of this root the required number of decimals, 

180. We will now explain the method o( extracting the cube root 
of a decimal fraction. Suppose it is required to extract the cubo 
root of 3,1415. 

As the denominator 10000, of this fraction, is not a perfect cube, 
it is necessary to make it one, by multiplying it by 100, which 
amounts to annexing two ciphers to ilie proposed decimaly B.nd we have 
3,14;i500. Extract the cube root of 3141500, that is, of the num- 
ber considered independent of the comhia, to within unity; this 

gives 146. Then divide by 100, or VlOOOOOO^ and we find 

V3,1415=l,46 to within 0,01. 
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Heno^y to extract the cube loot of a decimal number^ we have 
the following 

RULE 

Annex ciphers to the decimal par% if necessarj/y until ii can be 
divided into exact periods of three fgures each, observing that Ike 
number of periods must be made equal to the number of decimal 
places required in iSm root. Then^ extract the root: ms in enUro num^ 
bers, and point off as many places for decimals as there arfi periods 
in the decimal part of the number. 

To extraet the cube root of a vulgar fraction to within a given 
decimal fraction, the most simple method is to reduce thei proposed 
fraction to a decimal fraction, continuing the operation unUl the num- 
ber of decimal places is eq^al to three times the number required 
in the root. The qviestion is then reduced to extracting tbc cube 
root of a decimal fraPti<Hi, 

181. Suppose it is required to fiad the sixth rpot ^f ^ to 
within 0,01. 

Applying the rule of Art. 177 to this example, we multiply %3 
by 10Q^ or annex tmlve ciphers to 28, extract the'^xth ro^ of the 
nyumber thus formed to within unity, and divide thi9 root by lW>i or 
point off two decimals on the right. 

In this way we wijl find that V2i=l,0a, to within J0,01. 

EXAMPLES. 

1, Fi^idthe V473 to within Jy* ^^* '''I- 

2. Find the V7d to withjn ^001. Ans. 4,2906. 
8. Find the Vl8 to within ,01. Ans. 1,68. 

4. Find the V3,00415 to within ,0001. Ans. 1,4429. 

5. Find the Vo,OOX01 to within ,01. Ans. 0,10. 

6. Find the V^l to within ,001. Ans. 0,^94. 
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Formation of Powers and Extraction of Roots of Algebraic 
Quantities. Calculus of Radicals, 

We will first consider monomials. 

182, Let it be required to form the fifth power of 2€r*3». We 
have 

(2a3J»)»=2a3J«X 2a'J»X 2a3^ X 20^^ X 20^^, 
from which it follows, Ist. That the co-efficient 2 must be multi- 
plied by itself four times, or raised to the fifth power. 2d. Thai 
each of the exponents of the letters must be added to itself four 
times, or multiplied by 5. 

Hence, {2a'lr'y=2K€^ x &^x s^ 32a"y •. 

In like manner, (Sa''lPcf=&\(t'^^P^^c'=bl2^&'c'. 

Therefore, in order to raise a monomial to a given power, raise 
the co^efficient to this power, and multiply the exponent of each of the 
letters by the, exponent of the power. 

Hence, reciprocally, to extract any root of a monomial, 1st. 
Extract the root of the co-efficient. 2d. Divide the exponent of each 
letter by the index of the root. 

From this rule, we perceive, that in order that a monomial may 
be a perfect power of the degree of the root to be extracted, 1st. 
its co-efficient must be a perfect power ; and 2d. the exponent of 
each letter must be divisible by the index of the root to be extracted. 
It will be shown hereafter, how the expression for the root of a 
quantity which is not a perfect power is reduced to its simplest 
terms. 

183. Hitherto, we have paid no attention to the sign with 
which the monomial may be affected ; but if we observe, that what- 
ever may be the sign of a monomial, its square is always positivCy 
and that every power of an even degree, 2n, can be considered as 
the n** power of the square, that is, a*'»=(a^)", it will follow that, 
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everjf patter of a quantity^ of an even degree, whether positive or 
negative, is essentially positive. 

Thus, (=fc2a»ft'c)*= + 16a»5"c*. 

Again, as a power of an uneven degree, 2n+l, is the product 
of a power of an eyen degree, 2n, by the first power, it fellows 
that, every pou>er of an uneven degree of a monomial^is qfected wkk 
the same sign as the monomial. 

Hence, (+4fl«^)»=+64«fJ»; (-4«»ft)»=-64ii«^. 

From this it is evident, 1st. That when the degree of the root of 
a monomial is uneven, the root will be affected with the same sign 
as the quantity. 

Therefore, 

2d. When the degree of the root is even, and the monomial a 
positive quantity, the root is affected either with + or — . 

Thus, V81a^= ztSaH" ; V64a"= ±2a^. 

3d. When the degree of the root is even, and the monomial nega^ 
iwe, the root is impossible ; for, there is no quantity which, raised to 
a power of an even degree, can give a negative result. Therefore, 
V— a, W—h, V— ^, are symbols of operations which it is 
impossible to execute. They are, like V— a, V—h, imagina^ 
ry expressions (Art. 126). 

184. In order to develop (a +y+2;V, we will place y-|-«=w, and 
we have 

or by replacing u by its value, y-^z 

(a+y+«)'=«'+3a»(y+«)+3fl(y+«)«+(y+2f)», 

or performing the operations indicated 

(a+y^-«)3==a?+3a'3^+3a^«+3fl3r*+eajf*H-3aa;«H-3r*+8y»«+ 

When the polynomial is composed of more than three terms, as 
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a-]-y+z+x ..../>, let, as before, ti= the sum of all the terms after 
the first. Then, a+w will be equal to the given poljmomial, and 

From which we see, that by cubing a polynomial, we obtain the 
cube qf the first term, plus three times the square of the first term 
multiplied by each of the remaining terms, plus other terms. 

It often happens that u contains a, as in the polynomial a'+ox-f &, 
where u=aa?-f 3. But since we suppose the polynomial arranged 
with reference to a, it follows that a will have a less exponent in u 
than in the first term. 

In this case also, the co-efiUcient of u, multiplied by the first term 
of tf, will be irreducible with the remaining terms of the develop, 
ment, because that product will involve a to a higher power than 
the other terms : and when a does not enter u, the product of that 
co-efiicient by all the terms of «, will be irreducible with all the 
other terms of the development. 

185. As to the extraction of roots of polynomials, we will first 
explain the method for the cube root ; it will afterwards be easy to ' 
generalize. 

Let N be the polynomial, and R its cube root. Conceive the two 
polynomials to be arranged with reference to some letter, a, for ex- 
ample. It results from the law of composition of the cube of a po- 
l3momial (Art. 184), that the cube of R contains two parts, which 
cannot be reduced with the others ; these are, the cube of the first 
term, and three times the square of the first term by the second. 

Hence, the cube root of that term of N which contains a, aflTect. 
ed with the highest exponent, will be the first term of R : and the 
second t<Brm of R will be found by dividing the second term of N 
by three times the square of the first term of R. 

If then, we form the cube of the two terms of the root already 
found, and subtract it from iV, and divide the first term of the re- 
mainder by 3 times the square of the first term of R, the quotient 
will be the third term of the root. Therefore, having arranged 
the terms of N, we have the following 



216 • ALGKBllA. 

RULE. 

I. Extract the cube root of the first term. 

II. Divide the second term of N by three times the square of the 
irst term of R : the quotient wUl be the second term of R. 

III. Having found the two first terms of Reform the cube cf the 
binomial and subtract it from N ; after whichy divide the first term of 
the remainder by three limes the square of the first term of R: the 
quotient ftUl be the third term of R. 

IV. CtUfC the three terms of the root found, and subtract the ctibe 
from N ; then divide the first term of the remainder by the divisor 
already used : the quotient will be the fourth term of the root, and the 
remaining terms, if there are any, may he found in a similar manner* 

^EXAMPLES. 

1. Extract the cube root of a:*— 6«*+ IS**— 20r*+15«^— 6*4-1. 
a:«— ex^+lSa^— 20«'+15«'— 6a?+l | ar*-.2a?+l 

let Rem. . ~. '. 3a^— 12a;3 4-, &c. 
(«*-2«+l)'=a^-6«'+15a*-20aj3+15«'-6a?+l. 

In this example, we first extract the cube root of jc*, which gives 
i^, for the first term of the root. Squaring a^, and multiplying by 
3, we obtain the divisor 3a^ : this is contained in the second term 
-~6a^, — 2x times. Then cubing the root, and subtracting, we find 
that the' first term of the remainder 3d?*, contains the divisor once. 
Cubing the whole root, we find the cube equal to the given polyno- 
mial. 

Rbmabk« The rule for the extraction of the cube root is easily 
extended to a root with a higher index. For, 
Let a-f-i-fc-f . . ./, be any polynomial. 
Let «= the sum of all the terms afler the first. 
Then a-f *= the given polynomial : and 

{a-{-sY=(t+na'^^s+ o^er terms- 
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That is, the n^ power of a polynomial, is equal to the n^ power of 
the first term, phis n times the first term raised to the power n— 1, 
multiplied hy each of the remaining terms ; -f other terms of the de^ 
velopment. 

Hence, we see, that the rule for the cube root will become the 
rule for the n'* root, by first extracting the n'* root of the first term, 
taking for a divisor n times this root raised to the n— 1 power, and 
raising the partial roots to the n'* power, instead of to the cube. 

2. Extract the 4th root of 

16a*-96a3a;+216aV— 21^aa^+81a*. ' 
16a*-96a3a?+216aV-216air»+81a* 2a-Sx 
(2a~3a;)*=16a*-96a3a?-f216aV-216aa^+81a*32a3=4x(2a)^ 

We first extract the 4th root of 16a*, which is 2a. We then 
raise 2a to the third power, and multiply by 4, the index of the root : 
this gives the divisor 32a'. This divisor is contained in the second 
term — 96a'a7, —3a; times, which is the second term of the root. 
Raising the whole root to the 4th power, we find the power equal to 
the given polynomial. 

3. Find the cube root of 

a;**+6x5— 40a;3+96a?— 64. 

4. Find the cube root of 

16j7*-6a7+a^- 6a;*— 20a^^+ 15ir^+ 1. 

5. Find the 5th root of 

32a;*— 80a;*+80aP— 40x^+100;— 1. 

Calculus of Radicals. 

186. When it is required to extract a certain root of a monomial 
or polynomial which is not a perfect power, it can only \)& indicated 

by writing the proposed quantity afler the sign V^Tand placing over 
this sign the number which denotes the degree of^the root to be ex- 
tracted. This number is called the index of the root, or of the radical, 
A radical expression may be reduced to its simplest terms, by 

19 
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observing that, the n^ root of a product is equal to the product of the 
n*^ roots of its different factors. 

Or, in algebraic terms : 



Vabcd=!yax V^X V^X \/^« 
For, raising both members to the n'* power, we have for the first, 
( V abcdy=zabcd . . ., and for the second, 

( Vax V^X v^cx x/d. . .)"=(7a)"- ( V*)"-( Vc)".(-C/<^)". . . =a*c<?. 
Therefore, since the n'* powers of these quantities are equal, the 
quantities themselves must be equal. 

Let us take the expression V54a*^(r*, which cannot be replaced 
by a rational monomial, since 54 is not a perfect cube, and the ex- 
ponents of a and c are not divisible by 3 : but we can put it under 
the form 

V54^W= V27^ V2^=3a3 V2^ 

In like manner, 

V8^=aV^; V^^¥?=2aIy'cY3a^; 

Vl92a''ic"= V64a«c"x V3^=2ac* VSabT 

In the expressions, Sab \^2a<^, 2 V^ 2ai^c V^a^ the quanti- 
ties placed before the radical, are called co-eficients of the radical. 

187. The rule of (Art. 125) gives rise to another kind of simpli. 
fication. 

Take, for example, the radical expression. Via* ; from this rule 

we have, V4a*='v '/4a*, and as the quantity affected with the 
radical of the second degree >/> is a perfect square, its root can be 
extracted", hence 

V4?= V2i. 
In like manner, 

V36a*^ =V V 36a*Zr* = V6ab. 
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In general, 'Va^Vv«"= Va ; that is, when the index of a 
radical is multiplied by any number n, and the quantity under the 
the radical sign is an exact n** power, we can, without changing the 
value of the radical, dvoide its index hy n, and extract the xx^ root of 
the quantity under the sign. 

This proposition is the inverse of another, not less, important, viz. 
we can multiply the index of a radical by any number, provided we 
raise the quantity under the sign to a power of which this number 
denotes the degree. 

Thus, "Va^z'^VcF. For, a is the same thing as Vo^; hence, 

m / m / tun /— 

Va= V ya"= Va\ 

This last principle serves to reduce two or more radicals to the 
same index. 

For example, let it be required to reduce the two radicals 'V2a 

and V{a-{-b) to the;3ame index. 

By multiplying the index of the first by 4,;^e index of the se- 
cond, and raising the quantity 2a to the fourth power ; then multi- 
plying the index of the second by 3, the index of the first, and 
cubing a +3, the values of the radicals will not be changed, and 
the expressions will become 

188. Hence to reduce radicals to ^-common index we have the 
following 

RULE. 

Multiply the index of each radical by the product of the indices of 
cHl the other radicals, and raise the quantity under each radical sign 
to a power denoted by this product. 

This rule, which is analogous to that given for the reduction of 
fractions to a common denominator, is susceptible of some modifi- ' 
cations. 
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For example, reduce the radicals S/a, Vsi, Va*+^, to the 
same index. 

As the numbers 4, 6, 8, have common factors, and 24 is the most 
simple multiple of the three numbers, it is only necessary to multi- 
ply the first by 6, the second by 4, and the third by 3, and to raise 
the quantities under each radical sign to the 6th, 4th, and 3d pow- 
ers respectively, which gives 

In applying the above rules to numerical examples, beginners 
very often make mistakes similar to the following, viz. : In reduc- 
ing the radicals %/2 and \/3 to a common index, after having mul- 
tiplied the index of the first (3), by that of the second (2), and the 
index of the second by that of the first, then, instead of multiplying 
the exponent of the quantity under the first sign by 2, and the expo- 
nent of that under the second by 3, they often multiply the quantity 
under the first sign by 2, and the quantity under the second by 3. 
Thus, they would have 

V2"=V2x2=V4^ and '/3=V3x3=V9; 
Whereas, they should have, by the foregoing rule, 

V2"=V(27'===VT, and V^ =''VJSf=V27. 
Reduce V2, V4, 'V|, to the same index. 

Addition and Subtraction of Radicals. 

189. Two radicals are similar^ when they have the same index, 
and the same quantity, under the sign. Thus, 3 Vo^ and 7 Vabj 
are similar radicals, as also 3a* V^> and 9(P %/l^. 

Therefore, to add or subtract similar radicals, add or subtract 
their co-efficientSf and prefix the sum or difference to the common 
radical. 

Thus, 3V3-f2Vj=5V3, 3V3-2V3=V3, 

daVb±2cVb=z{da±i2c)Vb. 
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Sometunes when two radicals are dissimilar, they can be reduced 
to similar radicals by Arts. 186 and 187. For example, 

VASal^-i-b V75a=4A VSa+bb V2az=z9b VSa. 

V8a3J+16a*-V3*+2aft'=2aV*+2a-.* V5+2a 



=<2a-6) Vft+2a ; 

3 Vi^+2 V2^=3 V2^+2 V2^=5 V2a. 

When the radicals are dissimilar, and irreducible, they can Only 
be added or subtracted by means of the signs + or — . 

Multiplication and Division. 

190. We will first suppose that the radicals hate a common 
index. 

Let it be required to multiply or divide Va by V^. We have 

Vax V3= Va*, and Va-r- Vh=^^—. 

For by raising Va . *Vh and 'Vab to the n^* power, we obtain 

the same result ab ; hence the two expressions are equal. 

y/a "* /a a 

In like manner, -;j— 7 and ^/ - raised to the n'* power give -7-: 

hence these two expressions are equal. Therefore we have the 
following 

RULE. 

MuUiply or divide the quantities under the sign by each other, and 
give to the product, or quotient, the common radical sign. If they 
have co-efficients, first multiply or divide them separately. 

Thus, 



c a ca 



or, reducing to its simplest terms, 



19* 



222 ALGEBRA. 

3a V8?X2J V^c'=eah V32a*c=12a*jV2c. 



When the radicals have not a common index, they should be, re- 
duced to one. 



For example, 3aVix53V2c=15aJx* Vs^V. 

EXAMPLES. 

/— 3 /— ^ Xi i /^ 

1. Multiply V2X V3 by V yX V -3- 

Ans. 'VsT 

2. MulUply 2 VTS by 3 VlO 

JLrw. 6V337500. 



3. Multiply 4V-|- by 2\/— . 






256 



2 VT"x VT 

4. Reduce ■;=: to its lowest terms. 

i*VTxVT 



ilfw. 4'V288. 



/VTx2%^ 

Reduce \/ to its lowest terms. 

^ 4V2'x VT 



1 x/"2 



6. Multiply VT, VT, and *VT to ether. 

A»w. ^V648000. 
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7. Multiply V -3-' '^Y ^^ **'^^ together. 

Ans. V^. 

8. Multiply (4v/T+5>/|) by (\/I+2n/I). 



43 13 ' 
-3-+yV42. 



9. Divide ^s/y ^y i'^+^'^iy 



Ans. -. 



10. Divide 1 by *VT+*VT. 

*V^- ^V^-f V^- V i^ 



An«. 



a-3 
11. Divide *VT+*VT by *VT-*VT. 

a+6+2 Vaft+2*Va^4-2*Va^ 



iln^. 



a-J 



Formation of Powers, and Extraction of Roots. 
191. By raising V« to the n'* power, we have 

(Va)"=V^X\/«X V« • • • ="VaF, 
by the rule just given for the multiplication of radicals. Hence, 
for raising a radical to any power, we have the following 

1 RULE. 

Raise the quantity under the sign to the given power, and affect 
the result vsith the radical sign, having the primitive index. If it 
has a cO'Cffkient, first raise it to the given power. 

Thus, (V4^)^=V(4^^=='*'/i6^=2a*V^; 

(3V2^)»==3^V(2^*=243S/32a«=486aV4^ 



S1I4 ALOXBRA. 

When the index of the radical is a multiple of the power, the re- 
suit can be reduced. 

For, V2a=\r V2a (Art. 176) : hence, to square %/2a, we 
have only to omit the first radical, which gives ( V2a)'= V^. 

Again, to square V33, we have *V^=\/ VsIF • hence 

Consequently, when the index of the radical is divisiUe by the ex- 
ponent of the power J perform this dttrmon, leamng the qvantUy under 
the radical unchanged. 

To extract the- root of a radical, multiply the index of the radical 
by the index of the root to be extractedy leaving the quantity under the 
sign unchanged. 

Thus, \/VTc=''Vs'c; \/VTc=V6'c. 

This rule is nothing more than the principle of Art. 176, enun- 
ciated in an inverse order. 

When the quantity under the radical is a perfect power, of the 
degree of either of the roots to be extracted, the result can be re- 
duced. 

Thus, \/ VSo^ being equal to \/ Vs^ it reduces to *V2a. 

In like manner, \^'V9^=:\/ V9^='Vs^- 
It is evident that W'^a^Vya ; because both expressions are 
equal to ""Vo^Art. 176). 

192. The rules just demonstrated for the calculus of radicals, 
principally depend upon the fact that the n^ root of the product of 
several factors is equal to the product of the v^^ roots of these fac- 
tors ; and the demonstration of this principle depends upon this :• 
When the powers, of the same degree, of tuoo expressions are equals 
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the expressions are also equal. Now this last propositioo, which is 
. true for absolute numbers, is not always true for algebraic expres- 
sions. 

To prove this, we will show that the same number can have 
more than one square root, cube root, fourth root, SfC. 

For, denote the general expression of the square root of a by x, 
and the arithmetical value of it by jp ; we have the equation a)*=a, 
or a:*=p*, whence a?= ip. Hence we see that the square of p, 
which is the root of a, will give a, whether its sign be + or — . 

In the second place, let x be the general expression of the cube 
root of a, and p the numerical value of this root ; we have the 
equation 

d?-=^a, or 3^=^p^. 

This equation is satisfied by making x=.p. 

Observing that the equation x^=j^ can be put under the form 
aP^p^=iO, and that the expression x^—p^ is divisible by x—p, (Art. 
59), which gives the exact quotient, oi^+px+p', the above equation 
can be transformed into 

(x^p) {a^-]-px+p^)=0. 

Now, every value of x which will satisfy this equation will satis- 
fy the first equation. But this equation can be verified by suppos- 
ing x—p=0, whence x=p ; or by supposing 

a^+px+p^=Of 
from which last we have 

^=—^±-^33; or x=p[ ). 

Hence, the cube root of a, admits of three different algebraic va- 
lues, viz. 

p, p{ 3 ). and p[ 2— ^j. 

Again, resolve the equation aj*=|)*, in which p denotes the arith- 
metical value of \/a. This equation can be put under the form 
a^— p*=0. Now this expression reduces to («*— p*) (aj'+F*)- 
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Hence the equation reduces to (a:"— p*) (a:'4-F')=0, and can 
be satisfied by supposing a:"— jp'=0, whence a?==hp ; or by suppos- 

ing a:*+p*=0, whence «= =fc V — p*= ip V— 1. 

We therefore obtain four different algebraic expressions for the 
fourth root of a. 

For another example, resolve the equation .... a[f^==p\ 
which can -be put under the form nfi — pP=Om 

Now a:*— J?" reduces to .... * . (ar*— j?') (^ +!'*)> 
therefore the equation becomes .... (ar*— jp*) (aj^4-jp^)=0. 

But a!'~|j'=0, gives 

/-izh V^^x 

x=p, and 0?=^^ ^ j. 

And if in the equation a?-fj3^=0, we makep=— p', it becomes 
a;^— 1?'3=0 from which we deduce x=^p\ and 

^=^ ( 2 ) ' 

or, substituting for j/ its value, — p, 

a;=-j) and x=-p[ ^ j. 

Therefore the value of x, in the equation a^— j?'=0, and conse- 
quently the 6th root of a, admits of six values, p, ap^ a'p^ — p, 
^ap, -^a'pf by making 

-1+ V-3 , -1- -vTZa" 
a= 2 , «'= 2 . 

We may then conclude from analogy, that x in every equation of 
the form af*— a=0, or x"— p"*=0, is susceptible of m different •va- 
lues, that is, the m^ root of a number admits of m different aUge^ 
braic values. 

193. If in the preceding equations and the results corresponding 
to them, we suppose as a particular case a=l, whence ^=1, we 
shall obtain the second, third, fourth, &c. foots of unity. Thus 
+1 and —1 are the two square roots of unity, because the equation 
**—X=0, gives x==i=l. 
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r ,., -1+ -V/TI3" -1- -/"S" 

In like manner -fl, , , are the three 

« z 

cube roots of unity, or the roots of aj^— 1=0. And 



+1,-1, 4- V — 1, — V — 1, are the four fourth roots of unity, 
or the roots of a?*— 1=0*. 

' ld4. It results from the preceding analysis, that the rules for the 
calculus of radicals, which are exact when applied to absolute num- 
bers, are susceptible of some modifications, when applied to expres- 
sions or symbols which are purely algebraic ; these modifications are 
more particularly necessary when applied to imaginary expressions, 
and are a consequence of what has been said in (Art. 192). 

For example, the product of V —a by V —a, by the rule of 
(Art. 190), would be 

V — ax V — a=i V+a^ 
Now, V^ is equal to ±a (Art. 192) ; there is, then, apparent- 
ly, an uncertainty as to the sign with which a should be affected. 
Nevertheless, the true answer is — a ; for, in order to square y/tn, 

it is only necessary to suppress the radical ; but the V —a x V —a 
reduces to ( V— «) , and is therefore equal to —a. 

Again, let it be required to form the product V —ax V —b, 
by the rule of -(Art. 190), we shall have 

V — a X V — b = V'{-ab. 
Now, Vabr=±p (Art. 192), p being the arithmetical value of 
the square root of ab ; but I say that the true result should be —p 

or — VoF, so long as both the radicals V— a and V-'b are con. 
sidered to be affected with the sign +• 

For, .. V— a= Va. V^ and V'^= y/b. V^; 
hence 

yn^X V^^ = Va. V-^X V^x V^^= Vab( V^Y 

= -/oFx— 1=— Vo^. 
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Upon this principle we find the different powers of V^. — 1 to be, 

as follows ; 

and ( V^)*=( V^y.{ y^)»=-lx-l= + l. 

Again, let it be proposed to determine the product of y/ ^—a by 

the V— ^ which, from the rule, will be V-\-ab, and consequently 
will give the four values (Art. 192). 

+ Vo^ — *Va^, + Vo^. a/^^ ^Vab. V^. 
To determine the true product, observe that 

But *V^n3<'V^^i^(V^)»=(\/^^^/===A/3T7 

hence *Y —alW —h= Vab, V— 1. 

We will apply the preceding calculus to the verification of the 

expression , considered as a root of the equation 

a:»— 1=0, that is, as the cube root of 1 (Art. 192). 
From the formula (a+i)'=aH3a"*+3a^+^, 

we have f ^ j 

(^i)34.3(-i)^ i/z:3+3(-i).( V^y-hi V^^y 

"" 8 



--.l+3-/^-3x-3-3-/Il3 8 



=-^=1. 



"■ 8 8 

The second value, , may be verified in the same 

manner. 

Theory of Exponents. 

196. In extracting the n^ root of a quantity a**, we have seen 
that when m is a multiple of n, we should divide the exponent tn by 

I 
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n the index of the root ; but whea m is not divisible by n, in which 
case the 1*001 ccmnot be extracted algebraically, it has been agreed 
to indicate this operation by- indicating the division of the two ex- 
ponents. 



Hence, V oT'^a^f from a convention founded upon the rtUefor 
the exponents, in the extraction of the roots of monomials. In such 
expressions, the numerator indicates the power to which the quantity 
is to be raised, and the denominator, the root to he extracted. 

Therefore, V«''=«^; V«'=«^- 

In like manner, suppose it is required to divide a"* by a\ We 
know that the exponent of the divisor should be subtracted from the 

a"* 

exponejat of the dividend, when m>n, which gives - —=0"*"". 

But when m<», in which case the division cannot be effected alge^ 

braically, it has been agreed to subtract the exponenf tff the divisor 

from that of the dividend. Let p be the absolute difference between 

or a"* 

n and m ; then will »=»i+|?, whence - ^ =a~^ ; but ^^ 

1 1 

reduces to •—■ ; hence a~''=— . 

Therefore, the expression a-^ is the symbol of a division which k 
has been impossible to perform ; and its true value is the quotient 
represented by unity divided by the letter a, affected with the exr 
ponent p, taken positively. Thus, 

c? a* 

The notation of fractional exponents has the advantage of giving 
an entire form to fractional expressions. 

From the combination of the extraction of a root, and an impos- 
sible division, there results another notation, viz. negative fractional 
exponents. 

20 
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In extracting the n* root of — , we have first — =a~^, hence 

.^/- — = Va"*=a ", by substituting a fractional exponent for 
the radical sign. 

m m 

Hence, a", a"', a'", afeconvefilumaZea^e«nofw,ybtmde<2«p- 

1 " y 1 

on preceding ndeSf and equivalent to Va", — > ^/ — . 

We may therefore substitute the second for the first, or recipro- 
cally. 

As o^ is called a to the p power, when p is a positive whole num. 

~ — — m 

ber, so by analogy, a " , a"', a " , are called a to the — power, a to 

the — p power, a to the power, which has induced algebra- 
ists to generalize the word power ; but it would, perhaps, be more 

accurate to say, a, exponent , exponent — p, exponent 

n fi 

using the word power only when we wish to designate the product 

of a number multiplied by itself two or more times. 

„, ^ 1 1 

Since arP and — are equivalent expressions, also a^ and — ^ 



a-^ 



we conclude that any factor may he transferred from the numerator 
to the denominator, or from the denominator to the numerator , by 
changing the sign of its exponent. 

Multiplication of Quantities affected with any Exponents. 

196. In order to multiply a* by a% it is only necessary to add 
the two exponents, and we have 

For, by (Art. 195), a* = \^a^ ; a^= V«* 
hence, a* x a^= V«' X V«* » 
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or, performing the multiplication by the rule of (Art. 190), 
Again, multiplying a * by a* , we have 

for, 0"*=-^^-, J= V^; . 

hence 

In general, multiplying a " by a « ; we have 

Therefore, in order to multiply two monomials affected with any 
exponents whatever, add together the exponents of the same letter ; 
this rule is the same as that given in (Art. 41), for quantities affect, 
ed with entire exponents. 

From this rule we will find that 

and 3a-«** X 2a"* J*c»= 6a~^ J*c*. 

Division. 

197. To divide one monounol by another whep both are affected 
with any exponent whatever, follow the rule given in Art. 60 for 
quantities affected with entire and positive exponents ; that is, 9u3. 
tract the exponents of the letters in the divisor from the exponents oj 
the same letters in the dividend. 

For, the exponent of each letter in the quotient must be such, 
that added to that of the same letter in the divisor, the sum shall 
be equal to the exponent of the letter the dividend ; hence the ex- 
ponent in the quotient is equal to the difference between the expo- 
nent in the dividend and that in the divisor 
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EXAMPLES. 

' Formation of Powers. 
198. To form the n* power of a monomial affected with any 
exponent whatever, observe the rule given in Art. 182, viz. tnuUi^ 
ply ike exponent of each letter hy the exponent m of the power ; for, 
to raise a quantity to the m^ power, Ls the same thing as to multi- 
ply it by itself m— 1 times; therefore, by the rule for multiplica- 
tion, the exponent of each letter must be added to itself m — 1 times, 
or multiplied by m. 

Thus, (a*)'=a^; [a^) =ia^ =^a^ -, 

(2«-n*)'=64«-'J*; («-*)"=«-••. 

Extraction of Roots. 

109. To extract the n** root of a monomial, follow the rule given 
in Art. 182, viz. divide the exponent of each letter hy the index of 
ike root. 

For, the exponent of 'each letter in the result should be such, 
that multiplied by n, the index of the root to be extracted, there 
will be produced the exponent with which the letter is affected in 
the proposed monomial ; therefore, the exponents in the result must 
be respectively equal to the quotients arising from the division of 
the exponents in the proposed monomial, by n, the index of the 
root. 



V. 



a o s=a 
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The htst three roles have been easily deduced from the rule for 
multiplication ; but we might give a direct demonstration for them, 
by going back to the origin of quantities affected with fractional 
and negative exponents. 

We will terminate this subject by an operation which contains 

implicitly the demonstration of the two preceding rules. 

Jl . r 
Let it be required to raise a " to th^ power ; 

We say that, 

For, by going bao^ to the origin of these notations, we find that 

The Advantage derived from the use of exponents consists prin- 
cipally in this : The operations performed upon expressions of this 
kind require no other rules than those established for the calculus 
of quantities affected with entire exponents. Besides, this calculus 
is reduced to simple operations upon fractions, with which we are 
already familiar. 

200. Rbhabk. In the resolution of certain questions, we shall 
be led to consider quantities affected with incommensurable expo- 
nents^ Now, it would seem that the rules just established for com- 
mensurable exponents, ought to be demonstrated for the case in 
which the exponents are incommensurable ; but we will observe, 

that an incommensurable, such as V~3^, Vll, is by its nature com- 
posed of an entire part, and a fraction which cannot be expressed 
exactly, but to which it is possible to approximate as near as we 
fUase^ so that we may always conceive the incommensurable to be 
replaced by an exact fraction, which only differs from it by a quan- 

20* 
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tity leas than any given quantity ; and in applying the rules to tHe 
symbol which designates the incommensuraUet it i$ necessary to un- 
derstand that we apply it to the exact fraction which jepresents it 
approzimatively. 

EXAKPLES. 

2v'2x(»)* 

Reduce r— rr to Its simplest terms. 

i v^ 

Ana. 4^V~3. 



Reduce ? i(^) V ^ f to its simplest 1 
( 2V2(3)* ) 



^~- W'^^- 



Reduce \/ \ ^^Jjt — ?L ( to its sirtiyl^st terms. 

( 2^/2.(1)* > __1__^___ 

Demonstration of the Binomial Theorem in the case of any 
Exponent whatever. 

201. Since the rules for the calculus of entire and positive expo- 
nents may be extended to the case of any exponent whatever, it is 
natural to suppose that the binomial formula, which serves to deve- 
lop the m** power of a binomial when tn is entire and positive, will 
also effect this when tn is any exponent whatever. In fact, analysts 
have discovered that this is the case, and they have deduced im- 
portant consequences from it, both for the extraction of roots hy ap. 
praadmationf and the development of algebraic expressions into series. 

The following is a modification of Euler's demonstration. 

We will remark, in the first place, that the binomial d?+a can 

be put under the form x(l-\ — j ; whence there results 
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IH — j =a:"(l +«)"*, bymakuig — =«. 

TherefoK^y if the formula 

m— 1 „ »i— 1 wi— 2 „ 

(lH-gr=l+mg+ m ^ g ^+wt. ^ , — ^— 23-h,&c. (A) 

is proved to be correct for any value of m, we may consider the 
formula 

m— 1 «i— 2 _ 

+m . — ^— . — ^— o^a-^-h, &c. (B) 

exact for any value of m. For, by substituting — for « in the 

formula (A), and multiplying by «*, we obtain 

(a m— 1 a* ^ \ 

1 -Hm— +w . — g — . ^+, <fec. j, 

from whichf by performing the operations indicated, we obtain the 

formula (B). 

Now, when m is a whole number, we have 

. OT— 1 „ m— 1 W--2 , 

(1 +«)'»= l+maj+m. — - — x^+m. — ^— ^. — - — o^-^-y <fec. 

But,if mis a fraction — , we do not know from what algebraic 

expression ^ development 

•I . . wi— X. m—\ m—2 , . . , . , 

l+mz+m — - — ^-fm. — - — . — r — *'+, &c. ... is derived. 

Denoting this unknov^ expression by y, we have the equation 

m— 1 m— 1 m— 2 , 
y=l+m«+m. — - — 2r»+m. — - — . — 3— 2^+» <fec (1). 

and it is now required to prove thav v=(l +%)"". 

If m' is another fractional exponent,'we shall have in like manner, 

J n , , »»'— 1 « . to'— 1 tH'^2 
y'=l+m'z+m'---2— ««4-m'. — g— .— g— «54-i&c...(2). 
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Multiplying the equations (1) and (2), member by member, we 
shall have for the first member of the result yi/. As to the second, 
it would be very difficult to obtain its true form, by the comixion 
rule for the multiplication of polynomials ; but by observing that 
the form of a product does not depend upon the particular values of 
the letters which enter into its two factors (Art. 47), we see that the 
above product will be of the same form as in the case where m and 
m' are positive whole numbers. Now in this case we have 



2 

/ 

'Y 



l+m't+m'. 7^+ . . . =(1+2)"', 



whence 

[l+mz+m. — 2 — »«+ . . . j^l+m'z+w'. — ^ — z'-^ \ 

=(i+^)«+«'=i4.(;„+^')^+(;„+^')!!±^Jli^i»+ 

Therefore this form is true in the case in which m and m' are any 
quantities whatever, and we have 

y!/=l+{m'\-m')z+{m+m') .z'+ (3); 

Let m" be a third positive fractional exponent, we shall hav«» 

*n" — 1 

!^'=l+m"z+m" — 2—2'+ ... 
Multiplying the two last equations member by iBember, we have 

p 

Suppose the fractional exponent »i?^ — • Take as many exponents 

m, m', m", m'", &c. as there a^ units in q ; we shall have, by raak. 
ing r equal to the sum of the exponents m-f «»'+»»" +m'" 4- . . . 

S^yy''=l+rr+r.^««+r.^.^«»+ . . . (4). 
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And by supposing m=m'=»i"=m'" ... in which case 

r=m+»i+ifiH-»i4- . . . =«n^» 

the equation (4) becomes 

ma— 1 . wwr— 1 mq-'2 ^ 

pf=l+mq.z+mq. — - — z'+mq. — - — . — - — 8r»+ . . . 

Now we have by hypothesis, m= — , or mq=p ; 

p— 1 jp— 1 p— 2 

hence y»=l+i>.«+l>.-2-2^+p.-2— •— 3— «'+ . •• 

but p is a whole number, therefore the second member of this equa- 
tion is the development of (1 +zy, which gives y'=(l +«)'> whence 

y =( 1 -f-2) » = ( 1 +»)"• ; consequently 

m— 1 „ m— 1 m--2 , 
(!-!-«)«= 1 +m«+m — ^ — «^+m — ^— • — 3~^"^ ' ' * 

m being any positive fraction. 

To demonstrate this formula, for the case in which m is a negative 
fraction or wHol© number, it is only necessary to suppose, ot'=— m, 
in ihtj equation (3) obtained from the equations (1) and (2), for 
whea m+w'=0, the equation (3) reduces to yy'=zl; whence 

But since m is negative by hypothesis, m' or — m, must be posi- 
tive, and we have 

^=(14-^)-', hence 2/=-p^j:^=(l+*)-^'=(l+«r, 

and consequently 

m-1 

(l+2)"=l+m«+m — r — .2*4-.. • or 

-.^'-l (-m'-l)(-m'-2)^ ^ 
(l+z)-'=l-m'«-m' 2 — ^-^ rr2T3 '^'^' ^'^' 
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Applications of the Binomial Theorem. 

202. If in the formula (a;-f.a)"= 

(a la— 1 a* la— 1 tn^2 a' v 

we make m= — , it becomes (x+ay or Va:+a= 
fi 

1 11 

. 1 ^ , 1 — — 2 

l./laln a*ln n x 

*" (i+ir • T+T • ^^- V +■;: • -^^ • — 3— • '^-»- • • •) 

or, reducing, \^x+a^ 

-L/ 1 a 1 n— 1 a* 1 n— 1 2n— 1 a^ v 

\ n ' a; n * 2n ' a;" n ' 2n ' 3« ' ar* ~ / 

The fifth term can be found by multiplying the fourth by 



4n 

a 

and by — , then changing the sign of the result, and so on. 

X 

203. Remark. When the terms of a series go on dooreasing in 
value, the series is called a decreasing or converging series ; ana 
when they go on mcreasing in value, it is called a diverging series. 

In a converging series the greater number of terms we take in 
the series, the nearer will we approximate to the true value of the 
proposed series. When the terms of the series are alternately 
positive and negative, we can, by taking a given number of terms, 
determine the degree of approximation. 

For, let a— J+c— d+c— /+ • • •> &c. be a decreasing series ; 
h, c,d . , , being positive quantities, and let x denote the number 
represented by this series. 

The numerical value of a; is contained between any two consecu- 
tive sums of the terms of the series. For take any two consecutive 
sums, 

a— 3+c--ei-He— /, and a— &+c— d+e— /+^. 
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* In the first; the terms which follow —/, are ^— A, + Ar— /+ . . . 
but since the series is decreasing, the partial differences ^— A, 
k — Z, . . . . are positive numbers ; therefore, in order to obtain the 
complete value of a?, a certain positive number must be added to the 
sum a— i+c— d-he— /. Hence we have 

a— 3+c— d+e— y*<a?. ;. 

In the second series, the terms which follow •\-g are — A-f-A:, 

— Z+w» .... Now, the partial differences — A+A:, -^Z+m . . ., 
are negative ; therefore, in order to obtain the sum of the series, a 
negative quantity must be added to 

a— 3+c— d+e— /4-^, 
or, in other words, it is necessary to diminish it. Consequently 
a— J+c— d+e— /4-g>a?. 
Therefore, x is comprehended between these two sums. 
The difference between these two sums is equal to g. But since 
X is comprised between them, their difference g must be greater than 
the difference between x and either of them ; hence, the error com- 
mitted hy taking a certain number of termsy a— b-f-c— d-f-e—f, for 
the value of x, is numerically less than the following term, 

206. The binomial formula also serves to develop algebraic ex- 
pressions into series. 

Take for example, the expression -— -> we have 

In the binomial formula, make m= — 1, a;=l, and «=— 2, it be- 
comes 

V _1_1 _1_2 , . 
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or, performing the operations, and obflerving that each tcim is com. 
poeed of an even number of factors affected with the sign — ^ 

^ ' 1 — 2» 

The same result will be obtained by applying the rule for divi- 
sion (Art. 55). 

1 \l-z 

1st. renminder . +z I l-|-a+«'+a^+«*+ • • • 
2d. ....+«* 

3d -hr' 

4th +»* 

+ ... 

2 
Again, take the expression JiZT^* ^^ 2(1— «) ». 

We have 2(1— «)-»= 

-3-1 -3-1 -3-2 , ^, 

2[l-3.(-^)-3.— y-.(-zr-3.— ^— .— 3— .(-j;)'-.] 

or 2(l-2)-»=2(l+8^+6s»+10z'+152;*+ ) 

To develop the expression V22— «^ which reduces to 
V2z(l— |-)*, we first find 

('-i)*='4(-i)4-*i^-K^--- 

1 1 . 6 ^ 

=*-T*~3r~"64r*^~ • • • ' 

hence \r2^:^=''V2i(l-\t-^—^-, &c) 

EXAMPLES. 

1. To find the value of rXM*' °' *** ®*1"*' («+^)"" «*» an m- 
finite series. 



INDETERMDIATB CO^EFFICIENTS. 941 

f« 

2. To find the value of — ; — , in an infinite series. 

r+a? 

Ans. r-x+—-—+—, &c. 

3. Required the square root of —z — — in an mfinite series. 

a" — ar 

x^ a^ as* 

4. Required the cube root of . ^ , .. , in an infinite series. 

Method of Indeterminate Co-efficients. Recurring Series 

207. Algebraists have invented another method of developing 
algebraic expressions into series, which is in general, more simple 
than those we have just considered, and more extensive in its appli* 
cations, as it can be applied to algebraic expressionsof any nature 
whatever. 

Before considering this method, it will be necessary, to explain 
what is meant by the term function. 

Let a=b+c. In this equation, a, h and c, mutually depend on 
each other for their values. For, 

a^=ih-\'Cj hzna — o^ and c:^a — h. 

The quantity a is said to be d^ function of h and c, h afunaion of 
a and c, and c a function of a and b. And generally, when one 
quantity depends on others for its value, it is said to he a function of 
those quantiUes on which it depends 

In order to give some idea of this method of development, we will 

suppose it is required to develop the expression —, — — into a se- 
ries arranged according to the ascending powers of x. It is plain 

21 
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a 

that the expression can be developed; for , y^ reduces to 

fl(a'-|-yx)~' ; and by applying the binomial formula to it, we should 
evidently obtain a series of tenns arranged according to the ascend- 
ing powers of x. We may therefore assume 

\ :=,A'hBx-}-Car'+Dx^+Ei£'+Fai^-\- (1) 

a -{-ox 

the co-efficients A, B, C, D, . . . being functions of a, a', &', but in- 
dependent of a;, it is required to determine these co-efficients, which 
are called indeterminate co-efficients. 

For this purpose, multiply both members of the equation (1) by 
by a^+h'x ; arranging the result with reference to the powers of 
«, and transposing a, it becomes 
_ ( Aaf+Bt^ I x-\-Ca' I x'+Da' I x'+Ea' I a?*+ . . . (2). 

Now if the values of A, B, C, D^ . , . were determined, the 
equation (1) would be satisfied by any value given to x ; this must 
therefore be the case also in the equation (2). 

But by supposing x=0, this equation becomes, 
0=Aaf—a ; 

Whence -Ai=— r; 

a' 

a 
A hemg equal to — , when a?=rO, this must be the value of it when 

X is any quantity whatever, since A is independent of x by hypothe- 
sis ; therefore whatever may be the value of «, the equation (2) 
reduces to 

Ba' I x+Ca' I s^-^-Da' I r*+ ; or, dividing by ar, 

^ ( Ba! \ +Ca' I x -\-Da! I a^4- (3). 

^"^ \ ^Al' I J^Bh' I +CI/ I 

This equation being also satisfied by any value for x, by making 
a?=0, it becomes Ba'+Ai'=0. 



«-! 



J 



>=! 
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Whence 5= ^, or ^=~-x^=-^. 

As this must be the value of B whatever may be that of «, we 
will suppress the first term Ba'-\-Al/ of the equation (3), which 
this value of B makes equal to zero, and divide by x ; it thus be- 
comes 

Ca'-k-Da! I x-\-Ea' I «*-!-.. . 
+Bl/-^Ci/ I +Bh' I 

Making 07= 0, there results 

BV i ah\ V aJU^ 

Whence C=-^, or C=-(~Jx^=-^. 

In the same way we should find 

2>a'+C6'=0, 

^ CV ^ dU^ V dip 

whence Z>= r-> or ^= — ttX — r= tt » ^^^ ^ on. 

a' a!^ a' a'* 

It is easily perceived that any co-efficient is formed from that 

V 
which precedes it, by multiplying by — j-\ therefore we have, 



a'-{-l/x i 

208. By reflecting upon the preceding reasoning, we perceive, 
that the fiindamental principle of the method of indeterminate co- 
efficients, depends upon this, viz., when an equation of the form 
0=Jtf+iVa;+Pa?'4-Qaj3+ . . . (M, iV, P, Q, . . . being independent 
of a;), is verified hy any value of x whateverf each of the co^efficienta 
must necessarily he equal to 0. 

For since these co-efficients are independent of Xy when they are 
determined by any particular hypothesis made with respect to a:, 
the values must answer for any value of x whatever. Now, mak- 
ing a;=0, we find Jtf=0, and dividing the equation by x, it reduces 
to 

O^N+Px^Qs^^ ... 
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firiiiking a;=0 in this equation, it beoomes N=Of and dividing the 
equation by a:, it reduces to 0=P+Qx+ . . . and so on. Hence we 
have 

ilf=0, iV=0, P=0, Q=0 . . . ; 

in this manner we obtain as many equations as there are co-effi- 
cients to be determined. 

This principle may be enunciated in another manner, viz. 

When an equation of the form 

a+hx+ca^-^-cbP-^- . . . =a'+ya;+c'a:*4-(ra?'+ . . • 

is satisfied by any value given to x, the terms involving the same 
powers in the two members are respectively equal ; for, by trans- 
posing all the terms into the second member, the equation will take 
the form 0=M+Px+Q!x^+ . . • , whence 

a'— a=0, y— J=0, c'— c=0 . . . . , 
and consequently, 

a'=af b'=^bf c'=:c, d^s:zd . . . ., 
Every equation in which the terms are arranged with reference 
to a certain letter, and which is satisfied by any value which can be 
given to this letter, is called an identical equation^ in order to distin- 
guish 4t fVom a common equation, that is, an equation which can only 
be satisfied by giving particular values to this letter. ' 

200. The method of indeterminate co-eficients requires that we 
should know the form of the development, with reference to the ex. 
ponents of x. The development is generally supposed to be ari 
ranged according to the ascending powers of x, commencing with 
the power x^ ; sometimes, however, this form is not exact ; in this 
case, the calculus detects the error in the supposition. 

For example, develop the expression -r — ^. 

Suppose that -g— -^=il-f J5ic+Caj«+Z>a;^4- . . . ., 
whence, by clearing the fraction, and arranging the terms. 



»=r-t 
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-A I -5 I -CI 
whence (Art. 208), 

— 1=0, 3^=0, 35-A=0 ..... 

Now the first equation, —1=0, is absurd, and indicales that the 

above form is not a suitable one for the expression -r -r- ; but 

if we put this expression under the form — ><q37"» *"^^ suppose 

that 
'ill 

X o— a; X ' 

it will become, after the reductions are made, 

8-4+3J? I a?+8C I a^4-32> I r^H- . . ., 
A I -5 I -C I 
which gives the equations 

3A-1=0, 35-A=0, 3C-B=0 . . ., 

whence A~, B~ C~ Z>=i . . . 

Therefore, 

1 1/1 1 1,1, \ 

or =^^^+1^+1.^+1^+ .... 

that is, the development contains a term afiected with a negative 
exponent. 

Recurring Series. 

210. The development of algebraic fractions by the method of 
indetermmate co-efiicients, gives ri^e to certain series^ called recur* 
ring series. 

A recurring series is the development of a raHonal fraction invdv* 
ing X, made according to a fixed law, and containing the ascending 
powers of X in its different terms. 

21* 
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It has been shown in Art. 207, that the devdopment of tbe ex- 



IS the senes —7 — -^^-^ 



ay» 



o^ 



-«'+. 



which each term ia foniled by multiplyitig tbat which precedes it 
by --^x. 

This property is not peculiar to the'proposed fraction ; it belongs 
to all rational algebraic fractions, and it consists in this, viz. : Every 
raiumal fraction involving x, may he developed into a series of iermSf 
each of which is equal to the algehraic sum of the products tchich 
arise fivm multiplying certain terms of a particular expression^ by 
certain of the preceding terms of (he eeries* 

The particular expressioOf from which any term of the neries 
may be found, when the preceding terms are known, is called the 
scale of the senM ; and that from which the co-efficient may be 
fiMmed, the scale of the co-efficients. 

In the preceding series, the scale is 7-x, and the series is call- 

h' 
ed a recurring series of ihefarst order f and 7 is the scale of the 

co-effioients. 

a+bx 



Let it be required to develop 



a'+h'x+cfm^ 



mto a series. 



Assume ^^^,^^^,^ =JL+ga?+Ca^+/^+I?a?*+ 

Clearing the fraction and transposing, we have, 

i^Aaf+Ba' x-\-Ca' y^+Da! «»+£a' a7*+ 

0=: 7 -a+Ay 

( -^6 

whioh gives the equations 

a 
ila'— a=0, or -A=-3- 

Ba!+AV- h =0, or B=^-^A+^ 



x+Ca! 


i^+Daf 


«»+£«' 


+BV 


. ^-CV 


JfDV 


+Ad 


+B«' 


+Cc' 
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Ca'+BV+Ac'=zO^ or C= — r-B — r^ 

a a 

Z)a'+Cy+Bc'=:0, or D^-^^C-^^B 

i;a'+2>y+Cc'=0, or £= — rZ> rC. 

a ' a 



Whence we perceive that the two first co-efficients are not ob- 
tained by any law ; but commencing at the third, each co-efficient 
is formed by multiplying the two which precede it respectively by 

J and — -7> viz. that which immediately precedes the requir- 

V c' 
ed co-efficient by ^j ^^^ which preceded it two terms by 7-, 

and taking the algebraic sum of the products. Hence, 

\ a! a'/ 

is the scale of the co-efficients. 

From this law of the formation of the co-efficients, it follows that 
the third term of the series, Cs^ is equal to 

h' d 

~^B^ — jAa^ 
ni a' 

y d 

or r^B.x — r^.A. 

a! d 

In like manner, we have for Do? 

V d 

— jCt^ — jB^ 
a' a 

y d 

or — "-rflf • Caj*—- -7-a:* • Jta?. 

a <£ 

Hence, each term of the required series^ commencing at the 
third, IS obtained by multiplying the Xmo t^tns which precede, re- 
spectively by 
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and taking the sum of the products : hence, this last expression is 
the scale of the series. 

211. Recurring series are divided into orders, and the order is 

estimated by the number of terms contained in the scale, 

a 
Thus, the expression . ^ gives a recurring series of ike first 

V 

order, the scale of which is -rx. 

a' 

a^bx 
The expression ^ y , , will give a recurring series qf the 

sec<md order, of which the scale will be 

The series obtained in the preceding Art. is of the second order. 
In general, an expression of the form 

a-{-hx+cs^+ .^. . kaf-^ 
gives a recurrmg series of the n**' order, the scale of which ia 

R&MABK. It is here supposed that the degree of x in the numera- 
tor is less than it is in the denominator. If it was not, it would first 
be necessary to perform the division, arrangmg the quantities with 
reference to x, which would give an entire quotient, plus a fraction 
similar to the above. 

^. . , 1— 0?— 8a^+4a:»4-a^ 

Thus, m the expression — - — - — -rr-r — -— . 
^ 2— 5ar+3a:?'— a:' 

a?*-f-4ar»--8g«--a?+l \ — ar'+3a^-.5a?+2 



+iar«-34rc+16. 
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Perfonmng the division, we find the quotient to be — x— 7, plus 
the fraction. 

13a^— 34a;4-15 15— 34a;+13a^ 

-ar»+3ar»-5a?+2 ' ^' 2-5«+3aj«-a;3 ' 



CHAPTER V. 

Of Progressions^ Continued Fractions^ and 
Logarithms. 

812. This chapter is naturally connected with the last, as it ex- 
plains the properties of two kinds of series, and also presents an ap- 
plication of the theory of exponents. It moreover completes that 
part of algebra which is absolutely necessary for the study of 
Trigonometry, and the Application of Algehra to Geometry. 

Progressions by Differences. 

213. A progression by differences, or an Arithmetical progression, 
is a series in which the successive terms continually increase or de- 
crease by a constant quantity, which is called the common difference 
of the progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25 

60, 56, 52, 48, 44, 40, 36, 32, 28 

The first is called an increasing progression, of which the com* 
mon difierence is 3, and the second a decrectsir^ progression, of 
which the common difference is 4. 

214. If there are four quantities a, h, c, d, in arithmetical pro- 
gression, a is said to be to ^, as c to (2 : and a and c are called ante- 
cedents, and b and d consequents. 
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In general, let a, b^ c, df e,/, . • • designate the terms of a pro- 
gression by differences ; it has been agreed to write them thus : 

This series is read, a is to ^, as ^ is to c, as c is to d, as c2 is to e, 
&c. or a is to ^, is to c, is to cf, is to e, &c. This is a series of cart' 
tinned equi-differencesy in which each term is at the same time a con- 
sequent and antecedent, with the exception of the first term, which 
is only an antecedent and the last, which is only a consequent. 

215. Let r represent the common difference of the progression, 
which we will consider as increasing. In the case of a decreasing 
progression, it will only be necessary to change r into — r, in the re- 
sults. 

From the definition of the progression, it evidently follows that 

h^a-^-r^ c=ft+r=a-f-2r, d=c+r=a+3r ; 

and in general, any term of the series is equal to, the first plus as 
many times the common difference as there are preceding terms. 

Thus, let I be any term, and n the number which marks the place 
of it, the expression for this general term^ is 

Z=:a+(n-l)r. 

That is, the last term is equal to the first term, plus the product of 
the common difference by the number of terms less one. 

If we suppose n successively equal to 1, 2, 3, 4, &c. we shall ob- 
tain the first, second, third, fourth, &c. term of the progression. 

The formula Z=a+(n— l)r, serves to find any term whatever, 
without our being obliged to determine all those which precede it. 

Thus, by making n=50, we find the SO*** term of the progres- 
sion, 

1.4.7.10.13.16.19 7=1+49x3=148. 

216. If the progression were a decreasing one, we should have 

Z=a— (n— l)r. 
That is, in a decreasing arithmetical progression^ the last term is 
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equal to Hie first term minus the product of the common difference hy 
the number of terms less one* 

217. A progression by difTerences being given, it is proposed to 
prove that, the sum of any two terms^ taken at equal distances from 
the two extremes^ is equal to the sum of the two extremes. 

Let a.b ,€ .d.e.f , . • . i.k.l^ be the proposed progression, 
and n the number of terms. 

We will first observe that, if x denotes a term which has p terms 
before it, and y a term which has p terms afler it, we have, from 

what has been said, aj=a4-pX'*> 

and . . •. y=l-~pxr; 

whence, by addition, aj+y=a+Z. 

which demonstrates the proposition. 

This being the case, write the progression below itself, but in an 
inverse order, viz. 

a.h.c.d.e ,f . . . . i.k.l. 
I ,k,i c,h,a. 

Calling S the sum of the terms of the first progression, 2^ will 
be the sum of the terms in both progressions, and we shall have 
2S=(a+Z)+(3+A:)+(c+i) . . . +(»+c)+(A:+3)+(Z+a); 

or, since the number of the parts a-^l, 3+ A:, c-\-i is equal 

to n, 

2S==(a+l)n, or ^=^^±^. 

That is, the sum of a progression hy differences, is equal to half 

the sum of the two extremes, multiplied hy the number of terms. 

If in this formula we substitute for { its value, a-h(n— l)r, we 

obtain 

[2a+(n-l)r]n . 
5= ^ , 

but the first expression is the most useful. ' 

218, The formulas Z=a+(n— l)r, 'S=~^^y contain five 
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quantittesy a, r, fi, 2 and S^ and consequently give rise to the follow. 

ing general problem, viz. : Any three of these fve fuantUies ^ing 

giveuj to determine the other two. 

There will, therefore, be as many different cases as there can be 

formed combinations of five letters taken three in a set : that is, 

5_-l 5—2 
5 • -^r- . -r-= 10. (Art. 163). 
« o 

Of these cases we shall consider only the most important. 

We already know the value of <S in terma of a, n and r. 

From the formula Z=a+(n— l)r, we find 

a=Z-(n-l)r. 

That is, the first term of an increasing arithmetical progresnon is 
equal to the last term^ minus the product of the common difference by 
the number of terms less one. 

From the same formula, we also find, 

n— 1 

That is, in any arithmetical progression, the common difference is 
equal to the difference between the two extremes divided by the number 
of terms less one, 

219. The last principle affords a solution to the following ques- 
tion. 

To find a number m of arithmetical means between two given num- 
bers a and b. 

To resolve this question, it is first necessary to find the common 
difiTerence. Now we may regard a as the first term of an arith- 
metical progression, b as the last term, and the required means as 
intermediate terms. The number of terms of this progression will 
be expressed by m-\-% 

Now, by substituting in th« above formula, & for 2^ and i7i-{-2 

. , - ^— <» *— ^ 

for n, It becomes r= — — r — --, or r= rrr- ; that is, the com. 

OT+2 — 1 m-\-l 

won difference of the required progression is obtamed by dividing 
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the diflbrenise between the given numbers a find hp by one more 
than the required number of means. 

Having obtained the common difference, form the second term of 
the progression, or the first arithmetical mean^ by adding r, or 

, , to the first term a. The ^cond mean is obtained by aug- 

menting the first by r, &c. 

For example, let it be required to find 12 arithmetical means be- 

77—12 65 
tween 12 and 77. We^ave r= — -^ — =--=5, which gives the 

progression 12 • 17 . 22 • 27 . • . 72 . 77. 

220. Rehark. If the same number of arithmetical means are 
inserted between all of the terms, taken two and two, these terms, 
and the arithmetical mean? united, will form but one and the same 
progression. 

For, let a . 3 . c . <f . e ./ . . . . be the proposed progression, and 
m the number of means to be inserted between a and by h and c, 
c and d . • . 

From what has just been said, the common difierence of each 

h — a c — b d — c 
partial progression will be expressed by , --vi» ""Xi • • • '' 

which are equal to each other, since OfbyC.,, are in progression : 
therefore, the common difiference is the same in each of the partial 
progressions ; and since the last term of the first, forms ihejirsi term of 
the second, &;c. we may conclude that all of these partial progres- 
si<»s form a single progression. 

EXAMPLSS. 

h Find the sum of the first fifly terms of the progressiim 
2 , 9 , 16 . 23 • . • 
For the 50th term we have Z=2 +49x7=846. 

Hence fif=(2 +845) x^^^^'^'X 25=8676. 

22 
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3. PindthelOathteimof^heaenefl 2.9. 16. 38. • • 

3. Find the-sum of 100 tenna of the series I.8.5.T.9... 

Ans. lOOOO. 

4* The greatest term is 70, the common difference 3, cuid the 
number of terms 21, what is the least term and the sum of the 
series t Am. Least tejm 10 : sum of series 840. 

5. The first term of a decreaong arithmetical progression is 10, 
the common difference — , and the number of terms 21 : required 
the sum of the series, Ans* 140. 

6. In a progression by differences, having given the commoii dif. 
f^ence 6, the last term 185, and the snm of the terms 2945, find 
the first term, and the number of terms. 

Ans. First term =5, number of terms 31. 

7« Find 9 arithmetical means between each antecedent and con- 
sequent of the progression 2.5. 8. 11. 14... 

Ans. Ratio, or r^O^ 3« 

Sr Find the number of men contained in a triangular battalion, 
the first rank contaming 1 man, the second 2, the third 3, and so 
on to the n*^, which contains n. In other words, find the expression 
for the sum of the natural numbers 1, 2, 3 • • •, from 1 to n, inclu* 

sively. Am. S=z^^^^~^. 

9* Find the sum of the n first terms of the progression of uneven 
numbers 1, 3, 6, 7, 9 . . . Ans. S=f^. 

10. One hundred stones being placed on the ground, in a straight 
line, at the distance of 2 yards from each other : how far will a per- 
son travel, who shall bring them one by one to a basket, placed at 
2 yards from the first stone? 

Ant. 11 milesbt 840 yards. 
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Gfeametrical Progression, or Progressions by Quotiems. 

221. A Geometrical progressianj or progression iy quotients^ it a 
series of terms, each of which is equal to the product of that which 
precedes i^ hy a constant number, which number is called the ra^ 
of the progression ; thus in the two series : 

3, 6, 12, 24, 48, 96 . . . 

64, 16, 4, 1, "J"^ Yq • • • 

, each term of the first contains that which precedes it lioice, or is 
equal to double that which precedes it ; and each term of the second 
is contained in that which precedes it four times, or is & fourth of 
that which precedes it ; they are then progressions by quotients^ of 

which tha ratio is 2 for the first, and — for the second. 

Let a, h, c, (2, e,f ... be numbers in a progression by quotients, 
they are written thus ; a : h: c:d: e if: ^ • . ., and it is enun- 
ciated in the same manner as a progression by dificrences ; however 
it is necessary to make the distinction that one is a series of*equal 
differences, and the other a series of equal quotients or ratios, in which 
each term is at the same time an antecedent and a consequent, ex- 
cept the first, which is only an antecedent, and the last, which is only 
a consequent.. 

822. Let q denote the ratio of the progression aihicid. .,, 
q being >1 when the progression is increasing, and ^<1 when it is 
decreasing : we deduce from the definition, the following equalities., 

bszaq, cr=.hqz=ia/f, d=zcq=:a^, e=dq=za^ . . • 

and in general,, any term n, that is, one which has n— 1 terms be- 
fore it, is expressed by a^*. 

Let 2 be ^is term ; we have the formula l=:af^\ by means of 
which we can obtain the value of any term without being obliged 
to find the values of all those which precede it. That is,^ the last 
term of a geometrical progression is equal to the first $erm mutUpUed ' 
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ly the roHo nosed to a fewer whoee exponent is one less than the 
mmber of terme. 

For example, the 8*^ tenn of the progression 2:6rl8:&4«.., 
Is equal to 2x8^=2x2187=4374. 

In like mannex, tiie 12^ term of the progresooa » » • .^ • 

ft4 : 16 ; 4 : 1 : — . • . is equal to 



\4/ 4" 4« 65536 • 



228. We wilt now proceed to determine the sum of n terms of 
the progression a : & : c : d : e :/: . • • : i : A: : Z, I denoting the 
n* term. 

We have the equations (Art. 222)^ 

h=:zaqf c=:hq, d^eqy e=dq^ . . . A:=i(jr, l=ikq^ 

and by adding them all together, member to member, wo deduce 

^+c+d+e+ ^k+l=(a+b-{-c+d+ . . . -{.i+k)q; 

or, representing the required sum by S, 

S— a=(S-Z)g=S^-^, or Sq-^S^zlq^a; 

« Za— a 

whence S= ; 

^-1 

That is, to obtain the sum of a certain number of terms of a pro. 
gression by quotients, multiply the last term by the ratiOf suhtract the 
fret term from this product^ and divide the remainder by the ratio di^ 
mimshed by unity. 

When the prog^essicHi ia decreasing, we have f <1 and l<ia; 

a — Jq 

the above formula is then written under the form S=-- — -^— . 

in order that the two terms of the fraction may be positive. 

By substituting a^* for I in the two expreanons for S, they be- 
atf* — a a-^a^t 
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BXAMPIA8. 

!•. Find the first eight terms of the progression 

2 : 6 : 18 : 54 : 162 . . . : 2x8^ or 4874 

« Iq-a 18122—2 

S= ^ , = =6660. 

J— 1 2 

% Find the sum of the first twelve terms of the progression 
64 : 16 : 4 : 1 : 4- : . . . : ^*(4")"' ^' ^ 



4 ""V4/ ' "* 65536' 

iL-^lq ^^- 65536 ^T ^^^"^ 65636 ^, 65585 

o^— I = =854 



1-^ a 3 "" ^196608 

T 

We perceive that the principal difficulty consists in obtaining the 
numerical value of the last term, a tedious operation, even when 
the number of terms is not very great, a 

3. What debt may be discharged in a year, or twelve months, 
by pa3ring $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the last ; 
and what will be the last payment ? 

Ans. Debt, $4095 : last payment, $2048. 

224. Rbmask. IfJ in the formula Sr=. \ we suppose 


^—1, it becomes 'Sf=— . 

This result, which is sometimes a symbol of indetermination, is 
also often a consequence of the existence of a common factor 
(Art. 113), which becomes nothing by making a particular hypo- 
thesis respecting the given question. This, in fact, is the case in 
the present question ; fOr the expression ^—1 is divisible by ^—1, 
(Art. 59), and gives the quotient 

22* 



boDoe the value of 8 takee the form 

Now, making j=sl, we have 8=^a+a+a+ . . . +a=sta« 
We can obtain the same veault by going back to the propoaed 
progreflsioD^ a : & : 6 : ^ • • : {» which»in the particular caae of q= 1, 
reduces to ai aia : . . . : a, the sum. of which series is equal 

tOIMI. 


The lesttlt — , given by &e formula, may be regarded as indl. 

eating that the series is characterized by some particular property. 

In fact, the progression,, being entirely composed of equal terms, is 

no more a progression by quotients than it is a progression by difie- 

rences. Therefore,, in seeking for the sum of a certain number of 

a(flf" — 1) 
the terms, there is no reason for using the formula iS»= — ^, 

in preference to the formula S== — ^ — y which gives the sum in 
the progresnon by difierences. 

Of ProgresnofiM having an infinite nttmber of terms. 

225. Let there be the decreasing progression a:b:c:d e ifi . . ., 

containing an indefinite number of terms. The formula 8=i ~^--^ 

1— g 

which represents the sum of n of its terms, can be put under the 
form S:^^ — . 

Now, since the progression is decreasing, ^ is a fraction ; and ^ 
is also a fraction, which diminishes as n increases. Therefore the 

greater the number of terms we take, the more will -= x^ 

1 — q ^ 

diminish, and consequently, the more will the partial sum of these 

terms approximate to an equality with the first part of aS^, that is, to 
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a 
^— -. Finally^ when n is taken greater than any given numberf 

a 
or n = QD, then yZT^^ ^^^ ^ ^®^ ^^®'* *"^y^ given number, 

or will become equal to ; and the expression -r—- ^* repre- 

sent the true value of the sum of all the terms of the series. 

Whence we may conclude, that the expression for the sum cfthe 
terms of a decreasing progression^, im which the num^ of terms is 
infinite f is 

This is, properly speakings the Umik to which ^e partial sums ap- 
proach, by taking a greater number of terms in the progression. 

a. 

The difference between these sums and , can become as 

small as we please, and will only become nothing when the number 
of terms taken is, mfinite. 

SXAMPIJBS^ 

1. Find the sum of 

1111 . ^. 

We have for the expression of the sum of the terms 



3 



The error committed by taking this expression for the value of 
the sum of the n first terms, is expressed by 
a 3 / 1 \" 

ii:^-^=y(t)- 

First take n=5 ; it becomes 

2 \ 3 / 2.3* 162 
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When ii=:6, we find 

2V8/ ^ 162 • 8 486 • 

8 

Whence we see that the error ecmmiuedf when — is taken ibr 

the aum of a certain number of tenn^y is lees; in pn^rtion as thjs 
number is greater.^ 

Again take the progsession. 

11111 
^'"2 •■T'T-16-32-*'^ 

We have S=.r — =;= 



^ 2 



226. The expression ^=TZrf c**^ ^ obtained directly from 
the progresnon a : h : e : d : e :f : g i . • •, 

For, take the equations b=aqf c=^, d=zcqf e=:dg .,••.• • of 
which the number is bdefinite, and add them together, member to 
member ; we have 

' J+c+d+e+ . . . =(a+h+c+d+^ . . . )^. 

Now, the first member is evidently the proposed series, diminish- 
ed by the first term a ; it is therefore expressed by S— a ; the se. 
cond member is q multiplied by the entire series, since there is no 
last term, or rather this last term \b nothing ; hence the expression 
for this member is ^, and the above equality becomes S— a=gS, 

wh^ice S=:j — ^*- 

a 
In fact, by developing -=— - into a series by the rule for divi- 
sion, we shall find the result to be a+aq-^a^+a^'\^ . . ., which 
is nothing more than the proposed series, having &, c, d • • . replaced 
by their values in functions of a. 
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n 
227. WheD the series is increasing, the expression -r— - cannot 

he considered as a limU of the partial nims ; because, the sum of a 

A acT 
given number of terms being 8=—-- — T^f (-A^rt. 225), the 

• 00" 

second {Mirt augments numerically, in proportion to the in- 

crease of n ; hence the greater the number 9€ terms taken, the 

I 



a 
more the expression of their sum will differ numerically from - — 



a 

The formula S=t is, in this case, merely the algebraic ex* 

1 — q ° 

pression which, by its development, gives the series 
a+aq+a^+aq' . . . 

There is another circumstance presents itself here, which appears 

a 
very singular at first sight. Since -r is the fraction which 

generates the above series, we should have 

a 

—--=:za+aq+af+af+aq*+ • . . 
^—q 

Now, by making a=l, ^=2, this equality becomes 

1 

or —1=1+2+4+8+16+32+ . - . 



1-2 



an equation of which the first member is negative whilst the second 
is positive, and greater in proportion to the value of q* 

To inteqpret this result, we will observe that, when in the equa- 

a 

tion J— -=a+a^+a^+ay*+ . . ., we stop at a certain term of 

the series^ it is necessary to complete the quotient in order that the 
equality may subsist. Thus, in stopping, for example, at the fimrth 
term, of. 





a 


lat maunder 


+ «? 


ad. 


+ -J* 


3d. 


+ ««• 


4tl>. 


+ ««{' 



l-q 






It ia necetsaxy to add the fractional e3q>refluoii j— to the quo. 



tient, which gives rigorouslyj 



If in this exact equation we make a=l, g=2y it becomes 
-1=1+3+4+8+— j-=l+2+4+8-^ia^ 

which verifies itself. 

In general, when an expression involving x^ designated by 
/(a?), which is called a function of x^ is developed into a series 

of the fonn a+ia?+ca:*+dx''+ we have not itgorousFy 

/(a?)=a+A«+c«*+da:*+ . • •» unless we conceive that, in stopping 
at a certain term in the second member, the series is completed by a 
certain expression involving x. 

When, in particular applications, the series is c2ecrea«in|^ (Art. 203;, 
the expression which serves to complete it may be obtained as near 
as we please, by prolonging the series ; but the contrary is the case 
when the series is increoHngj foi then it must not be neglected. 
This is thereason why increasing series cannot be used for approxi- 
Hiatmg to the value of numbers. It is for this reason, also^ that 
algebraists have called those series which go on diminishing from 
term to term, converging series j and those in which the terms go on 
increasing, diverging series. In the first, the greater the number 
of terms taken, the nearer the sum approximates numerically to the 
expression of which this series is the development ; whilst in the 
others, the morfh terms we take, the more their sum dififers fn»n the 
numerical value of this expression. 
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228. The ccmsideraticm of the five quantities a, 9, n, Z and S9 

which enter in the two formulas Z=a^S iSf= — --— (Arts. 222 di 

228), gives rise to ten problems, as in the progression by differences 
(Art. 218). Of these cases, we diiall consider here, as we did 
there, only 'the most important. We will first find the values of S 
and q in terms of a, I and n. 

I *-^ /I 

The first formula gives 5^*=: — , whence 5^= ^ — . Substi- 
tuting this value in the second formula, the value of B will be ob- 
tained. 

The expression ^= ^Z — fiimishes the means for resolving the 

following question, viz. 

To find m mean proportionals between two given numbers a and 
b ; that is, to find a number m of means^ which wUl form with a 
and b, considered as extremes, a progression by quotients. 

For this purpose, it is only necessary to know the ratio ; now the 
required number of means being m, the total number of terms is 
equal to m+2. Moreover, we have Z=i, therefore the value of q 

becomes ^= ^/ — ; that is, we must divide one of the given 

numbers (b) by the other (a), then extract thai root of the quotieni 
whose index is one more than the required number of mieans. 
Hence, the progression is 

a:a \/ - i a V ?" • « V ^ ' - ' ^^ 

Thus, to insert six mean proportionals between the numbers 3 

, -^ V 384 ^ y 

and 884, we make m=6, whence q=^ ""a~^ '^ ^^® ^ ^ * 

whence we deduce the progresmon 

3 : 6 : 12 : 24 : 48 : 96 : 192 : 884. 

RxxABK. When the same number cf mean proporHentUs are iii- 
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and iwOf all the progreuums thts formed toiU conHiiuU a single pro- 
gteedon. 

3M. Of the ten principal proUeme that may be proposed in 
piogreition%yiwr are susceptible of being easily resolved. The 
foUoiring are the enunciations, with the formulas relating^ tp them. 

1st. 0, ^9 My being given, to find I and S. 
3d. Ofihh being given, to find q and S. 
3d. }, It, Z, being given, to find a and /9. 
4th. 9, n, Sf being given to find a and Z. 

TtDO other problems depend upon the resolution of equations of 
a degree superior to the second ; they are those in which the un- 
known quantities are supposed to be a and 9, or 2 and q. 

For, from the second formula we deduce 

a^iq-^Sq+Si 
Whence, by substituting this value of a in the first Iz^a^^^ 
l^{lq'8q+S)r''\ 
or, (5f-Z)^-5f^« +^=0. 

an equation of the n^ degree. 

In like manner, in determining / and ^,we should obtain the equa* 
tion af^Sq+S'-aszO. 

, 280. Finally, the other fowr problems lead to the resolution of 



« 

equations of a peculiar nature ; they are. those in which n and one 
of the other four quantities are unknown. 

From the second formula it is easy to obtain the value of one •f 
tlie quantities a, q^ I, and 8^ in functions of the other three ; hence 
the problem is reduced to finding n by means of the formula 

Iq 
Now this equality becomes ^r= — ^ an equation of the form 

a^=:by a and b being known quantities. Equations of this kind are 
called exgonentidl equadona^ to distinguish them from those previous- 
ly considered, in which the unknown quantity is raised to 9^ poww 
denoted by a known number. 

Before, however, we can solve the exponential equation a^s=^, 
we must understand the elementary properties of CanUwued Frae- 
tion^f which are now to be explained. 

Of Continued Fractions. 

65 
231* Having given a fraction of the form -ttq-» in which the 

terms are large, and prime with respect to each other, we are una- 
ble to discover its precise value, either by inspection or by any mode 
of reduction yet explained. The manner of approximating to the 
value of such a fraction gives rise to a series of numbers, whieh 
taken together, form what is called a conUnued fraction* 

65 
232. If we take, for example, the fraction ■ , and divide both 

its terms by the numerator 65, the value of the fraction will not ^ 
changed, and we shall have 

65 1 



or effecting the divirion. 



149" 


" 149' 




65 


65 


1 


149" 


"2+19 


• 


66' 




23 
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10 

N0W9 if we neglect the fractional part — of the denominatort 

we shall obtain — for the approximate value of the given fraction. 

But this value would be too large, since the denominator used was 
toosswdl* 

10 
Ify on the contrary, instead of neglectbg the part — , we were 

to replace it by 1, the approximate value would be -^f which must 
be loo small, since the denominator 8 is too large. Hence 

140^2 ^^ 140 -^"Sf 

therefore the value of the fraction is comprised between -;r- and -^^ 

2 3 

If we wish a nearer approximation, it is only necessary to ope- 

rate on the fraction rr as we did on the given fraction , ,^ > and 
oO , ^ 149 

weobtam 

10 1 



65 
65 


8 + 8 
10* 

1 


140 


2+1 



8+8 

To' 

8 
If now, we neglect the part — » the denwninator 3 will be less 

than the true denominator, and — will be larger than the number 

which ought to be added to 2 ; hence, 1 divided by 2+-^ will be 

3 

ku than the value of the fraction : that is, if we reject the frac 
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tional part after the second redactioo, we shall have 

65 3 



:> 



If we wish to iipproximate still nearer to the value of the givea 
fraction, we find 

8_J 

19"" 2 +^ 
8» 
and hy substituting this value, we have 
65 1 



149 2 +1 



3+1 
2+3 

T 

3 

Now, if we neglect the fractional part — , after the third redue- 

o 

tion, we see that 2 will be less than the real denominator ; hence 

— will be larger than the number to be added to 3 : that is, 
2 

1 "^ . , 

3+—=— IS too large ; hence 

1 2 

--■=-r- is too small, and 
7 7 

T 

2 16 

2-f-— =-=- is too small ; therefore 



7 7 

T 

65 7 



is too large, and hence 



149 ^16 

Now, as the same train of reasoning may be pursued for the re^ 
ductions which follow, and as all the results are independent of par- 
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tieular number^ it follows that, ^ we Hop at an odd rcehieiiam, amd 

neglect ihefraeUofudpati^ the renOiwiU he too greiU; Jmtifwestop 
at an eeetn redaction^ and neglect the fractional partf the result mil 

Making two more reductions, in the last example, we have, 

6> _ 1 

l49"""2+l 

8+1 



2+1 

2+2 

1+2. 
2. 

nt« Let us take, as a general case, the continued fraction 

1 

a+1 

h+\ 

c+1 



d+1 

/+, &c. 

Hence we see, ihai a continued fraction has for Us ftumeraior the 
ufUt 1, and for Us denominator a whole numher^ plus a fraction which 
has I for its numerator and for its denominator, a whole number phta 
a fraction^ and so on. 

234. The fractions 

Jl_ 1 \ 

a* a+1 a+1 

are called approximating fractionsy because each affords, in succes. 
sipn, a nearer value of the given fraction. 

The fractions — ^ -r-, — , &c. are called integral fractions, 
a c 

When the continued fraction can be exactly expressed by a vulgar 
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fraction, as in th« numerical examples already given, the integral frac* 

111 
tions — 9 -r-f — , &c. will terminate, and we shall obtain an ezpres- 

a o c '^ . 

sion for the exact value of the given fraction by taking them all. 

235. We will now explain the manner in which any approximate 
ing fraction may be found from those which precede it. 

1. — = — 1st. apip. fraction. 

1 b 

2. — - , = , . , 2d. app. fraction 

a + 1 ab+l . '^^ 

T 

c 

By examining the third approximating fraction, we see, that its 
numerator is formed by multiplying the numerator of the preceding 
fraction by the denominator of the third integral fraction, and add- 
ing to the product the numerator of the first approximating frac- 
tion : and that the denominator is formed by multiplying t)ie deno- 
minator of the last fraction by the denominator of the third integral 
fraction, and adding to the product the denominator of the first ap- 
proximating fraction. 

We should infer, from analogy, that this law of formation is ge- 

P Q R 

neral. But to prove it rigorously, let ■=;, ^, •=;, be the three 

approximating fractions for which the law is already established. 
Since c is the denominator of the last integral fracti<m, we have 
from what has already been proved 

R Qc+P 

Let us now add a new integral fraction — to those already re* 

23* 
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s 

duced, and suppose -^ to express the 4tli approximating ftactiOQ* 






R 8 

It is plain that ^ will become ^ by simply substitutin^r lor c^ 

tf-f-j: hence, 

gv ^(f+"d)+^ (Q€+P)d+Q _ Rd+Q 

Hence we see that the fourth approximating fraction ia deduced 
from the two immediately preceding it, in the same way tbat the 
third was deduced from the first and seccmd ; and as any fraction 
may be deduced from the two immediately preceded in a similar 
manner, we conclude, that, the numerator of the n^ approximatmg 
fraction is formed hy multiplying the numerator of the preceding frac- 
fion by the denominator of the n^ integral fraction^ and adding to the 
product the numerator of the n--^ fraction; and the denominator is 
formed according to the same law^from the two preceding denonana- 
tors, 

236. If we take the difference between any two of the consecu- 
tive approximating fractions, we shall find, afler reducwg them to a 
common denominator, that the difference of their numerators will be 
equal to ±1 ; and the denominator of this difference will be the 
product of the denominators of the fractions. 

1 ^ 

Taking, for example, the consecutive fractions — , and 



a' — oft+i ' 



we have, 

1 b ab+l'-'ab +1 



a a*+l a{ab+l) . a(a*+l)' 

h^ bc+l --1 

ab+l (a>+l)c+a"'(aft+l)((«*+l)c+«)* 
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P O It 

To prove this property in a general manner, let pr» o'' ft*' ^ 

thrM consecutive approximating fractions* Then 



But 



Q R R'Q^RQ' 



q: r q;R' 

But R=Qc-\-P and R^Qc+P' (Art. 235)* " 
Substituting these values in the last equation, we have 

Q R_ (Q^c+P')Q-.(Qe+P)Q:, ' 

Q! R rq; 



or reducing 



Q R rQ-PQ! 



Q! R rq: • 

Prom which we see that the numerator of the difference 



p' q: 



Q R 

is equal, with a contrary sign, to that of the difference 7^— S7« 

That is, the difference between the numerators of any ttco consecutive 
approximating fractions^ when reduced to a common denominator, is 
the same with a contrary sign, as that which exists between the last 
numerator and the numerator of the fraction immediately following* 

But we have already seen that the difference of the numeratord 
of the 1st and 2d fractions is equal to +1 ; also that the difference 
between the numerators of the 2d and dd fractions is equal to — 1 ; 
hence the diflbrence between the numerators of the 3d and 4th is 
equal to +1 ; &nd so on for the following fractions. 

Since the odd approximating fractions are all greater than the 
true value of the continued fraction, and the even ones all less (Art. 
282)^ it follows, that when a fraction of an even order is subtracted 
(rem one of an odd order^ the difference should have a plus sign ; 
and on the contraryy it ought to have a minus sign, when one of 
•ft odd order is subtracted from one of an even. 
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387. It has already heeia shown (Art 882), that each of the a|i. 
IMOzimatiog fractioDS corresponding to the odd numbers, exceeds the 
true value of the continued fraction ; while each of those corres- 
ponding to the even numbers is leas than it. Hence, the difiereoce 
between any two consecutive fractions is greater than the difierence 
between either of them and the true value of ihe continued frac- 
tion. Therefore, stopping at the n^ fraction, the result will be true 
to within 1 divided by the denominator of the n*^ fraction, multipli- 
ed by the denominator of the fraction which follows. Thus, if Qf 
and R are the denomipators of consecutive fractic^ui, and we stop 
at the fraction whose denominator is Q', the result will be true to 

within 77^« Butsince t^hyCjd^ dec. are entire numbers, the de« 
%lK 

nominator B! will be greater than Q', and we shall have 



hence, if the result be true to within -^^ it will certainly be true 
to within less than the larger quantity 

1 . 

that is, Ute approxitnaU result which is obtained, is true to vnAim 

utUiy divided hy ihe square cf ihe denominator of the last approsd^ 

madng fraction that is en^pioyed. 

829 
If we take the fraction -^j=- we have 

820 1 

-=2+ 



847 ^2+1 

1+1 

1+1 
8+1 
19- 
Here we have in the quotient the whole number 8, which may 
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ekher be set aside and added to the fractional part after its value 
shall have been fbuod, or we may place 1 under it for a denomina* 
tor and treat it as an approximating fraction. 

Of Exponef^ial QuoiUities. 

Resolution of the Equation (f^b. 

238. T%e object of this question is, to find the exponent of the 
power to which it is necessary to raise a given number a, in order 
to produce another given number b* , 

Suppose it is required to resolve the equation 2'=64. By rais- 
ing 2 to its different powers, we find that 2^=64 ; hence x=6 will 
satisfy the conditions of the equation. 

Again, let there be the equation 3^=243. The solution is «=:5. 
In fact, 80 long as the second member & is a perfect power of the 
given number a, x will be an entire number which may be obtained 
by raising a to its successive powers, commencing at the first. 

Suppose it were required to resolve the equation 2'=:6. By 
making a;=2, and a?=3, we find 2*=4 and 2^=8 : from which we 
perceive that x has a value comprised between 2 and 3. 

Suppose then, that aj=2+— , in which case a?'>l. 

Substituting this value in the proposed equation, it becomes, 
I j_ J. 3 

2**^=6 or 2«X2"=6; hence 2*'=:y, 

(3 x** 
— j =2, by changing the members, and raising both to the 

a/ power. 
To determine a/, make successively x'ssl and 2; we find 

/—-) =— less than 2, and (—1 =—, which is greater than 2 ; 

therefore af is comprised between 1 and 2. 

Suppose x'=l+^, in which a?">l. 
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By substituting this value in the equation ^— j =2 
,8\i+J- 8 /8\JL 

(— ) =— by reducing. 

4 
The two hypotheses a:"=l and *''=2, give -g- which is lef» than 

8 . /4\* 16 , 7 ^. ^ . ^ 3 ^ ^ 

— , and i-r-J =~q'=1+"q' which is greater than — ; therefixre 

c^' is comprised between 1 and 2. 
Let «"=1H — 377", there will result 

/4vn^ 3 4 /4\-L 8 

/ 9 x"" 4 
whence ^-g-j =-j by reducing. 

Making successively 3f":=^\^ 2, 3, we find for the two last hypo. 

/ 9 V* 81 17 1 

theses ^— j =5;j=l+^, which is <l+-g-» and .... . 

/9\' 729 217 . 1 

VT/ ^ 512"^^'^"612"' ^ ^ >^'^'ar- *^«^*>^^ «"' is com- 
prised between 2 and 3. 

Let aj'"=2+— , the equation involvbg a?'" becomes 
J?" 

/9\*'*1^ 4 81/9\'5^ 4 

vt; =t'^'64Vt; =-3' 

/256v^^ 9 
and consequently V"243 / "^T" 

Operating upon this exponential equation in the same manner 
as upon the preceding equations, we shall find two entire num. 
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bexs k and k+l, between which a?^ will be comprised. Makmg 

d^s=&+-7i x^ can be determined in the same manner as «^9 and 

90 on. 

Making the necessary substitutions in the equaticxis 

we obtain the value trf* x under the form of a omtinued fraction 

1 

»=2+ J 

1+— 



1 + 



1 
2+ 



Hence we find the first three approximatmg firactions to be* 

111' 
1' 2* 6' 

and the fourth is equal to 

3x24-1 7 
-65^2+2 =12 <^''- «»»)• 

which is the value of the fractional part to within 
1 1 

(i2p «' l44 (^^ ^l"^)- 

7 81 1 

Therefore a?=24-—=— to within -rjj, and if a greater de- 
gree of exactness is requireij^ we must take a greater number of 
integral fractions. 

BXAMPLBS. 

8* =: 15 « =s 2,46 to withm 0,01. 

lO- = 8 a? = 0,477 0,001. 

2 
5" = — « =— 0,25 ...... 0,01. 

V 
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Theory of Logarithms. 
289. If we suppose a to preserve the same value in the equation 

and y to be replaced by all possible positive numbers, it is plain that 
X will undergo changes corresponding to those made in y« Now, 
by the method explained in the last Article, we can determine for 
each value of y, the corresponding value of Xf either ejutctlj or ap- 
prozimatively. 

First suppose a>. 
Making in succession x=sOf 1, 2, 3, 4, 5,.,.dsc. 
there will result y=ui*s=l, a, a", a', a\ a% • • • &c» 

hence, esmy vahe of j greaUr than usitly, isprodmed h^ A» poio- 

srsof dL^ihe exponents of u>kich are positive numbers^ entire orfrac- 
tionai ; and the values of j increase wiA z. 

Make now a?=0, —1, —2, —8, -^4, —6, . • • &c. 

there will result ystf'sl, — , —^ — — _ . . . &e. 

hence, every value ef y less than tmdy, is produced h^Aspowerm ^ 
a, ^ toAtcA the exponents are negative; and the value of y dimin- 
ishes as the value of x increases negatively. 

Suppose a<l or equal to the proper fraction -;. 

a 

Making «=0, 1, 2, «, 4. • . . Jcc. 

/1\* 1 1 1 1 

we fina . . • y^yj) =*» T^' 5* ?»» ^» • • • <fcc. 

Making a?=0, -^l, — 2f —8, ^4, 

we obtain . . y=(^) =1» «'. «^f «% a'*, . . • &c. 
That is, in the hypothesis a<l, all numbers are formed with 
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the diflkrent ppwers of a, ia the mvexse pr4er of that in which the j 
are formed when we suppose a>l. 

Hence, every possible positive number can he formed with any cai- 
starU positive number whatever, by raising it to suitable powers* 

Remabk. The number a joaust always be different from unity, 
because all the powers of 1 are equal to 1. 

240. By conceiving that a table has been formed, containing in 
one column, every entire number, and in another, the exponents of 
the powers to which it is necessary to raise an invariable number, to 
form all these numbers, an idea will be had of a table c^logarithms^ 
Hence, 

The logariAm of a number^ is tkfi exponent <f ike po^er f^pUck 
it is necessary to raise a certain invariable nvmierf in order i^ pro- 
duce the first number. 

Any number, except 1, may be taken for the invariable number ; 
but when once chosen, it must remain the same for the IbroiatioQ of 
all numbers, and it is called the base of the system of logarithms. 

Whatever the base of the system may be, its logarithm is vm^ 
and the logarithm of I is 0» 

For, let a be the base : tiien 

1st, we have .a^=a, whoiKie log a=l. 
2d, d*=:J, when<;aB Jog 1=0. 

The word logarithm is commonly denoted by the first three letters 
log, or simply by the first letter Z. 

We will now show some of the advantages of tables of logarithms 
in making numerical calculations. 

Multiplication and Division. 

241. Let a be the base of a system of logarithms, and suppose 
the table to be calculated. Let it be required to multiply together 
a series of numbers by means of their logarithms. Denote the num- 
bers by y, y^, y^', j^'' . . . &c., and their corresponding logarithms 

24 
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by Xf ^f 9i\ «"', &c. Then by definitioni (Art. 240), we have 

0-=^, ii^=y, fl^'=y', «^"=y" .•.&€. 

Multiplying these equations together, member by member, and 
applying the rule for the exponents, we have 

^j^^t^n.^ . . =yy'yY" or 

«+«'+«"+«"' . . . =logy+ logy'+ logy"+ logy"' . . . 
= log.yy'y'y", 

that is, iht wm of the logariihma of any number af/adars is eqyal 
to the logarithm of the product of those factors^ 

342. Suppose it were required to divide one number by another. 
Let y and y denote the numbers, and x and sf their logarithms. 
We have the equations 

a'=y and o^'=y^i 

y 
hence by division {f-^^z—^ 

y 
at x-^aif^ log y— log y'= log--r» 

that is, the difference heitoeen the logarithm of the dividend and the 
logarithm of the dvmsoTf is equal to the logarithm of the quotient. 

Consequences of these properties, A multiplication can be per- 
formed by taking the logarithms of the two factors from the tables, 
and adding them together ; this will give the logarithm of the pro- 
duct. Then finding this new logarithm in the tables, and taking 
the number which corsesponds to it, we shall obtain the required pro- 
duct. Therefore, hy a simple addition^ we find the result of a mul- 
tiplication. 

In like manner, when one number is to be divided by another, 
subtract the logarithm of the divisor from that of the dividend, then 
find the number corresponding to this difference ; this will be the 
required quotient. Therefore, hy a simple subtraction, we obtain the 
quotient of a division. 
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Formation of Powers and Extraction of Roots. 
248. Let it be required to raise a number y to any power de- 
noted by — . If a denotes the base of the system, and x the loga- 
rithm of y, we shall have 

a»=y or ^=0", 

whence, raising both members to the power — , 



— •» 



Therefore, log y " = — . a?= — . log y, 

that ia^if the logarithm of any number he muUipUed hy ihe exponent 
of ihe power to which the number is to be raised^ the product wiU be 
equal to the logarithm of that power. 

As a particular case, take n=l ; there will result m.log jfss 
log iT ; an equation which is susceptible of the above enunciatioik 

244. Suppose, in the first equaticxi, in=l ; there will result 



1 JL n 

— logy= log y» = log Vy, 



that is, ihe logarithm of any root of a number is obtained by divid' 
tng ihe logarithm of ihe number by the index of ihe root. 

Consequence. To form any power of a number, take the loga- 
rithm of this number from the tables, multiply it by the exponent 
of the power ; then the number corresponding to this product will 
be the required power. 

In like manner, to extract the root of a number, divide the loga- 
rithm of the proposed number by the index of the root, then the 
number correspcmding to the quotient will be the required root. 
Therefore, by a simple mtdtipUcationf we can raise a quantity 1o a 
power ^ and extract its root by a single dmsUm, 



345. The properties just deoMXiBtrated are independent of any 
system of logarithms ; but the consequences which have been de- 
doeed from them, that is, the use that may be made of theln in nu. 
merical calculatiiXiSy supposes the construction of a table, contain- 
ing all the numbers iAone column, and the logarithms of the^^ titini- 
bers in another, calculated from a given bate. Now, in calculating 
this table, it is necessary, in considering the equation c^=^y^ to make 
y pass through all possible states of magnitude, and determine the 
value of X corresp<Miding to eaeh (^ the values of y, by the nnethed 
of Art. 238. 

The tables in common use, are those of which the base is 10 
and their constructi<m is reduced to the resolution of the equation 
lO'sy. Making in this equation, y successively equal to the series 
of natural numbers, 1, 2, 3, 4, 5, 6, 7 . • ., we have to resolve the 
equations 

10»=1, 10»=2, 10»=8, ia»=4 . . . 

We will mbreover observe, that it is only necessary tb calculate 
directly, by the method of Art. 238, the logarithms of the prime 
numbi^rs 1, 2, 3, 5, 7, 11, 18, 17 ... ; for as all the other entire 
numbers result from the multiplication of these factors, their loga- 
rithms may be obtained by the addition of the logarithms of the 
prime numbers (Art. 241). . 

Thus, since 6 can be decomposed into 2x3, we have 

log 6=4og 2+ log 3 ; 

in like manner* 24=2^x3 ; hence log 24=3 log 2+ log 8. 

Again, 360=2'X3*X5 5 hence 

log 360=3 log 2+2 log 3+ log 5. 

It is only necessary to jplace the logarithins of the entire num. 
beis ill the tables ; for, by the property of division (Art. 242), we 
l^btaiti the logarithm of a fraoticxi by subtrabting the logarithm ef 
the divisor from that of the dividend. 



<rBBOmT OF L0OAKITHM8. 28| 

946. Ramiming the equation lO'^y, if we make 

ffzrO, I9 2» 3, 4, 5, • • • n— 1, n. 
we have 

y=l, 10, 100,1000, 10000,100000,... 10^>, 10«. 
And making 

dj=0, —1, —2, —3, —4, —5, . . . — (n— 1), — n. 
we have 

^^^* . 10* 100* 1000* 10000* 100000* ' • • 10*-*' 10- • 

From which we see that, the logarithm of a whole number mU he* 
come the logarithm of a corresponding dedtnal hy changing tie sigA, 
from plus to minus. 

247. Resume the equation 0*=^, in which we will fixst suppose 

a>l. 
Then, if we make ^=1 we shall have 

a«=l. 

If we make y<l we shall have 

1 
tf-*=y or ^=y<l. 

If now, y diminishes x will increase, and when jf becomes 0, we 

have a"^=— =0 or (f= 00 (Art. 112) ; but no finite power of a 

is infinite, hence a; = qd : and therefore, the logarithm of in a sys- 
tern of which the base is greater than unity f is an ir^nite number and 
negative. 

248. Again take the equation a*=zy, and suppose the base a<l. 
Then making, as before, y=l, we have a*=l. 

If we make y less than 1 we shall have 

a*=y<l. 

Now, if we diminish y, x will increase; for since a<l its powers 
will diminish as the exponent x iocreases, and when f sO, x must 

24* 
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be infinite, for no finite power of ^ flection is 0. ft^iM^ Vte toff a- 
riihm of in a system of which the base is less than unUy, is xm «n- 
fniU numbeTf and pasUioe. 

LogaAtkmic and l^Qcponeniial Series. 

349. The method of resolving the equation cf=by explained in 
Art. 238, is suAcient to give an idea of the constructicxi of loga- 
rithmic tables ; but this method is very laborious when we wish to 
ap p r ox im ate very near tiie T<tli]^ c€ ». Analyists have discovered 
much more expeditious methods for constructing new tables, or for 
verifying those already calculated. Thes6 methods consist in the 
development of logarithms into series. 

Taking again the equation a^=^y, it is proposed to develop the 
k^ganthra ef y kto a series involving thie powers of j^ ond co^effi- 
cients independent of y. 

It is evident, that the same BtMib^ y will havb a diflfe^rent H>ga- 
rithm in different systems ; hence the log y, will depend for its 
value, Ist. on the value of y ; and 2dly, on a, the base of the sys- 
tem of logarithms. Hence the development must contain y, or some 
quantity dependent oa it, and some quantity dependent on the base a. 

To find the form of this development, we will assume 

log y=tt:A+%+ty+iy +, A^., 
in which A, BfC^ ^o. are independent of j^ and dependent on the 
base a. 

Now, if we make y=0, the log y becomes infinite, and is either 
negative or positive according as the base a is greater or less than 
unity (Arts. 247 & 248). But the second member under this sup- 
pMtioD, reduces to Ay a finite number : hence the development can- 
not be made under that form. 

Again, assume 

log y=^Ay+Bf^Cf-\'Ih/^+, &c- 
If we make y sO^ we have 
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which is absurd, hoi ii^ce the tdetfClopiaQiit «ktinot ]l« mude Bwdto 
the last form. Hence we conclude that, the logarithm of a number 
cannot he devetojpei iii the poiUyers of that number. 
Let us now place for y^ 1+9^ &ad we shall have 

log (l^)^Ay+By'+Cf^D^'\- &c. . * . (1), 

making 3r=0, the €ft][tialida ia i«du$ced Ito log l:^^ which does not 
pjresent ai^ absurdity. 

In order to determine the co-effici^ats A, Bf C • % ^^we will fd- 
low tbe process of Art. 207. Substituting z for y^ the equation 
becomes 

log {1-\'z)=iAz+Bj?+Cv^-\'Dz*+ . . . (2). 

Subtracting the oqudtion {2) from {I), we obtain 
log(l+y)-log(l+2)=il(y-«)+B(y«-2*)+C(y»-r»)+ . . .(3). 

The second member of this equation is divisible by y— « ; we will 
sefe, if #6 t«uai hy any isirtiftce, put the first undet such a form that it 
shall also be divisible by y^-z* 

We have, log (!+»)- log (!+«)= logl±J=log(l+g-); 

y — z 
but since can be regarded as a single number v, we can de- 

velop log (1+tt), or log (l+TT")' ^ *^® ®*"^® manner as 

log (l4-y)> which gives 

BnbstitiiMiAg Ihft Vte^^lopment for !og (1+9)-^ log^l^^) in the 
equation (3), and dividing both va&etikiem hy ^^i^ ft tiecott¥M 

r:,A+B{y+z)+0(j^+yz+:^)+ ... 
Since this i^MlBftioB^lifce ^% prek^dk^, ^a^ttt ho twHikid by ill 
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tiIbw of jr ud x, oiake jrsi^ udihere wiB reaolt 

WheiocOf clearing the fractioiit and transposing 

--4+ A I +2B I +9C I +4» I 
Putting the coefficients of the diffi»rent powers of y equal -to 
zeio, w» obtain the series of equations 

A^A^O, 2B+A=za, 8C+2B=0, 4D+8C=0 . • . ; 
whence 

The law of the series is evident ; the co-efficient of the n*^ term 

A 

IS equal to qp — ^ according as n is even or odd ; hence we shall ob* 

tain for the development of log (1 +p), 

AAA 

log (i+y)=^y— 2-y"+yj^— jy*. . • 

If we substitute — y for y, we shall have 

\og{l-y)=A(-yJ^-^-^+6,c) (6). 

Hence, although the logarithm of a number cannot be developed 
in the powers of that number, yet it may be developed in the p&wers 
cf a number greater or lees hy unity. • 

By the above method of development, the coefficients J?, C, D^ 
E, d^c. have all been determined in functions of J. ; but the rela- 
tion between A and the base of the system is yet undetermined. 

The number A is called the modulus of the system of logaiitlmis 
in which the log (1 +y)t or log (1 — jf), is taken. Hence^ 



/Zie hose, and if a certamfunction of any number he muU^Htd l^ H^ 
the ^product vjiU he the logarUhm, of ihat tmmber augmented by unitjf. 

2;50. If we take the logarithm of 1 +y in a new system, and de- 
note it by f (1 ^if)i we efhaU bate 

l'{l+,)=il'(y-^+^-^+^- &c.) (6) 

in wliich A' is the modulus of the new system. 

it we suppose y to have the same value as in equation (4), we 
shall have 

r(l+y) : l(l+y) : : A-. A, 

fbi> su^ th^ sefic8 ih the i^eeimd tti^mbein are the l»iDn^ th^j may 
be omitted. Therefore, 

The logarithms of ike same wamher^ taken in two different systems j 
are to each other as the m&ditU of %h»ie iysHm^, 

451. If we make the modulus ^.'=1, the aystem of logarithms 
tv)iich results is called (he ifaperian System. This was the first 
system known, and was invented by Baron Napi^f, h, Scotch Ma- 
thematician. 

With this modiiication tlie propohion &bovd becomes 

r(l+y) : l(l+y) ::l:A ^ 

or A.V{l+y)=\{l+y). 

ttehbe we fe6e that, 1M Naperian togariihm of any number, muU 
tipUed 'by the miodutits of another system, vnll gioefor a product ike 
logarithm of the same number in thai system. 

252. Again, A .V{l+y)=\{l'\-y) gives 

. That is, the logarithm ofuny number dhided by the moduhuofike 
system, is equtd to the Nigerian ic(garkkm Xf the same number. 



d5S. If we take the Nqwrian logarithm and make jr=sl,.eqaa. 
tkm (6) beoomea 

1111 

a series which does not converge rapidly, and in which it would be 
necessary to take a great number of terms for a near approxima- 
tion. In general, this series will not serve for determining the loga^ 
rithms of entire numbers, since for every number greater than 2 
we should obtain a series in which the terms would go on inci'eanng 
continually. 

The following are the principal transformations for converting the 
above series into converging series, for the purpose of obtaining the 
logarithms of entire numbers, which are the only logarithnoa placed 
in the tables. 

First Transformation. 

Taking the Naperian logarithm in equaticm (6), making ys=— , 

X 

and obeerriog that 

1'(h-y)=1'(1 +*)-!'*» it becomes 

l'(l+«)-l'«=i-^+^-4r+ &c. (7). 

This series becomes more converging as z increases ; besides the 
first member of this equation expresses the difference between two 
consecutive logarithms. 

Making 7=1, 2, 3, 4, 5, dz;c. we have 
1111 

''^='-T+T-T+-5- *«• 



2 8 ' 24 M 
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111 1 



i'4-r8== 



8 18 * 81 324 



4 82^192 1024 

The first series will give the logarithm of 2 ; the second series 
will give the logarithm of 3 by means of the logarithm of 2 ; the 
third, the logarithm of 4, in functions of the logarithm of 8 . • . &c. 
The degree of approximation can be estimated, since the series are 
composed of terms alternately positive and negative (Art. 208). 

Second Transformation. 

A much more converging series is obtained in the following man* 
ner. 

In the series 

l'(l+«)=«-y+^~+... 

substitute — « for «; and it becones 

l'(l-x)=-x-------... 

Subtracting the second series from the first, observing that 

14- a? 
l'(l+ar)-l'(l-a?)=r:r-^, we obtain 

This series will not converge very rapidly unless x is a very 

l+« 

small fraction, in which case, -i will be greater than unity, but 

1— ■* 

wUl difier very little fhnn it. 

l+« 1 

Take -z =1H — , % being an entire number; 

1— a? % 

wehaTe(l+«>=(l-«)(«+l): whence «= ^^^^ . 
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Hence the preceding series ))eeotf^ ^V^IT/ ^^ 

f 1 1 1 \ 

This seffiM ako gives the different t^vf§^ t)vo r;4iqffei?y^ye 
logarithms, but it oonvergfts mil^ niPre r^idljr fh^ tfai^ Aeri^ (7)* 
Making successively z^zl, 3^ jS, 4» J» . ^ ,j ire gf|d 

/I 1 1 1 V 



Let ir=100 ; there v^l peault 

whence we see, that knowing the logarithm o£ ip^, the first term 
of the series is sufficient for obtaining that of 101 to seven places 
of decimals. 

The Naperian logarithm of 10 may he deduced from the third and 
fi>urth of ^e above equsftions, by SBOiply adding the lo^^jlj^pi qf 2 
Jo, that of 5 (^rt. 241). This n^unber has been calculated with 
great exactness, and is 2,302585098. 

There are formulas more converging than tfiei^bovef w^iU^.^env^ 
to obtain logarithm^ in functions of others akeady k^q;^, but the 
preceding are sufficient to give an idea of the facility .with which 
tables may be constructed. We may now suppose the Naperian 
logarithms of ^•numbers to be known. 
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254. We have already observed that the base of the commoii 
system of logarithms is 10 (Art. 249). We will now find its 
modulus. 

V(l+y) : l(l+y) : : 1 : A (Art. 260). 

If we make jf=9, we shall have 

no :\lO::li A. 

But the n0=2,d025d5093 ... and 110=1 (Art. 245); hence 

•^= o onoRQRAno =0,434294482 the modulus of the common sys- 

tem. 

If now, we multiply the Naperidn logarithms before found, by 
this modulus, we shall obtain a table of common logarithms 
(Art. 251). 

255. All that now remains to be done is to find the base of the 
Naperian system. If we designate that base by e, we shall have 
(Art. 250), 

re : le : : 1 : 0,434294482. 

But l'e=l (Art. 240) : hence 

1 : le : : 1 : 0,434294482, 

or 16=0,434294482.' 

But as we have already explained the method of calculating the 
common tables, we may use them to find the number whose loga- 
rithm is 0,434294482, which we shall find to be 2,718281828 : 
hence 

6=2,718281828. 

We see from the last equation but one that, the modvlas of the 
common system is equal to the common logarithm of the Naperian 
hose. 



25 
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CHAPTER VI. 



General Theory of Equations. 

256. The most celebrated analysts have tried to resolve equa- 
tions of any degree whatever, but hitherto their efforts have been 
unsuccessful with respect to equations of a higher degree than the 
fourth. However, their investigations on this subject have conduct- 
ed them to some properties common to equations of every degree, 
which they have since used, either to resolve certain classes of 
equations, or to reduce the resolution of a given equation to that of 
one more simple. In this chapter it is proposed to make knowiz 
these properties, and their use in facilitating the resolution of equa- 
tions. 

257. The development of the properties relating to equations of 
every degree, leads to the consideration of polynomials of a parti- 
cular nature, and entirely different from those considered in the first 
chapter. These are, expressions of the form 

Aa^+B«^*+Ca*-«-f- . . . -f Ta?+U, 

in which m is a positive whole number; but the co-efficients 
A, B, C, • . • T, U, denote any quantities whatever, that is, entire 
»r fractional quantities, commensurable or incommensurable. Now, 
in algebraic division, as explained in Chapter I, the object was this 
viz. : gioen two polynomials entire, with reference to all the letters 
and particular numbers involved in them, to find a third polynomial 
of the same kind, which^ multiplied by the second^ would produce the 
first. 

But when we have two polynomials, 

Aaf»-fBa:'»-»+Ca?'»-«+ . . . 4.Ta;-fU, 
AV+B'a;»-»+C'x"-*+ . . . +T'a;+U, 
which are necessarily entire only with respect to a?, and in which 
the co.efficients A, B, C . . ., A', B', C . . ., may be any quantities 
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whatever, it may be proposed to find a third poJytumialy of the same 
form and nature as the two preceding, which multiplied by thetecand^ 
wiU re-produce the first. 

The process for effecting this division is analogous to that for 
common division ; but there is this difference, viz. : In this last, the 
first term of each partial dividend must be exactly divisible by the 
first term of the divisor ; whereas, in the new kind of division, we 
divide the first term of each partial dividend, that is, the part affect- 
ed with the highest power of the principal letter, by the first term of 
the divisor, whether the co-efl5cient of the corresponding partial 
quotient is entire or fractional ; and the operation is continued untH 
a quotient is obtained, which, multiplied by the divisor, wiU cancel the 
last partial dividend, in which case the division is said to be exact ; 
or, until a remainder is obtained, of a degree less than that of the 
divisor, with reference to the principal letter, in which case the di- 
vision is considered impossible, since by continuing the operation, 
quotients would be obtained containing the principal letter affected 
with negative exponents, or this same letter in the denominator of 
them, which would be contrary to the nature of the question, which 
requires that the quotient should be of the same form as the pro* 
posed polynomials. 

258. To distinguish polynomials which are entire with reference 
to a letter, x for example, but the co-efiicients of which are any 
quantities whatever, from ordinary polynomials, that is, from poly, 
nomials which are entire with reference to all the letters and parti- 
cular numbers involved in them, it has been agreed to call the first 
entire functions of x, and the second, rational and entire polyno* 
mials. 

General Properties of Equations. 

259; Every complete equation of the m^ degree, m being a po- 
sitive whole number, may, by the transposition of terms, and by 
the division of both members by the co-efficient of x"", be put under 
the form 
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Py Q, R • • • T» IT, being co-efficients taken in the most general al- 
gebraic sense. 

Anjf expressiony whatever ike nature of it may be^ that is^ numeru 
col or aigehraicy real or imaginary ^ tohich^ siU>stiiuted in place of x 
in the f gtioiion, renders iU first member equal toO^is called a root of 
Ms equation. 

260. As every equation may be considered as the algebraic trans- 
lation of the relations which exist between the given and unknown 
quantities of a problem, we are naturally led to this principle, viz. 
BVSBT EQUATION hcu at leost one root. Indeed, the conditions of 
the enunciation may be incompatible, bat then we must suppose 
that we shall be warned of it by some symbol of ahsurdity^ such as a 
formula, containing as a necessary operation, the extraction of an 
even root of a negative quantity ; yet there will still exist an ex- 
pression which, substituted for x in the equation, will satisfy it. We 
will admit this principle, which we shall have occasion to verify here, 
after for most equations. 

The following proposition may be regarded as the fundamental 
property of the theory of equations. 

First Property. 

261. If 9i is a root of the equaHon 

ar+?ar-^-\-Qar-^+ . . . Ta?+U=0, 

the first member of it is divisible by x-^a ; and reciprocally, if a 
factor of ike form x— a, will dwide the first member of the proposed 
equation, Viis a root of it. 

For, perform the division, and see what takes place when the ope- 
ration is continued until the exponent of jp, in the first term of the 
dividend, becomes 0. 
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This operation is of the nature of that spoken of in Art. 257^ 
since a, P, Q, . . . are any quantities whatever. 



a?"+Paf»-'+Qx»-»+ . . +Tx+U||«_a 




+a 


r^i 


ar-'+o [tr-'+a* ,«—'+. .+a—» 


+P 


+Pl +Pa 


+Pa— • 


+«• 


*"-»+.. +Q 


+Qa— * 


+Pa 


+ ... 




+<i 




+T 



By reflect'mg a little upon ihe manner in which the partial quo- 
tients are obtained, we shall first discover from analogy, and after- 
wards by a method employed several times (Arts. 59 & 127), a law 
of formation for the co-efficients of these quotients ; and we may 
conclude, 1st. that there will be m partial quotients, 2d. that the co. 
efficient of the m^ quotient, that is of o^, must be 

fl"^*+Pa"^*+Qa"^+ . . . +T, 

T being the co-efficient of the last term but one of the proposed 
equation. 

Hence, by multiplying the divisor by this quotient, and reducing 
it with the dividend, we obtain for a remainder 

ar+?ar'-^+Qlar-'+ . . . +Tfl+U. 

Now, by hypothesis a is a root of the equation ; hence, this re- 
mainder is nothing, since it is nothing more than the result of the sub- 
stitution of a for X in the equation ; therefore the division is exctct. 

Reciprocally, if a?— a is an exact divisor of a?'+Paf *+ . . ., the 
remainder a'»-i-Pa'"-*-l- . . . will be nothing ; therefore (Art, 259), 
a is a root of the equation. 

262. From this it results that, in order to discover whether a bi- 
nomial of the form x-^a is an exact divisor of a polynomial involv* 

26* 
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log jc, it will be sufficient to see if the result of the substitutiosi of a 
for Xf is equal to 0. 

To ascertain whether a is a root of a polynomial involving x, 
which is placed equal to 0» it will be sufficient to try the division of 
it by x-^a. If. it is exact, we may be certain that a is a root of the 
equation. 

263. Rkmask. By inspecting the quotient of the divisioa in Art. 
261, we perceive the following law for the co-efficients : Each co- 
^ieient is obtained by mvUiplying thai which precedes ii ly the root 
a, and adding lo the product that co-efficient of the proposed equation 
whkh occupies the same rank as thai which we wish to obtain m the 
quotient. 

Thus, the co^^fficient of the 3d term, o'+Pa+Q, is equal to 
(«+P)a+Q, or to the product of the preceding co-efficient a+P, 
by the root a, augmented by the co^efiicient Q of the 3d temo of the 
proposed equation. 

The co-eflicient of the 4th term is 

(a«+Pa+Q)fl+R, ^ a»+Pa«+Qa+R. 

This law should be remembered. 

Second Property, 

264. Every equation involving bui one unknown quantity, has as 
many roots as there are units in the exponent of Us degree, and no 
more. 

Let the proposed equation be 

a:'»+Px*-»+ar'»-»+ . . . +Ta:+U=0. 
Since every equation has at least one root (Art. 260), if we de 
note that root by a, the first member will be divisible by x*-a, and 
we shall have the identical equation 

a-n.^Pa;'- t^ . . , =(x-.a) (ar'"-«-f-Faf"-«4. ...).., (1). 

But by supposing 

a;'"-t+P'a?'"-«+ ... =0, 
we obtain an equation which has at least one root. 
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Denote thb itx>t by b, we have (Art. 261), 

Substituting the 2d member for its value, in equation (1), and we 
have, 
ar+?af^^'\' . . . 3=(x— a) {x^h) {af-*4-F'x^»4- ...)... (2). 

Reasoning upon the polynomial a;*"**4-P"af*'*'4- ... as upon the 
preceding polynomial, we have 

^-2^p//^-3^ , . , =(a;-c) (x"-'+P'"ir^*+ . . .)> 
and by substitutioq 

a?»+P«^'+ . • • =;(«— a) (x—ft) (»— c) («^'+ .-.)••• (3). 

Observe that for each indicated factor of the first degree with 
reference to x, the degree <^ « in the polynomial is diminished by 
uoity ; therefore, afler m— 2 factors of the first degree have been 
divided out, the exponent of sp will be reduced to i»— (m— 2), or 2 ; 
that is, we shall obtain a polynomial of the second degree with refe- 
rence to «, which can be decomposed into the product of two factors 
of the firet degree, (a?— A:) («— /) (Art. 142). Now, as the m— 2 
factors of the first degree have already been indicated, it follows 
that we have the identical equation, 

ar+?ar-^+ . . . =z{x^a) (x^h) (x^e) . . . (x—k) (a?— Z). 

From which we see, that the first member of the proposed equa* 
turn is decomposed into m factors of the first degree. 

As there is a root corresponding to each divisor of the first de- 
gree (Art. 261), it follows that the m factors of the first degree 
«— 0, x^hj X— c . . ., give the m roots a, i^, c . • . for the proposed 
equation. 

Hence, the equation can have no other roots than a, i^, c . . . ^', Z, 
since if it had a root o, different from a, 5, c ... 7, it would follow 
that it would have a divisor x-^a^ different frbm «— a, ar— 3, 
X— c • . . X— /, which is impossible. v 

Finally, ecery equaiian of the m**' degree has m roots, and can 
have no more* 
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365. There are eome equations in which the number of roots ■ 
apparently less than the number of units in the exponent of their 
degree. They are those in which the first member is the product 
of equal factors, such as the equation 

(«-a)*(x-ft)'(«-c)*(a?-d)=0, 

which has but/our different roots, although it is of the 10th degree. 

It is evident that no quantity a, different from ajh^c^d^ can veri- 
fy it ; for if it had this root a, the first member would be divisible 
by «— a, which is impossible. 

But this is no reason why the proposed equation should not have 
ten roots, /our of which are equal to a, three equal to h^ two equal 
to Cf and one equal to d» 

266. Consequence of the second property. 

The first member of every equation of the m^ degree, haying m 
divisors of the first degree, of the form 

»— a, «— i, «— c, . . . X— it, «— 4 

if we multiply these divisors together, two and two, three and 
three . • ., we shall obtain as many divisors of the second, third, <Scc., 
degree with reference to «, as we can form different combinations of 
m quantities, taken two and two, three and three, dec. Now the 
number of these combinations is expressed by 

m— 1 TO— 2 
m . — g— , m. -^ . . . (Art. 163). 

Thus, the proposed equation has m . — ^ — divisors of the se- 

TO— 1 TO— 2 

cond degree, to . — - — . — ~ — divisors of the third degree, and 
soon. 

Composition of Equations. 

267. If in the identical equation 

ar+Paf»-»+ . . . =:(a?-a) (x-b) (x-^c) . . . («-/), 
we perform the multiplication of four factors, we have 
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If we perform the multiplication of the m factors of the second 
member, and compare the terms of the two members, we shall find 
the following relations between the co-efficients P, Q, R, . . • T, U, 
and the roots a, bf e^ . . • k, l^of the proposed equation, viz« 

^a-^h-^c • . . — A:— Z=P, or a+h+c+ . . . +A:+Z=— P; 

ab+ac+ . . . +i/=Q 

^abc—abd • • . — iW=R, or abc+abd +iA:/=--R ; 



dzahcd . . . ifc/=U, or abed . • • W=dbU. 

The double sign has been placed in the last relation, because the 
product — ax — *X — c • • • X — ^ will be plus or minus according 
as the degree of the equation is even or odd. 

Hence, 1st. The algebraic sum of the roots, taken with contrary 
signs, is equal to the co-efficient of the second term ; or, the alge- 
brait sum of the roots themselves, is equal to the co-efficient of the 
second term taken with a contrary sign. 

2d. The sum of the products of the roots taken two and two, 
with their respective signs, is equal to the co-efficient of the third 
term. 

The sum of the products of the roots taken three and three with 
their signs changed, is equal to the co-efficient of the fourth term ; or 
the co-efficient of the fourth term, taken with a contrary sign, is 
equal to the sum of the products of the roots taken three and three; 
and so on. 

Finally, the product of all the roots, is equal to the lost term ; 
that i% the product of all the roots, taken with their r^speotive rngtm^ 
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is equal to the last term of the equatiooy taken with its sign, wAtn 
the equation uofan even degree^ and with a coDtrary sign, tphen the 
equaiion is of an odd degree. If one of the roots is equal to Oy the 
absolute term wiU be 0. 

The properties demonstrated (Art. 142), with respect to equations 
of the second degree, are onlyparticular cases of the above. The 
last term, taken with its sign, is equal ^o the product of the roots 
themselves, because the equation is of an even degree. 

Remarks on the Greatest Common Divisor. 

268. The properties of the greatest common divisor of two poly- 
nomials, were explained in Arts. 66 & 67. We shall here ofier a 
few remarks to serve as a guide in determining it. 

Let A be a rational and entire polyDomial, supposed to be 
arranged with reference to one of the letters involved in it, a, for 
example. 

If this polynomial is not absciutely prime, that is, if it can be de- 
composed into rational and entire factors, it may be regarded as the 
product of three principal factors, viz. 

1st. OfamomAmial factor A ^ common to all the terms of A. 
This factor is composed of the greatest common divisor of all the 
numerical co-efficients, multiplied by the product of the literal fac- 
tors which are common to all the terms. 

2d. Of a polynomial factor A,, independent of a, which is com. 
mon to all the co-efficients of the different powers of a, in the ar- 
ranged polynomial.. 

3d. Of a polynomial factor A,, depending upon a, and in which 
the co-efficients of the different powers of a are prime with each 
other ; so that we shall have 

A=A| X Aj X Ag. 

Sometimes one or both of the factors A,, A, reduce to unity, 
but this is the general form ofrattowd and entire polynomiab. It 
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folloiHrs fi-om thisy that when there is a greatest common divisor of 
two polynomials A and B, we shall have 

D=D,,D,.l?,; 

I> J denoting the greatest monomial common factor, D, the greatest 
polynomial factor independent of a, and D3 the greatest polynomial 
factor depending upon this letter. 

In order to obtain D^,Jind the monomial factor Aj common to aii 
the terms of A. This factor is in general composed of literal fac- 
tors, which are found by inspecting the terms, and of a numerical 
co-efiicient, obtained by finding the greatest common divisor of the 
numerical co-efRcients in A. 

In the same tDay, find the monomial Bj common to all the terms of 
B ; then determine the greatest/actor D , common to A , and B , . 

This factor Dj, is set aside, as forming the first part of the re- 
quired common divisor. The factors A j and B j are also suppressed 
in the proposed polynomials, and the question is reduced to finding 
the greatest common divisor of two new polynomials A' and B' 
which do not contain a common monomial factor. It is then to be 
understood that the process developed below, is to be applied to 
these two polynomials. 

269. Several circumstances may occur as regards the number 
of letters that may be contained in A' and B^ 

1st. When A' and R contain but one letter a. 

When A' and B' are arranged with reference to a, the coeffi- 
cients will necessarily be prime with each other; therefore in this 
case, we shall only have to seek for the greatest common factor de- 
pending upon a, viz. D3. , 

In order to obtain it, we must first prepare the polynomial of the 
highest degree, so that its first term may be exactly divisible by 
the first term of the divisor. This preparation consists in multiply- 
ing the whole dividend hy the co-efficient of the first term of the dwi- " 
sor,orhf a factor of this co-efficient^ or hy a certain power qfit^'v^ 
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Older that we may be able to execute aereral operations, widMMl 
aoj new preparations (Art* 68). 

The dmsUm is then performed, atmUmdng the apercUion ttntU a 
reauunder is obtained of a lower degree than the divisor » 

If there is a factor common to all the co^eficienls of the remainder^ 
it must be suppressed, as it cannot form a part of the required dm- 
aor; after which, noe operate with the second polynomial^ and iMs 
remainder, in the same way we did with the polynomials A^ and B. 

Continue this series of operatioru untU a remainder is obtained 
which wiU exactly divide the preceding remainder, this remainder 
will be the greatest common divisor D, of A' and B' ; and D^X^s 
will express the greatest common divisor of A and B ; or, continue 
the operation until a remainder is obtained independent of a, that is, 
a numerical remainder, in which case, the two polynomials. A' and 
B' will be prime wUh each other. 

2d. When A' aiul V contain two letters a and b. 

After having arranged the polynomials with reference to a, we 
first find the polynomial factor which is independent of a, if there 
is one. 

To do this, we determine the greatest common divisor A^ of ail 
the co-efficients of the different powers of a in the polynomial A'. 
This common divisor is obtained by applying the rule for finding 
the greatest common divisor of several polynomials, as well as the 
rule for the last case, since these co-efficients contain only one let- 
ter b. In the same way we determine the greatest common divisor B 
of all the co-efficients ofB\ Then comparing A^.and B,, we set 
aside their greatest common divisor D,, as forming a part of the re- 
quired greatest common divisor ; and we also suppress the factors 
A J, and B,, in A' and B'; which produces two new poljiiomials A" 
and B", the co.eflicients of which are prime with each other, and -to 
which we may consequently apply the rule for the first case. 

Care mjtst always be taken to ascertain, in each remainder, whether 
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ih^ co-'^fidents of^ d^ereni p&wers of the Utter ^donoi contain a 
common factory which must be suppressed, aa not forming a part of 
the eominon divisor. We have already seen that the suppression 
of tliese factors is absolutely necessary (Art. 68). 

"We shall in this way obtain the common divisor D^, of A" and B", 
axid D, xDj Xl^aj for the greatest common divisor of the polyno- 
mials A and B. 

Remark. In applying the rule for the first case to A" and B", 
'we could ascertain when these two polynomials were prime tcilh 
each othery from this circumstance, viz : a remainder would be ob* 
tained which would be either num^erical, or a function of b, but inde- 
pendent of a. The greatest common divisor of A and B would then 
beDjXD^. 

3d. When A* and B' contain three leUerSy a, b, c. 

After arranging the two polynomials with reference to a, we de- 
termine the greatest common divisor independent of a, which is done 
by applying to the co-efficients of the different powers of a, in both 
polynomials, the process for the second case, since these polyno- 
mial co-efficients contain but two letters, b and c. 

The independent polynomial D, being thus obtained, and the fac- 
tor Aj and B^, which have given it, being suppressed in A' and B', 
there will result two polynomials A" and B", having their co-effi- 
cients prime with each other, and to which the rules for the preced- 
ing cases may be applied, and so on. 

EXAMPLES. 

1. Let there be the two polynomials 

a*(P-.c»(P— aV+c*, and 4a^i— 2ac'+2c'— iool. 

The second contains a monomial factor 2. Suppressing it, and 
arranging the polynomials with reference to d, we havo 

(a«-c»)<P--a»c^+c*, and (2«»-.2iic)(i~a€»+c^. 
26 . 
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It is fint MoaMtfj to aaeertain whether th^re is a ocMnmen diti. i 
•or indepoDdeDt of d* 

By ooosideniig the oo-efficienti nf^t^, and — €rt:*+c*, of the j 
first polynomial, it will he seen that -^a^nF+e* can be put under the I 
form — c*(<^— c*) ; hence <^— c* is a oommon fttctor of the co-effi- 
cients of the first polynomial. In like manner, the co-efficienta of 
the secondi ^U^-^2ac^ and -^ac^+f^^ can be reduced to 2a(a''C)j 
and '-{^(a^c) ; therefore a— c is a common factor of these co. 
efficients. 

Comparing the two factors a*— c* and a—c, as this last will di- 
vide the first, it follows that a— c is a common factor of the propos. 
ed polynomials, and it is that part of their greatest common divisor 
foJUch is independent of d. 

Suppressing a*— c" in the first polynomial, and a — c in the second, 
wc obtain the two polynomials 6?— c* and 2a(i— c^, to which the or- 
dinary process must be applied* 






l^ad^c* 



aad-fc* 



— 4aV +c\ 



Explanation, After having multiplied the -dividend by 4a^, and 
performed two consecutive divisions, we obtain a remainder 
--4aV+c*, independent of the letter d ; hence the two polynomials 
d^— c*, and 2ad—(?, are prime with each other. Therefore the 
greatest common divisor of the proposed polynomials is a— c. 

Again, taking the same example, and arranging with reference 
to a, it becomes, after suppressing the factor 2 in the second poly- 
nomial, 

(d"—c*)a»— c*<P+c*, and 2da«-(3cd+c^)a4-c'. 

It is easily perceived, that the co.efficient of the different powera 
of a in the second p<)lynomial are prime with each other. In the 
first polynonfial, the co-efficient — c*(f»-|-c*, of the second term, or 
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^f a*, becomes — c'(4'— c*); whence <P— c* i« a oommon factor of 
the two co-efficients, and since it is not a factor of the seqond poly. 
nomial, it may be suppressed in the first, as not forming a part of 
the common divisor. 

By suppressing this factor, and taking the second polynomial for 

a dividend and the first for a divisor, (in order to avoid prep9,ration)^ 

"w^ have 

Rem. . . — 2cdla+2(2c' 

or, fl— c, 

by suppressing the common factor (— 2cd— c«) ; 



2d. a'-^c' 



-^ac-'c' 



\a-^c 



a+c 



Explanation. After having performed the first division, a re- 
niainder is obtained which contains — 20(2—0*, as a factor of its 
two co-efficients; for 2cfc'+c'=— c(— 2cd— c*). This factor be- 
ing suppressed, the remainder is reduced to a— c, which will exact- 
ly divide a?—<^.. 

Hence a— c is. the required greatest common divisor. 

270. There is a remarkable case, in which, the greatest common 
divisor may be obtained more easily than by the general method ; 
it is when one of Hie two pofytMntials contains a letter tphich U not 
contained in the oiher^ 

In this case, as it is^ evident that the greatest common divisor is 
independent of this letter,, it follows that, by arranging the polyno- 
mial which contains it, with reference to this letter, the required 
common divisor tdU be the same: as that which exists between the joo* 
eficients of the different gowers of the principal letter and the second 
pohfnottdalf whichf by hypothesis, is independent of it. 
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By this method, we are led to determine the greatest coaunoo 
dirisor betwe^i three or more polynomiala ; but they will be more 
simple thaa the proposed polynomials. It often happens, that some 
of the coefficients of the arranged polynomial are monomialsy or, 
that we may discover by simple inspection that they are prime with 
each other ; and, in this case, we are certain that the proposed po- 
lynomials are prime with each other. 

Thus, in the example of Art* 269, treated by the first method, 
after having suppressed the common factor a—Cy which ^ves the 
results, 

d*— c* and 2ad— c", 

we know immediately that these two polynomials are prime with 
each other ; for, sbce the letter a is contained in the secood and 
not in the first, it follows from what has just been said, that the com- 
mon divisor must divide tlie co-efficients 2d and — c', which is evi- 
dently impossible ; hence, dec. 

2. We will apply this last principle to the two polynomials 
Sbcq-^QOmp-i-lSbc+bmpq^ 
and 4adq'-42fg+24ad^ygq. 

Since q ia the only letter common to the two polynomials, which, 
moreover, do not contain any common monomial factors, we can ar- 
range them with reference to this letter, and follow the ordinary 
rule. But as 3 is found in the first polynomial and not in the second, 
if we arrange the first with reference to by which gives 

(3c^+ 18c)ft+30iM3>+5mpg, 
the required greatest common divisor will be the same as that which 
exists between the second polynomial and the two co-efficients 
Scq+I8c and ^Omp+bmpq. 

Now the first of these co-efficients can be put under the form 
3c(^-f 6), and the other becomes 5wp(^-f 6) ; hence ^+6 is a com- 
mon factor of these co-efficients. - It will therefore be sufficient to 
ascertain whether ^+6, which is a prime divisor, is a factor of the 
'^cond polynomial. 
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Arranging this polynomial with reference to ^ it becomes 

as the second part 24ad—4!2fg is equal to 6(4ad— 7^), it follows 
that this polynomial is divisible by 5^+6, and gives the quotient 
4ad'--7fg, Therefore q+6 is the greatest common divisor of the 
proposed polynomials. 

271. Rbmabk. It may be ascertained that g+6 is an exact di- 
visor of the polynomial' {4ad'-7fg)q+2^ad—42fg, by a method 
derived frt>m the property proved in Art. 261. 

Make 5-f-6±=0 or g=— 6 in this polynomial ; it becomes 

(4fld-7/g)X -6+24ad-42/g, 

which reduces to 0^ hence ^+6 is a divisor of this polynomial. 
* This method may be advantageously employed in nearly all the 
applications of the process. It consists in this, viz. afler obtaining 
a remainder of the first^ degree with reference to a, when a is the 
principal letter, make this remainder equal to 0, and deduce the value 
of a, from this equation. 

If this value, substituted iii the remainder, of the 2d degree, de- 
stroys Uy then the remainder of the 1st degree, simplified Art. 68, 
is a common divisor.^ If the remainder of the 2d degree does not 
reduce to by this substitution, we may conclude that there is no 
common divisor depending upon the principal letter. 

Farther, having obtained" a remainder of the 2d degree with 
reference to a, it is not necessary to continue the operation ^nj 
farther. For, 

Decompose this polynomial into two factors of the 1st degree, 
which is done by placing, it equal to 0, and resolving the resulting 
equation of the second degree. 

When each of the values of d thufr^^ obtained, substituted in the 
ri^maind^r of the 8d degree, deitttyS ^^it i» a proof thai the remaidb 
derofthe 2d degree, «»n|>{^e«i| is a oommon divisor; whisnonly 
one of the values destroys the remainder of the 3d degree, the com* 

26* 
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oxm divisor is the fiictor of the Ist degree with respect to a, which 
oorresponds to this value. 

Fmally« when neither of these values destroys the remainder of 
the 3d degree, we may conclude that there is not a conuxMXi divisor 
depending upon the letter a. 

It is here supposed that the two factors of the 1st decree with 
reference to a, are rational^ otherwise it would be more simple to 
perform the division of the remainder of the dd degree by that of 
the jeceod, and when this last division cannot be performed exactly, 
we may be certain that there is no rational common diviaor, for if 
there was one, it could only be of the first degree with respect to 
a, and should be found in the remainder of the second degree, which 
is contrary to hypothesis. 

3. Find the greatest common divisor of the two polynomials 

and 4«*+2«»-<-18a:»+3x — 5 

Atu. 2i?-=r42i?-|-x— 1. 

4. Find the greatest common divisor of the polynomials 

20«»-12a:*+16a?*-15a!»+14«*^15a;+4., 
and 15a?*- 0«'+47a;*-21x +28. 

Ans. &a^^-^Sx+4. 

5. Find the greatest common divisor of the two polynomials 

5a*i»+2ff»i»+ca*- 3a*^* + hca 
•od (iP*+5a»rf-ir»*»-ir5a^ii 

Tmnsformation of' Equaiians., 

The transformation of an equation consists in changing its 
form without affecting the equality of its members<i The object of 
a transformation, is to change an equation from one form to another 
that is more eayily resolved. 
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First Trantformation, 
To- make the second term disappear from ar^ equation. 

272., The difficulty of resolving an equation generally dimi- 
nishes with the number of terms involving the unknown quan<» 
tity; thus^ the equation a:*=|?, gives immediately «=± Vy, 
whilst the complete equation a^-i^px+q—Of requires preparatioa 
before it can be resolved; 

Now, ai>y equation being given^ it can always, be transformed 
into another, in which the second term is wanting. 

For, let there be the general equation 

«'»+Px'»-»+Qa;«-H . ... +Ta:+U=K.O.. 

Suppose x=u+af, u being unknown, and a^an indeterminate quan* 
Uty ; by substituting u+jc' for a?, we obtain 

(tt+a;')"+P(tt4ra^)'»-»+Q(M+a/)a^«+ ..... 4..T(u+a?')+U;=0 ; 
developing by the binomial, formula,, and arranging acoording to the 
decreasing powers of u, we have 



u*^+maf 
+P 



II?"* +m. 



m—l 






1^^*-}- 



+Pa?'"-V 
+ . . . 



>=0. 



+^ 
Since sf is entirely arbitrary, we may dispose of it in such a way 

P 

that we shall have m£+F=0 ; whence «'= . Substituting this 

m 

value of a/ in the last equation, we shall obtain an equation of the 
fonn, 

tt'-+Q'«"^»+R'tr-^+ . . . +T'tt+U'=0. 

iQ which the second term is wantbg. 

If this equati<m was resolved, we could obtain the values of ^ 
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oorrespooding to those ofit, by substituting each of the values of « 

F 
01 the equation x=m+*'> or x=u— — . 

Whence we may deduce the following general rule : 
In order to make the second term of an equation disappear; sub- 
sHiuUfor the unknown quaniiiy a new unknown quantify, united ttiih 
tkB ea-efieient tf Ae stcond term, takenivUh a contrary sign, and du 
vUkd by the exptmenl of Ihe degree of the equation. 

Let us apply the preceding rule to the equation «»+j?ar=g. If 

we take «=«— y, it becomes (w— g") +p(«— -2")=^» ®^' ^V 
performing the operations, and reducing, t^ — 7"=?> ^^^^ equation' 

gives ttssdbV^ T"*"^* consequently we obtain for. the two corree-. 
ponding values of x^- 

278. Instead of making the second term disappear, an equation 
may be required, which shall be deprived of its third* fourth, &c. 
term ; this can be obtained by placing the oo-efficient of t**"*, 
M'*'' . . • equal to 0., For example, to make the third term disap. 
pear, we make in the above transformed equation 
tn 1 

from which we obtain two values fot «', which substituted in the 
transformed equation reduces it to the ftrm 

Beyond the third term it will be necessary to resolve equations 
of a degree superior to the second, to obtain the value of x': thus to 
cause the last term to disappear, it will be necessary to r^M>lv« the 
equation 
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«'«+Par'*-^+ • . . Tx'+UsO, 

which is nothing more than what the proposed equation becomes 
when a^ is substituted for a?. 

P 

It may happen that the value 0:'= which makes the second 

fit 

term disappear, causes also the disappearance of the third or some 

other term. For example, in order that the second and third terms 

may disappear at the same time, it is necessary that the equation 

P 

«'= should afinree with 

m " 

fti— 1 
m — ^— a;'«+(m- l)Pa;' 4.Q= 0- 

P . 
Now if in this last equationf we replace a/ by It becomes 

«i-l P P* 

m — - — .---(ot-i\_4.(1=0^ or (m-l)P*-2wQ=0; 

therefore, whenever this relation exists between the co-efficients P 
and Q, the disappearance of the second term involves that of the 

third. 

Remarks upon the preceding Transfoi^mation, Formation of 
derived Polynaniiais. 

274. The relation x=u+x\ of which we have made use in the 
two preceding articles, indicates that the roots of the transformed 
equations are equal to those of the proposed, diminished or increased 
by a certain quantity. Sometimes this quantity is introduced in 
the calculus, as an indeterminate quantity, the value of which is 
afterwards fixed in such a manner as to satisfy a given condition ; 
sometimes it is a particular number of a given value, which expresses 
a constant difference between the roots of a primitive equation and 
those of another equation which we wish to form. 

In short, the transformation which consists in substituting u+:^ 
for X, in an equation, is of very frequent use in the theory of equa^ 
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tioos. Now thew is a very simple method of obtaining, in pracbce, 
tlie trsnsformatifcyi which results from this subt^tution. 

To show this we shall invert the order of the terms in u+x', that 
m^toTX substitute af+um the equation 

it becomes, by dereloping and arranging, according to the ascending 
powers of «, 

m-1 



u+m- 



jm-a 






«^4- . . . U-=0 



4- • • • + • • • 
+Taf +T 
+U 

If we observe how the co-efficients of the different powers ofu 
are composed, we shall see that the co-efficient of u* is nothing more 
than wbiit the first member of the proposed equation becomes when 
x' is substituted in place of x ; we shall hereafter denote it by X'. 

The co-efficient of «* is formed by means of the preceding, or 
X', by multiplying eaclv of the terms, of X' by the exponent of 9' 
in this term, and then diminishing this exponent by unity ; we shall 
call this co-efficient Y'. 

The co-efficient of 1^ is formed from Y' by multiplying each of 
the terms of Y* by the exponent of x' in this term, dividing the pro- 
duct by 2, and then diminishing the exponent by uni^.. By calling 

Z' 

this co-efficient ' -^ it is evident that Z' is formed from Y' in the 

•ame manner that Y' is formed from X.'. 

In general, the co-efficient of any term in the above transformed 
•quation, is formed from the preceding one, by multiplying each of 
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its terms by the ezponent of a^ in this tenii^ dividiiig the profhict by 
the number of co-efficients preceding the one required^ «nd then di- 
minishing the exponents of a/ by unity* 

Z' V' 
This law, by which the co-efficients X', Y', — , -— -• are derir- 

2 2 • 3 

ed from each other, is evidently entirely similar to that which 
regulates the different terms of the formula for the binomial 
(Art. 165). 

The expressions Y', Z', V, W ... are called derived polyno- 
mials of X', because 71 is deduced or derived from Y', as Y' is de- 
rived from X' : V is derived from Z', as Z' is derived from Y', and 
so on. Y' is called tlxe first derived polynomial, 71 the second, ^c 
Recollect that X' is what the first member of the proposed equa- 
tion becomes, when of is substituted for x. 

The co-efficient of the first term of the proposed equation has 
been supposed equal to unity ; when this is not the case, the law of 
formation for the co-efficients of the transformed equations is entirely 
the same, and the co-efficient of «*" is equal to that of uT, 

275. To show the use of this law in practice, let it be required 
to make the co-efficient of the second term of the following equa- 
tion disappear. 

x*- 12r»+ nr»- 9J?^-7= 0. 

12 

According to the rule of Art. 272, take «=tt-f— , or «=3-ftt, 

which will give a transformed equation of the 4th degree, and of 
the form 

Z' V 
X'+Y'u+^+^^+«*=0, 

and the operation is reduced to finding the values of 

Z' V 
X' Y' — — — 
*» ^' 2' 2.3- 



Now it feUowt fiNm the pr«»ding law, that 

X' = (8y-i2.(s)»+i7.(3)«-».(8y+'3r, or- x; =-110; 

Y' =4 . (3)»-8« . (8)»+84 . (3)'-9, or . • ^^ —'' ' 

7. ±_ 37; 

— =6.(3)'-86.(8)'+n, or 2 - 

* V 

V -— — =0. 

2^=*-W-^^ 2-3 

Therefore the transformed equation becomes 
tt*-37tt*-123u-110=0. 

Again, transform ihe equation 

mto another, the roots of which exceed the roots of the proposed 
equation by unity 

Takctt=x+1; there will result x=-H-«, which gives ine 

transformed equation 

X'+Y'u+-2-tt*+4w*=»0. 

X' = 4.(-l)'- 5.(-l)'+7.(-l)'-9. or X' =-25; 

Y' =12.(-ir-10.(-l)'+7 Y' = 39; 

7' — 17- 

^=i2.(-iy-5 T " 

v 

2:3=^ 2-2 

Therefore the transformed equation becomes 
4u^— 17u^+29tt— 25=0. 

The following examples may serve the student for exercises; 
Make the second term vanish from the following equations. 
Ist- x»-10a;*+7x'+4a;-9=0. 

2d. 3a;»+16x»+25x-3=0. 

152 
Aru. 3m» 9-=^' 
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Tntwform the equation 3x*—ldjr'+7a^—Sa;— 9=0 into aoother, 
the roots of which shall be less than the roots of the propcMd kf 

the fraction — . 
o 

. ^5 102 

Ans. Su^—du^'-Au^ — ^ 5— =0. 

y y 

We shall frequently have occasion for the law of formation of 
derived polynomials. 

276« These polynomials have the following remarkable proper- 
ties* 

Let X or a;"»+Pa:'^*+Qx"*-* ... =0, be the proposed equatioB» 
and Of 69 c, Z, its m roots, we shall then have (Art. 244), 

**+Paf-»+ . . . =(ar-a) (a?-5) (x^c) . . . (a?-l). 

Substituting gf+u (or to avoid the accents), x+u in the place of 
X ; it becomes, 

(«+«)*+?(«+«)•"*+ . . • =(«+«— a) (jc+tt-ft) . . .; 
or changing the order of the terms in the second member, and re- 
garding X— a, x—hf . • . each as a single quantity, 

(«+tt)"»+P(a;4-tt)"'"* . • . =(M+a?— a) (w+a;— ^) . . . (ti+JTT). 

Now^ by performing the operations indicated in the two ilieBibeFS, 
we shall, by the preceding Article, obtain for the first member, 

Z 

X+Ytt+--ir*-f • . . tr ; 

X being the first member of the proposed equation, and X,Z • • • 
the derived polynomials of tbis member. 

With respect to the second member, it follows from Art* iSl4S3^ 

1st. That the part involving u^ or the last term, is ecpial to the 
product (x—a) (x—b) . . . (ar— /) of the factors of the proposed 
equation ; 

2d. The co-eificient of u is equal to the sum of the pfiOductts of 
ihea^ m factors taken m^l and m— 1. 

27 
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. 8d. The ccefficient of «* is equal to the sum of the products of 
these m factors taken m->2 and m— 2 ; and so on. 

Moreover, the two members of the last equation are identical ; 
therefore, the co-efficients of the same powers are equal. Hence 

X=::{X'-a) (x—b) (x^c) • . • («— Z), 

which was already known. Hence also, Y, or the first derived po- 
lynomial, is eqiud to the sum of the products of the m factors of the 
first degree in the proposed equation^ taken m— 1 and m— 1; or 
equal to the sum of ail the quotients that can he obtained by dividing 
X by each of the m factors of the first degree in the proposed eqwu 
Hon ; that is^ 

^ X X X X 



— I if ~r • • • ■ • 

0?— a X—* 0?— d «— I 

Z 

— or the second derived polynomial, divided by 2, is equal to the 

sum of the products of the m factors of the proposed equation taken 
m— 2 and m— 2, or equal to the sum of the quotients that can be 
obtained by dividing X by each of the factors of the second degree ; 
that is, 

Z X X X 



2 («-a) (x^b) ^ («-«) (x-c) ' • • (a?-4) (x^l) ' 
and 80 on. 

Second Tranxformation. 
To make the denominators disappear from an equation. 

277. Having given an equation, we can always transform it into 
another of which the roots will be equal to a given multiple or sub^ 
multiple of those of the proposed equation. 

Take the equation 

sr+?sr-^+Q;xr-^+ . . . T«+U=0, 
and denote by y the unknown quantity of a new equation, of which 
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the roots are K timet greater than thoee of the propoied equation. 

y 

If we take y=Ka;y there will result «=-^ ; whence, substituting 
and multiplying every term by K**, we have 

3r+PK3r-»+QKV-«+RK'y*-^+ . . . +TK-»y+UK-=0. 
an equation of which the co-efficients are equal to those of the pro- 
posed equation multiplied respectively by K®, K*, K*, K^ K*, &c. 

This transformation is prmcipally used to make the denominaiars 
dist^ppearfram an equadan^ when the co-eficUnt of the farst term is 
vnitjf. 

To fix the ideas, take the equation of the 4^ degree 

e 



y 

if in this equation we make «=^9 y being a new unknown and K 
an indeterminate quantity, it becomes 

Now, thero may be two cases, 

1st. Where the denominators &, cZ, /, A, aro prime with each 
other ; in this hypothesis, as K is alt(^ether arbitrary, take E.^=hdfh^ 
ike product of the denominaiorSf the equation will then become 

f/'+adfh . f+d^dfh* . y'+eU'di'fh^ . y+^MciyW=0, 
an equation the co-efficients of which are entire, and that of its first 
term unity. 

y 
We have besides, the equation ^=l^uT'» to determine the values 

of X corresponding to those of y. 

2d. When the denominators contain common fiictors, we shall 
evidently render the co-efficients entire by taking for K the small* 
est multiple of all the denominators. But we can amplify this 
still moroy by observing* that it is reduced to determining K ir 



mA m manner, that K\ K\ K' * . • ahall eootaia the prime fiM> 
ton which compose b, d^f, hy raised to powers at least equal to those 
which are found in the deoominators. 
Thus, let the equation 

5 5 7 ^^ ^ 

y 
Take a:=— , it becomes 

bk 5it^ 7P 13&* 

First make A:=9000, which is a multiple of all the other deno- 
minators, it is clear that the co-efficients become whole numbers. 

But if we decompose 6, 12, 150 and 9000 into their factors, we 
find 

6=2x3, 12=2*X3, 150=2x3x5", 9000=2^x3^X5^; 
and by simply making A:=2 X 3 X 5, the product of the diiierent aim. 
pie factors, we obtain 

ifc»=2«x3*x5*, A'=2'x3'X5', ife*=2*x3*x6S 

whence we see that the values of A:, A*, iP, **, contain the prime 
factors of 2, 3, 5, raised to powers at least equal to those which 
enter in '6, 12, 150 and 9000. 

Hence the hypothesis A:=2x3x5 is sufficient to make the 
denominators disappear. Substituting this va)ue» the equation 
becomes 

. 5.2.3.5 3 5.2».3^5» 7.23.3'.5» 13.2*.3*.5« 

"^ H oa ft ^ o a !va ^ o3 02 r3 =0 j 



^ 2.3. "^ ^ 2«.3 ^ 2,3.5» ^ 2».3»,53 

which reduces to 

y«-5.5y»+5.8.5y-7.2»,3».5y-18.2.3».5=0; 
^ y*-25jr»-f375^-1260y- 1170=0. 

Hence, we perceive the necessity of taking k as small a number 
M possible : otherwise, we should obtain a transfbitned equation, 
having its eo-effictents very great, as may be ae^i by radueing 
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the transformed equation resulting from the supposition A:=:9000 in 
the preceding equation. 



EXAMPLES. 

, 7 , 11 25 y 

1st, ar^ a^4 — x =0: a?=— • 

whence 

3^-143r»+lly-75=0; 

«j . 13 . 21 ^ 32 ^ 43 1 



12 ^40 225 600 800 "" ' 2».3.5' 

y 

ora;=- 

whence 

y»— 65j^+18903^- 307203^— 928800y +972000=0. 

278. The preceding transformations are those most frequently 
used ; there are others very useful, of which we shall speak as they 
present themselves ; they are too simple to he treated of separately. 

In general, the problem of the transformation of equations should 
he considered as an application of the problem of elimination be- 
tween two equations of any degree whatever, involving two un- 
known quantities. In fact, an equation being given, suppose that 
we wish to transform it into another, of which the roots have, with 
those of the proposed equation, a determined relation. 

Denote the proposed equation by F(ir)=0, (enunciated function 
of a? equal to zero), and the algebraic expression of the relation 
which should exist between a? and the new unknown quantity y, by 
F' {x,y)=0 ; the question is reduced to fiiKiing, by means of these 
two equations, a new equation involving y, which will be the re- 
quired equation. When the unknown quantity x is only of the first 
degree in F'(ir, y)=0, the transformed equation is easily obtained, 
but if it is raised to the second, third . . . power, we must have re- 
coui-se to the methods of elimination. 

27* 
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Elimination^ 



279. To eliminate between two equations of any decree what- 
ever, involving two unknown quantities, is to obtain, by a series of 
operations, performed on these equations, a single equation which 
contains but one of the unknown quantities, and which gives all the 
vaJues of this unknown quantity that will, taken in connection with 
the corresponding values of the other unknown quantity, satisfy at 
the same time both the given equations. 

This new equation, which is a function of one of the unknoum 
quantilieSf is called the final equationy and the values of the iinknowD 
quantity found from this equation, are called compatible vedues. 

Of all the known methods of elimination, the method of the com- 
mon divisor, is, in general, the most expeditious ; it is the method 
which we are going to develop. 

Let F(ar, y)=0 and F'(x, 3f)=0 be any two equations whateyer, 
or, more aimply, 

A=0, B=0. 

Suppose the final equation involving y obtained, and let us try to 
discover some property of the roots of this equation, which may 
serve to determine it. 

Let y=a be one of the compatible values of y ; it is clear, that 
since this value satisfies the two equations, at the same time as a 
certain value of a?, it is such, that by substituting it in both of the 
equations, which will then contain only x, the equations vnU admit of 
at least one common value of x ; and to this common value there 
will necessarily be a corresponding common divisor involving x. 
Art. 2€|2. This common divisor will be of the firat, or a higher 
degree with respect to a?, according as the particular value of y=za 
corresponds to one or more values of x. 

Redprocally, every value ofy, whic\ substituted in the two equa. 
tions, gives a common divisor involving x, is necessarily a compatible 
value, because it then evidently satisfies the two equations at the 



ELIMniATKni. 81t 

OMBie time with the value or values ofx found from this common di* 
'visor when put equal to 0. 

280. We will remark, that, before the substitution, the first mem* 
hers of the eqtuitions cannot, in general, have a common divisor, which 
is a function of one or both of the unknown quantities. 

In fact, let us suppose for a moment that the equations A=09 
B=0, are of the form 

A'xD=0, B'xD=0. 

D being a function of x and y. 

Making separately D=0, we obtain a single equation involving 
two unknown quantities, which can be satisfied with an infinite num* 
her of systems of values. Moreover, every system which renders 
D equal to 0, would at the same time cause A'D, BD to vanish, and 
would consequently satisfy the equations A=0, B=0. 

Thus, the hypothesis of a common divisor of the two polynomials 
A and B, containing x and y, would bring with it as a consequence 
that the proposed equations were indeterminate. Therefore, if there 
exists a common divisor, involving x and y, of the two polynomials 
A and B, the proposed equations will be indeterminate, that is, they 
may be satisfied by an infinite number of systems of values of x 
and y. Then there are no data to determine di. final eqiuUion in y, 
since the number of values of y is infinite. 

If the two polyn<xnials A and B were of the form A'xD> B'x^t 
D being a function of x only, we might conceive the equation D=0 
resolved with reference to x, which would give one or more values 
for this unknown. Each of these values substituted in A'xD=0 
and B'xD=0, at the same time with any arbitrary value of y, would 
verify these two equations, since D must be nothing, in consequence 
of the substitution of the value of x. Therefore, in this case, the 
pr0|)08ed equations would admit of a finite number of values for x, 
but of an infinite number of values for y ; then there could not exist 
a final equation in y. . 

ii«iice, when the equations A=0» B=0, are determinate, that is» 



when thejr only admit of a Imifeil mmber of syatamB <^ raloea tar 
X and j^ their fint membera cannot have e^fimeiian f^ these wnkmmn 
qmnMeffor a common dmaor^ unlesB a particular substitutioii has 
been made for one of them. 

281. From thia it is easy to deduce a process for obtaining the 
final equaiion involving y. 

Since the characteristic property of every compatible value of 
y isy that being substituted in the first members of the two equations, 
it gives them a common divisor involving x, which tbey had not be- 
foroy (unless the equations are indeterminate, which is contrary to 
the supposition), it follows, that if to the two proposed polynomials, 
arranged with reference to x, we apply the process for the greatest 
common divisor, we generally shall not find one ; but, by continuing 
the operation properly, we shall arrive at a remainder independent 
of X, and which is a function of y, which, placed equal to 0, will 
give the required final equation ; for every value of y found from 
this equation, reduces to nothing the last remainder of the operation 
for finding the common divisor ; it is, then, such, that substituted in 
the preceding remainder, it will render this remainder a common di- 
visor of the first members A and B. Therefore, each of the roots 
of the equation thus formed is a compatible value of y. 

282. Admitting that the final equation may be completely re- 
solved, which would give all the compatible values, it would after- 
wards be necessary to obtain the corresponding values of x. Now 
it is evident that it would be sufficient for this, to substitute the dif* 
ferent values of y in the remainder preceding the last, put the poly- 
nomial involving x which results from it equal to 0, and find from it 
the values of x ; for these polynomials are nothing more than the 
divisors involving x, which become common to A and B. 

But as the final equation is generally of a degree superior to the 
second, we cannot here explain the methods of finding the values of 
y. Indeed, our design was principally to show that, two equations 
of any degree being given, we can, wilhout supposing the resohdUm 
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€^ €t-ny equation^ arrine at another equatianj. conUdmng only one of 
iJte -einknown guantUies which enter into the proposed equations. 

Of Equal Roots. 

283. An equation is said to contain equal roots, when its first 
member contains equal factors. When tins is the case, the derived 
polynomial, wliich is the sum of the products of the m factors taken 
722 — 1 andm— 1 (Art. 276), contains a factor in its different parts, 
w^hich is two or mpre times a factor of the proposed equation. 

Hence, there must be a common divisor lefween tJiefrsl member of 
ilie j/roposed equation and itsjirst derived poJynomiah 

It remains to ascertain the maimer in which this common divisor 
is composed of the equal factors. 

284. Having given an equation, it is required to discover whether 
it lias equal roots, and to determine these roots if possilde. 

JLel X denote the first member of the equation 

a;"»+Pa:'"-"+Qa;"-^+ . . . +T«+U=:0, 

and suppose that it contains n factors equal to x— a, n' factors equal 
to X — b, n" factors equal to x— c • . ., and contains also the simple 
factors x— p, x— j, x— r • . • ; so that we may have 

X=(x-a)''(x-^)"'{a?-c)«" . . . (x-ji) (x-^) (x-r) . . . 

With respect to Y, or the derived polynomial of X, we have 
seen (Art. 276), that it is the sum of the quotients obtained by divide 
ing X by each of tlie m factors of tJie Jtrst degree in the proposed 
equation. Now, since X contains n factoi-s equal to x— a, we shall 

X 

have n partial quotieots equal to ; the some reasoning applies 

X — a 

to each of the general factors, x— i^, x— c. • • • Moreover we can 
form but one quotient equal to 

XXX 
jr— p X— g X— r 

Therefore, Y is necessarily of tbe form 






Ffom this oompontioQ of the polynomial T, it is plain that 

are fibcton oommoa to all ita texma ; heDoe the product 
(«-a)-»X(«-»r"*X(«-c)<-» . . • 

ia a oomroon diyiaor of Y ; moreovery it ia evident that this product 
wiU also divide X, it is therefore a common divisor of X and Y; aod 
it is their greatest oommon divisor. For, the prime factors of X 
are «— a» a— ^ «— c . • . and «— j>, «— J» «— r . • • ;>iiow «— f, 
x^q^ x^ff cannot divide Y, since some one of them will be want- 
ing in each of the parts of Y, while it will be a factor of all the 
other parts. 
Hence, the greatest common divisor of X and Y is 

ihaXiMfilUgreaUH common dmwr is composed rfl^ qfihoH 

fs/cktn wkAck enter iwo or more Umee in the proposed equaUon^ ^^^ 
ftdeed to a power lees ^ unt^ than m ike given equaUon. 

265. From the above we deduce the following method : 

To discover whether an equation X=0 contains any equal roots, 
form Y or ike derieed polynomiid of X ; then seek for the greatest 
common dmsor between X and Y ; if one cannot be obtained, the 
equation has no equal root^, or equal factors. 

If we find a common divisor D, and it is of the first degree, or of 
the form x— A, make x—h^O, whence «= A ; we may ihen conclude, 
that ihe equation ?las two roots equal to h, and has but one species of 
equal roots^ from which it may be freed by dividing X by {x — A)'« 

If D is of the second degree with reference to «, resolve the equa* 
Uen D=:0 ; there may be two cases ; the two roots will be equal, 
or they will be unequal. 1st. When we find D=(«— A)', ihe equa- 
tion has three roots equal to h, and has hut one species of equal roots, 
'xxn which it can be freed by dividing X by («— A)* ; 2d, when D 
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is of the fonn («— A) («— A'), the proposed equation htu two roaU 
egfiia2 to h, and two equal to h\ from which it may be fireed by divi. 
ding X by («-*/(«-A7, or by D^ 

Suppose now that D is of any degree whatever ; ii is neeessaryi 
in order to know the species of equal roots, and the number of roots 
of each species, to resohe completely the equation 0=0 ; and every 
simple root ofD wiU be twice a root of the proposed equation ; every 
double root ofD wiU be three times a root of the proposed equation ; 
and so oa. 



BXAHPUMI. 

1. Determine whether the equation 

2a?*_12a?4.19a»«e«+9=0 

contains equal roots. 

We have (Art. 274), for the derived pol3mom]al 

Now, seekuig for the greatest common divisor of these polyno. 
mials, we find D=a;— 3=0, whence a;=3; hence the proposed 
equation has two roots equal to 3. 

Dividing its first member by («— 3)*, we obtain 



Thus the equation is completely resolved, and its roots are 

2 

2. For a second example take «*— 2«*+3a'— 7a!*+8a?— 8=0; 
the first derived polynomial is 5a?*— Saj'^+Oa^— 14a;+8, 

and the common divisor «"— 2a?+l, or («—!)•, 

hence the proposed equation has three roots equal to 1. 

Dtvidmg its first member by (x-^lf or by «'— 8«*+3«— 1, the 
quotient is 



-Idb 

2 

thua the equation is completely reaoWed, 

8. For a third example, toke the eyiatioQ 

the derived polynomial is 

7i»+3(te*+30x*— 24jrr»— 45*»— 6a?+8 ; 

and the common diviior is 

The equation a^+3a»+x»-a«~2=0 cannot be resolved directly, 
hut by applying the method ofe-iual roots to it, that is, by seeking 
for a common divisor between its Urst member wid its derived poly. 
nomial, 4«»+9x"+2«— 8, we find a common divisor, x+1 ; which 
proves that the •pmre of «+l is a fiictor of a^^+SaP-t-**— ^-2, 
and the cube of «+l, a (actor of the first member of the proposed 

equation. 

Dividing a^+3a?+x«-3a:-2 by («+!)• or gi'+2x-}-l, we tave 
a^^aj— 2, which placed equal to zero, gives the two roots a?=l, 
47=1^2, or the two factors «— 1 and x+2. Hence we have 
**+3r»+«'-3x-2=(a:+lAa?-l) (a?+2). 
Therefore the first member of the proposed equation is equal to 
{x+l)\x^iy{x+2y; 

or the proposed equation has three rooU equal to— 1, two equal 
to +1, and two equal to —2. 

Take the examples, 

1st. «''-7aJ"+l6x»+22ac*— 43r^— 35[B»+48ap+86=0, 

2d. x''— 3i»+9«*-19«*+27r»-33r»4-27a;-9=0, 

288. When, in the application of the above method, wo 
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«Hi ^ua^ Thts!^^n€n4egpee «u{)erior to ^hb s^ebud, sbioe this 
equation may itself be subjected to the method, we ar<ft^fteii aMe 
to decompose D into its fa€tors, aad in this way to find the different 
species of e^ual roots contained in the equation XscQ, and the num- 
ber of roots of each species. As to the simple roots of X=0, we 
begin by freeing this equation from the equal factors contained in 
it, and the resulting equation, X'sO, wiU make known the simple 
roots. 



CHAPTER VIL 



Resolution of Numerical Equations^ involving one or 
more Unknown Quantities. 

287. Thb principles established in the preceding chapter, are ap. 
plicable to a41 equations, whether their co-efficients are numerical 
or algebraic, and these principles should be regarded as the ele- 
ments which have' been employed in the resolution of equations of 
the higher degrees. <f 

It has been said already, that analysts have hitherto been able to 
rfesolve only the general equations of the third and fourth degree. 
The fortmilas they have obtained for the values of the unknown 
quantities are so complicated and inconvenient, when they can be 
applied, (which is not always possible), that the problem of the re* 
solution of algebraic equations, of any degree whatever, may be 
regarded as more curious than useful. Therefore, analysts have 
principally directed their researches to the resolution of numerical 
equations, that is, to those which arise from the algebraic translatioii 
of a problem in which the given quantities are particular numbers ; 
and methods have been found, by means of which we can always 
detem&ine the roots of a numerical equatiim of any gwen degree. 

It is proposed to develop these methods in this chapter. 

28 



To fender tba reMoniog general, we will repre m ca at the prqxMi 
eqnataanbj 

af +Paf^+Qjr-*+ . • . =0, 

in which P, Q • • • denote particular numbers, real, positiye, or ne- 
gative. 

First Princ^le. 

288. When two numbers p and q, substituted in the place ofiiM 
a numerical equation^ give two resuUSf affected with contrary sigm, 
the proposed equation contains a real root^ comprehended between ihea 
two numbers 

Let the proposed equation be 

ir+Par-»+Qaf"»-f . . . Tar+U=0. 
The first member will, in general, contain both positiye and ne- 
gative terms ; denote the sum of the positive terms by A, twd the 
sum of the negative terms by B, the equation will then take the 
fcrm 

A.-B=0- 

Suppose p<q9 end that p substituted ibr x gives a negative result, 
and q a positive result. 

Since the first member becomes negative by the substitution of pt 
and positive by the substitution of q^ it follows that we have in the 
first cose A<B, and in the second A>B. Now it results from the 
nature of the quantities A and B, that they both increase aa « in- 
creases, since they contain only positive numbers, and positive and 
entire powers of x ; therefore, by making x augment by insensible 
degrees, frc»n |> to 9, the quantities A and B will also increase by in* 
sensible degrees. Now wnce A, by hypothesis, from being less than 
B, ailerwards becomes greater than it, A must necessarily have a 
more rapid mcrement than B, which insensibly destroys the excess 
Ihat B had over A, and finaUy produces an excess of A over B. 
From this, we conceive that in the passage from A<B to A>fi; 
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there must be an intennediate value for which A becomefl equal to 
By and Che value which produces this result is a root of the equa. 
tioDt since it verifies A-«B=:Oy or the proposed equation. Hence, 
the proposition is proved. 

In the preceding demonstration, jp and q have been supposed to 
l>e positive numbers ; but the proposition is not less true, whatever 
may be the signs with which p and q are affectecL For we will re- 
mark, in the first place, that the above reasoning applies equally to 
the case in which one of the numbers p and g, p for example, is ; 
that is, it could be proved^ in this case, that there was at least one 
real root between and q. 

Let both p and q be negative^ and represent them by — |/ and 
-^. 

Iff in the equation 

we change x into — y, which gives the transformation 

it is evident that substituting — p' and ^g' in the proposed equation, 
amounts to the same thing as substituting p' and q' in the transfor- 
mation, for the results of these substitutions are in both cases 

(-p'r+p(-p')"^+Q(-p'r-"+ . . . T(-p')+u, 

and (-g')-+P(-g')«-^+Q(-/r-*+ . . . T(-g')+U ; 

Now, since jp and q, or — p' and — g', substituted in the proposed equa- 
tion, give results with contrary signs, it follows that the numbers p' 
and q'f substituted m the transformation, also give results with con- 
trary signs; therefore, by the first part of the proposition, there is 
at least one real root of the transfoormation contained between jp' 
and q' ; and in consequence of the relation x= — y, there is at least 
one value of x comprehended between — jp' and — ^, or p and q. 
This demonstration applies to cases in which p=r or qszO. 

Lastly, suppose j> jpofiftve and q negaUve or equal to — ^: by 
making x^Q in the equation, the first member will reduce to its 



iMt lem* wlucbii aeceanrily affected with a sigii oootraiy to drnt 
of p, or that of — f'; whence we «iay coockide that tkera k a root 
coiopraheiMM between and p, or between 6 and -*^, awl ccxiae. 
quently between p and — ^. 

Seamd Principle. 

^0. Wlien two numbers, substituted in place of or, in an eqaa- 
tioot give results affected with contrary signs, we may conclude that 
there iaat least one real root comprehended between them, but we 
are not certain that there are no more, and there may be any odd 
number of roots comprised between them- We therefore enunciate 
the second principle thus. — 

When an uneven number (2n+l) of the real roots of an equation, 
are comprehended between two nuTnbers, the reeuUs obtained by sub- 
mtuUng (hen numbers. for x, are affected with contrary signsj wnd if 
they comprehend an even number 2n, the remdtsobUtined by their suh- 
etihUion are necessarily affected with the same sign. 

To make this proposition as clear as possible, denote those roots 
of the proposed equation, X=0, which are supposed to be compre- 
hended between p and q^ by a, b, c, . . ., and by Y, the product 
of the factors of the first degree, with reference to a:, "correspond- 
ing both to those real roots which are not comprised between them 
and to the imaginary roots ; the signs of p and q being arbitrary. 

The first member, X, can be pu^ under the form 
(X'-a) (x— J) {x—c) * . . X Y. 

Now substitute in X, or the preceding product, p and q in place of 
9; we shall obtain the two results 

(p-a)(p-3)(p-c)... xY', 

(q^a){q^b)(q^c)... xY", 

Y' and Y" representing what Y becomes, when we replace a; by ^ 
and f ; these two quantities are necessarily affected with the same 
lign^ for if they were not, by the fivit priaeiple Y»0 woold give at 
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. leMt one real root comprised between p aad q^ which i« e<»trary to 
tiie hypotheais. 

To determine the signs of the above results more eaailf^ divide 
the first by the second, we obtain 

(p^g) (p^h) (p-c) ...XT 
iq^a){q^b)(q^c)...xY- 
ivhich can be tnritten thus ; 







•a P'-b ^p- 
•a^q^b^q. 


17X 


Y' 

• • ' ■ y// 




Now, since the root* a^b, c, . . 
we have 


• are 


comprised between p 


and J, 






p 0, br C, 


d. . 


•> 




but 




2^ 0, h e, 


<2,. 


• ; 




whence we 


deduce 












P- 


-0, p-^b, |>- 


•c, . . 


.>., 




and 


T 


-^0, f-^ J- 


-c, .. 


.<.. 





henee, since p—a and q—a are affected with contrary signs, as well 
as p^b and j— J, p— c and q-^c . . ., the partial quotients 

p— a p— 5 p^c 



q^a* q-^y q^c 



, &c. 



Y' 

are all negatwe ; moreover y,„ • is essentially positive, since Y' 

and Y" are affected with the same siga ; therefore the product 

p^a p.-^b p^c Y' 

"z !rX~ rX X • • • -tTft » 

will be negative, when the number of roots, a, ^, c • . ., compre- 
hended between p and q, ia uneven, and positive wh^ the number is 
•Ten. 

2B* 



O ottw q ^e t iy, tbe two raulto (ji-a) (p-*) (f— «) . . • XY'i 
and (f — a) (f — ^) (f — «) • • • XY"» will have ooatnury w the aam 
mgrn, woomdiag m tiw Mrn^er ot root» oompruped between ^ mad q 
m wm€9€n or even. 

Ztmils of <A€ r?a/ R&ots^ of Equations. 

390. The different methods for j-esoliiiig numerical eqaatkn^ 
oODiiit generally in mibetituting particular numbers in the propoeed 
equatioDy in order to discover if these numbei* verify it, or whether 
there are roots comprised between these numbers. But by reflect- 
ing a little upon the composition of the first member, the first term 
being positive, and affected with the highest power of x, which is 
greater with respect to that of the inferior degree in proportion to 
the value of «, we are sensible that there are certain numbers, 
above which it would be useless to substitute, because all of these 
numbers would give positive results. 

391. Every number which exceeds the greatest of the poeitive 
roots of an equation, is called a superior limit of the positive roots. 

From this definition, it follows that the limit is susceptible of an 
infinite number of values ; for when a number is found to exceed 
the greatest positive root, every number greater than this, is, for a 
still stronger reason, a superior limit. But it may be proposed to 
determine the simplest possible limit. Now we are sure of having 
one of the limits, when we obtain a number^ which^ substituted in 
place ofx renders the first memher positive, and which, at the same 
time, is such, that every greater number wHl also give a positive 
result. 

We will determine such a number. 

292. Before resolving this question, we will propose a more sim- 
ple one. viz. 

To determine a number, which, substituted in pkiee of x in an 
equaUan, wUl render the first term XT greater than the orHhmMcal 
sum ofalCthe others. 
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Supipoie that alithe teraoA of the equation are ftfi^atiraieseeiii the 
first, 80 that 

It is required tafibd a number for « which will render 

Let A: dmote the g;reatest. co^efficient, and substitute it in place of 
^he co.efficients ; the inec^ality will become 

h is evident that every number substituted for x which will satisfy 
this condition, will for a stronger reason, satisfy the preceding. Now, 
dividing this inequality by a?*, it becomes. 

k k k k k 

k 
Makmg «=!:, the second' member becomes-^-, or 1 plus a series 

of positive fractions ; then the number k will not satisfy the ine^ 
quality ; but by supposing^ jv=3;2;-f-l, we obtain for the second ittem»> 
ber the series . of fractions 

k k k ' k k 

i5:+i+(ifc+i)«+ (^+1)3 + • • • +(Ar+l)"-*+ (]fc4-ir ' 

which, considered in an inverse order, is an increasing geometrical 

k 
progression, the first term of which is .. . » the ratio A:-f 1, and 

the last term . ; hence the expression for tbe sum of all the 
terms is, (Art. 223), 

k ,, k 

r-(^+i)- 



which is evidently less than unity. 



Any nmnber >l(+l, pot in place of a^ will render the mim of the 

k k 
firactiaos — \-'^+ • * • "^^ ^^^* Therefore, 

The greai^ eo^^ki^U of ike efuaUon pbu unity, or any greater 
nmmhr, being iubetitiaedfar x, wiU render the ^rst term x"* greater 
ikon Ae tuUkmttical sum of all tke others. 

Ordinary limit of the Positive Roots. 

298. The number obtained abore may be considered a prime 
limit, since this number, or any greater number, .rendering the first 
term superior to the sum of all the others, the results of the aub. 
stitution of thes^ numbers, for x nxust be constantly positive ; but 
this limit ia commonly much too great, ^because, in general, the 
equation contains several positive tenns. We will, therefore, seek 
fpr a limit suitable for all equations; 

Let sf^^ denote the power of ar, corresponding to the first nega- 
tive term which follows a^, and we Will consider the most unfavour- 
aUe case, viz.. that in which all of the succeeding terma are nega- 
tive, and affected with the greatest of the negative co-efficients in 
the equation. 

Let S be this cO-efficient, and try to satisfy the condition 
«»>Saf»-^+Si!*-*-*+ . . . Sa?+a ; 
or, dividing both members of this, inequality by o^,. 
S S S S S 

Now by supposing »"=S or a?= Vs^ the .second member be- 

S . " • 

comes -g-, or 1, plus a series of positive fractions ; but by making 

«=: VS+1, or (supposing, for simplicity, VS^S', whence S=rS'")," 
af=S'+l, the second member becomes 



(S'+l)» ^(S'-hl)"**^ ^ • ^ (S'+l)-^ (S'+l)«~ 
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^which is a progressicm by quotients, /or . -ivm being the first term, 

S' + l the ratio, and .g, ^e last term. Hence the express 

sion for the sum of all these fractions is 

which is evidently less than 1. 

Moreover^ every number >S'-f-l or V^+l, will, when substi. 

S S 
tuted for x, render the sum of the fractions — | — Tr+ . • • . still 

smaller, since the numerators remaining the same, the denominator 

will increase. Hence VS+1, and any greater number, will ren- 
der the- first term x^ greater than the arithmetical sum of all the 
negative terms of the equation, and will consequently give a posi* 
tive result for the first member. 

Therefore Vo+l, or unity increased by that root of. the greatest . 
negtUive co- efficient whose index is the number of terms which j^ecede^ 
the first negative term, isi a superior Iwiit of the positive roots of the 
equatioTL 

Make 7»=l,^in which case the firsts negative term is the second 

term of the equation ; the limit becomes ^VS+l, or S+1 ; that is,* 
the greatest negatfoe eo^efidsfU pbts unity. 

Let OS 2, then Uie two. first terms are positive, or the term aT"^ 

is wanting in ^s> equation ; the limit is then* V»4-l. 
When n=?3 the limit is %/g+l.: . . * ' ' 

Find the supeij&r limits for the positive roots in the following ol[- 

amples: . , •' ... .' . * 



**+ll««-26a?-67=0; VS+1=V67+1 or 6; 

11 
"3" 



« / — 11 

8«'-3c'-ll«+4=0; VS+1=— +1 or 5. 



NewUm^i method far determining the smallest Umit in entire 

numbers. 
294, Let X=0, be the proposed equation ; if in this equation we 
make «=«'+u, «' being indeterminate, we shall obtain (Art. 274), 

X'+Y'tt+yU^-f • . • +tt-'=0. (1) 

Conceive, that after successive trials we have detemnined a number 

for «, which, substituted in X', Y', y . . ., renders all these co-effi- 

cienU positive at the same time ; this number will be greater than 
the greatest positive root of the equation X=0, 

For, the co-efficients of the equation (1) being all positive, no 
positive number can verify it ; therefore all of the real values of u 
must be negative; but from the equation x=x' -\-Uy we have w=x— i'; 
and in order that the values of m corresponding to each of the values 
of X and xf (already detennined) may be negative, it is absolutely 
necessary that the greatest positive value of x should be less than 
the value of «'. 

EXAMPU5. 

As a;' is indeterminate, the letter x may be retained in the forma- 
tion of the derived polynomials, and we have 

X =j?*-5a:^-0ic»-^19a:+7,. . 
Y =4a^--15«"-^12«-:10,. 

— =6ar»-15«-6, 

V 
2,3 
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The questicm 1% as stated above, reduced to finding the smallest 
number which, substituted in place of w, will render all of these ][X>- 
lynomials positive. 

It is plain that 2 and every number >2, will render the polyno- 
mial of the first degree positive. 

But 2, substituted in the pol3moniial of the second degree, gives a 
negative result ; and 3, or any number >3, gives a positive result. 

Now 3 and 4, substituted in the pol3momial of the third degree, 
give a negative result ; but 5 and any greater number, give a posi- 
live result. 

Lastly, 5 substituted in X, gives a negative result, and so does 6 ; 
for the three first terms a?*— -5«^— 6a^ are equivalent to the expres- 
sion «'(«— 5)— 6a^, which is reduced to when a?=-0 ; but a?=7 evi- 
dently gives a positive result. Hence 7 is a superior limit of the 
positive roots of the proposed equation ; and since it has been shown 
that 6 gives a negative result, it follows that there is at least one 
real root between 6 and 7. 

Applying this method to the equation 

aJ5-3a^^8a!'— 25a»+4«-39=0, 

the superior limit will be found to be 6. 

We should find 7, for the superior limit of the positive roots of 
the equation 

aH»-5a;*-13ar»+17r»-69=0. 

This method is scarcely ever used, except in finding incommen- 
surable roots. 

296. It remains to determine the superior limit of the negative 
roots, and the inferior limits of the positive and negative roots. 

Hereafler we shall designate the superior liniit of the positive roots 
of an equation by the letter L. 

1st. If in the equation X=0, we make «=:— -y, which gives the 
transformed equation Y=0, it is clear that the positive roots of this 
new equation, taken with the sign — , will give the negative roots of 



4v -'^ 



dii ftopomd eqofllioii; tkanfora, ^eimbmig', hy tlia kpown me- 
dKMii^<ke0i9erior linit L' of IIk pnitii^e roDte of the eqoatkxi Y=e, 
we tball have ^L' for the < iygr» r Itaite (numerically) of Ae %ega- 
«HM raoit of ikft mro&Q§td towtniotkm 

2d« If in the equation X=Oy we make x= — ^, which gives the 

equation 7=0, it follows firom the relati<m «=s — that the greatest 

positiTe values of y correspond to the smallest of x ; hence, desig. 
nating the superior limit of the positive roots, of the equation Y=0 

liy L'', we shall have --jy for the iftferior Umit of ike positive roots 
rf ike prapoied i 



3d. Finally, if we replace r, in the proposed equation, by , 

and find the superior limit h"' of the tran sfor med equation Y=rO| 

— pTT ^iJ^ ^ ^ inferior limit (numerically) 4ff the negative rooU 

rf ike prqpoted equation. 

396. Every equation in wkich there are no variaHons in the signtj 
that is, in which all the terms are ponUve, must have all of its reel 
roots negative; for every positive number substituted for x will ren- 
der the first member essentially positive. 

Every complete equation^ having its terms alternately positive and | 
negative, must have its real roots all positive ; for every negative 
number substituted for x in the proposed equation, would render all 
the terms positive, if "the equation was of an eventlegree, and all tyf 
them negative if it was of an odd degree. Hence the sum would 
not be equal to zero in either case. 

This is also true for every incomplete equation^ in which there 
re$uits, hy substituting — y for x, an equation having all of its terms 
effected wi^ the same sign. 
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Consequences deduced from the preceding Principles. 

First 

297. Every equation of an odd degree, the co-efficients of which 
are real, has at least one real root tweeted udth a sign contrary to 
that of its last term. 

For, let a*+Par-*+ . . • Tjc±U:s€, be the proposed equation; 
and first consider the case in which the last term is negative. 

By making x=0 the first member becomes — U. But by giving 
a value to x equal to the greatest negative co-efficient plus unity, or 
(K+1), the first term a* will become greater than the arithmetical 
sum of all the others (Art. 292), the result of this substitution will 
therefore be positive ; hence, there is at least one real root compre- 
hended between and E+1, which root is positive, and consequently 
afi^ed with a sign contrary to that of the last term. 

Suppose now that the last term i^ positive. 

Making x=0, we ^obtain +U for the result; but by putting 
— (K+1) m place of «, we shall obtain a 'zegative result, since the 
first term becomes negative by this substitution ; hence the equa- 
tion has at least one real root comprehended between and 
~(K+1), which is negative, or tweeted with a sign contrary to that 
of the last term. 

Second. 

298. Every equation of an even degree^ involving only real co- 
efficients of which the last term is negative^ has at least two real rootSj 
one positive and the ^ ther negative. For, let -~U be the last term ; 
making x=0, there results --U. Now substitute either K+1, or 
— (K+1), K being the greatest negative co-efficient of the equa- 
tion : as m is an even number, the first term x*" will remain positive ; 
besides, by these substitu^ons, it Uscomes greater than the sum of 
all the others ; therefore the results obtained by these substitutions 
are both positive, or afiected with a sign contrary to that given by 
the hypothesis x=0 ; hence the equation has at least two real ro^**- 

29 



one comprehended between and K+1, or pogkwe, ajod the oth« 
between Oand — (K+1), or negaiite. 

Third. 

290. tf an e^uatiouj invoUnng only real co^egicients, caniaint 
imaginary rooU^ the number of these rooU nmei he even. 

For, conceive that the first member has been divided by all the 
simple factOTB corresponding to the real roots ; the co-efficients of the 
quoiieni will be real (261) ; and the equation must dUo he of an ewn 
degree; for if it was uneven, by placing it equal to zero^ we should 
obtain an equation that would contain at least one real root, which, 
from the nature of the equatitti, it cannot have. 

Rbxabk. 800« There is a property of the above polynomial quo- 
tient which belongs exclusively to equations containing only imagi- 
nary roots ; viz* every such equation always remains posUive for awf 
real vabtc substituUd for x. 

For, if it could become negative, since we could also obtain a posi- 
tive result, by substituting K+1 or the greatest negative co-efficient 
plus unity for «, it would follow that this polynomial placed equal 
to zero, would have at least one real root comprehended between 
K+l and the number which would give a negative result. 

It also follows, that the last term of this polynomial must be post* 
tive, otherwise x=0 would give a negative result. 

Fourth. 

dOL When ihe last term of an equation is positive^ the number of 
its real positive roots is even ; and when it is negative this number is 
uneven* 

FoTj first suppose that the last term is +U, or positive. Since 
by making a?=0, there will result +(7, and by making a;=rK+l, 
the result will also be positive, it follows that and K+1 give two 
results affected with the same sign, and consequently (289), the 
lumber of real roots, (if any), comprehended between them, is even. 
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When the last tenn is — U, then and K+1 give two results 
afl^ted with contrary signs, and consequently comprehend either a 
single real roatj or an odd num^ of them. 

The reci^procdl of this proposition is evident. 

Descartes* Rule. 

802. An equaiion of any degree whatever cannot have a greater 
number of positive roots than there are variations in the signs qfiis 
terms, nor a greater number of negative roots tlian there are perma- 
nences of these signs. 

In the equation a;— a=0, there is one variation, that is a change 
of sign in passing along the terms, and one positive root, x=a. And 
in the equation x+h^O, there is one permanence, and one negative 
root, x=— J. 

If these equations he multiplied together, there will result an equa- 
tion of the second degree, 

«*— a I x—db ) 

V=0. 

If a is less than ft, the equation will he of the first form (Art. 144) ; 
and if a>& the equation will be of the second form : that is 

fl<i gives a^+px-^q=0 and 
a>3 a^—px—q^zO 

In either case, there is one variation, and one pennanenoe, and 
since in either form, one root is positive and one negative, it follows 
that there are as many positive roots as there are variations, and 
as many negative roots as there are permanences. 

The proposition would evidently be demonstrated ia a general 
manner, if it were shown that the multiplication of the first member 
by a factor x— a,corresponding to a positive root, would introduce at 
least one variationf and that the multiplication by a foctor «+«, 
would introduce at least tme permanence. 



S40 AIABBBA* 

Let there be the equation 

«»=fcA«— *dbBj^^±C*»-^db . . . ±Tar±U=0, 

in which the sigDS succeed each other in any manner whatever ; by 
muhiplying it by «— a, we have 

af^ztA I x-dbB I a--->dbC I «--*=b • . . dbU jo; 

—a I ipAa I zpBa \ zpTa | zpUa 

The coefficients which form the first horizontal line of this pro- 
duct* are those of the proposed equation, taken with the same sign; 
and the co-efficients of the second line are formed from those of the 
first* multiplied by a, taken with contrary signs* and advanced one 
rank towards the right. 

Now, so long as each co-efficient of the upper line is greater than 
the corresponding one in the lower, it will determine the sign of the 
total co-efficient ; hence* in this case there will be, from the first 
term to that preceding the last* inclusively, the same variations and 
the same permanences as in the proposed equation ; but the last 
term ^\]a having a sign contrary to that which immediately pre- 
cedes it, there must be one or more variations than in the proposed 
equation. 

When a co-efficient in the lower line is afl^ted with a sign ecu. 
trary to the one corresponding to it in the upper* and is also greater 
than this last, there is a change from a permanence of sign to a 
variation ; for the sign of the term in which this happens* being the 
same as that of the inferior co-efficient, must be contrary to that of 
the preceding term* which has been supposed to be the same as that 
of its superior co-efficient. Hence* each time ^e descend from the 
upper to the lower line* in order to determine the sign* there is a 
variation which is not found in the proposed equation ; and if; after 
passing into the lower line* we continue in it throughout* we shall find 
for the remaining terms the same variations and the same perma- 
nences as in the proposed equation* since the co-efficients of this line 
are all affected with signs contrary to those of the primitive co-effi- 
rents. This supposition would therefore give us one variaticn for 
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each positive root. But if we ascend from the lower to the upper 
line, there may be either a variation or a permanence. But even 
by supposing that this passage produces permanences in all cases, 
since the last term zpUa forms a part of the lower line, it will be 
necessary to go once more from the upper line to the lower, than 
from the Ipwer to the upper. Hence the new equation tmut haoe at 
least one more variation than the proposed ; and it will be the same 
for each positive root introduced into it. 

It may be demonstrated, in an analogous manner, that ^ muld' 
plication hy a factor x-f-a, corresponding to a negative root, would 
iniroduce one permanence more. Hence, in any equation the num- 
ber of positive roots cannot be greater than the number of tabia* 
Tioxs of sign, nor the number of negative roots greater than the 
number of PESMANSNCBs. 

303. Consequence. When the roots of an equation are all real* 
the number ofposiJttce roots is eqwd to the mmhw ofwmatknu^ and 
the nuniher ofnegaJtxee roots is equal to ihe number of permanenees. 

For, let m denote the degree of Uie equation, ii the number of 
variations of the signs, p the number of permanences ; we shall have 
m=fi+jp. Moreover, let n* denote the number of positive roots, 
and pf the number of negative roots, we shall have sism'+p'; 
whence 

n+p^n'+T^ 

or, n^n'^^p'-'p. 

Now, we have just seen that n' cannot be >fi, and pf cannot be >|i ; 

therefore we must have »'=», and p'=p. 

Remakk. 304. When on equation wants some of its terms, we 
can often discover the presence of imaginary roots, by means of the 
above rule. 

For example, take the equation 

p aod 9 being essentially positive ; introducing the term which is 

29* 
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M'antiDg, by affecting h with the oo-efficieDt dbO, it becofnes 

By considering only the superior signs we should only obtain per- 
manences, whereas the inferior sign would give two variations. 
This proves that the equation has some imaginary roots ; for if they 
were all three real, it would be necessary by virtue of the superior 
sign, that they should be all negative, and, by virtue of the inferior 
sign, that two of them should be positive and one negative, which 
arc contradictory results. 

We can conclude nothing from an equation of the form 

for introducbg the term ztO.si^j it becomes 
ar»dbO . a*— |m:+^=0, 

which contains one permanence and two variations, whether we take 
the superior or inferior sign. Therefore this equation may have its 
three roots real, viz. two positive and one negative ; or, two of its 
roots may be imaginary and one negative, since its last term is ne. 
gative (Art. 301). 

Of the Commensurable Roots of Numerical 

Equations. 

805. Every equation in which the co.efficients are whole num. 
hers, that of the first term being unity, can only have whole num. 
bers for its commensurable roots. 

For, let there be the equation 

!xr+?(xr-'+Qjxf^''+ . . . +Tx+U=0; 

in which P, Q . . . T, U, are whole nuiftbers, and suppose that it 

a 
could have a commensurable fraction -y for a root. Substituting 

this fraction for a?, the equation becomes 
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^whence, multiplying the whole equation by i""*, and transposiugy 



but the second member of this equation is composed of a series of 
entire numbers, whilst the iirst is essentially fractional, for a and b 
being prime with each other, a" and h will also be prime with each 
other (Art. 118), hence this equality cannot exist ; for, an irreduci- 
ble fraction cannot be equal to a whole number. 

Therefore it is impossible for any commensurable fraction to sa- 
tisfy the equation. Now it has been shown (Art. 277), that an 
equation containing rational, but fractional co-efficients, can be 
transformed into another in which the co-efficients are whole num- 
bers, that of the first term being unity. Hence the research bf the 
commensurable roots, entire or fractional, can always be reduced to 
that of the entire roots, 

306. This being the case, take tlie general equati(»i 
a!«+Pa^*+QaJ^""+ • • • +Ra;'+Sar»4.T«4-U=0, 

and let a denote any entire number, positive or negative, which will 
verify it. ^ . 

Since a is a root, we shall'have the equation 

a«+Pa'»-'+ . . . -fRa'+SaHTa-fTJ*=0 .... (1); • 

replacing a by all the entire' positive and negative immbers between 
1 and the limit ^L, and between —1 and — L', those which verify 
the above equality will be the' roots of the equation. But these 
trials being long and troublesome, we will 3educe from Equation (1), 
other conditions Equivalent U>.this, lemd easier verified.. 

Transposing all the terms except the -last, and dividing by a, the 
equation (1) becomes- • ' . • 

—=-«"-» .-Pa-^- . . . -Ra»-Sa-T . . . (2) ? . 

DOW, the second member of this equation^is an entire number, hence 



— OMifll be an entire .number ; therefore ike emtire roots cf the tqua^ 

fm art eom^prmd mmmg ike dwuorM cf the last term. 

Transposing — T in the equation (2) and dividing by a, and ma- 

U 
king — hTsT; it becomes 

— =-0— •-Pfl*-* • • • -Ra-S . . . (8) ; 

a 

T 
the second member of this equation being an entire number, — 

or, ihe quotietii rf ihe dmrion cf — f-T hys^is an entire number. 

Transposing the term — S and dividing by a, it beoomesy by sup- 

T' 
posing — +S=S', 

— =-a-^-Pa-^ -R . . . (4), 

a 

the second member of this equation being an «itire number^ — 

T' 
or, the quoUeni cf the dtomon of — (-S ^ a, if an entire nutnher^ 

By continuing to transpose the terms of the second member mto 

the first, we shall, after m— 1 transformations, obtain an equation oi 

Q' 
the form ••••;• — =: — a— P, 

a 

Then, transposing the term — P, dividing by a, and making 

Q' P' F 

—+P=P', we shall find —=—1, or f-l=0. 

a a a 

This equation, which is only a transformation of the equation (1), 
is the last candUUm which it is requisite and necessary that the en- 
tire number a should satisfy, in order that it may be known to be a 
root. 

From the preceding conditions we may conclude that, in order 
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that an enti^ ai^mber a, positive or j^egaitjv^, may be a root of the 
proposed equation, it is necessary 

That ike q^otiefU of the last term9 dmded hy a, ishmld he an en? 
tire number ; 

Adding to this quc^ienjt the co-efficient Of g^, tqikea wijth its sifn, 
tlie quotient of this sum divided by a, Jimst be entire ; 

Adding the co. efficient of x^ to this quotient, the quotient of (his 
7iew sum by a, must be entire; and so on. 

Finally, adding the co-efficient of the second terin« or of x"~*, to 
the preceding quotient, the quotient of this sum divided by a, mitst be 
entire and equal <o — 1 ; or, the result of the addition of unity , or the 
co-efficient of x", to the preceding quotient, must be equal to €. 

Every number which will satisfy these conditions will be a root,' 
and those which do not satisfy them should be rejected. . • 

All the entire roots may be determined at the same time, as fol- 
lows. ^ 

After having determined aU the divisors of the last termy iorite 
those which are comprehended between the limits -|-L and — L' upon 
the same horizontal line ; then underneath these divisor's write the qua* 
tients of tlie last term by each of them. 

Add the co^efficient of x^ to s(ich of these quotienis, and write ther 
sums underneath the quotients which correspond to them ; then divide 
these sums by each of the divisors, and write the quotients underneath 
the corresponding sums ; taking' care to Reject the fractional quo. 
tieiiis and the divisors which produce them ; and so on. 

When there are terms wanting in the proposed equation, their 
co-efficients, which are to be regarded as equal to 0, must be taken 
into consideration. 

EXAMPLE. 

aj*~r»— iai;»+lj5x-48=0. 

The superior limit of the positive roots of this equation is 13+1 
or 14 (Art. 293). The co-efficient 48 i$ aot ^^onsidered, sii^ce the 
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two last teimi can be pot under the fonn 16(«— 8) ; hence when 
t>S this part » easentially positive. 

The superior limit of the n^^ative roota is —(1+ V48)f or —8 
(Art. 2M). 

Therefore, the divisors are 1, 2, 8, 4, 6, 8, 12 ; moreover, neither 
+1, nor —1, will satisfy the equatimi, because the co-efficient —48 
m itself greater than the sum of all the others ; we should therefore 
try only the potUive dnisars from 2 to 12, and the negative divisor* 
from —2 to —6 inclusively. 

By observing the rule given above, we have 

12, 8, 6, 4, 3, 2, — 2, — 3, — 4, — 6 

— 4,-6, -8, -12, —16, —24, +24, +16, +-12, + 8 

+12, +10, +8, + 4, 0, - 8, +40, +32, +-28, +24 

+ 1,' 0, - 4, -20, .., — 7,-4 

-12,^-13, -17, -33, 

— 3, M, •«, 
^ 4, ••, ••, 

— 1, ••, ••, 

The frst line contains the divisors, the second contains the quo- 
tients of the division of the last term —48, by each of the divisors. 
The third line contains these quotients augmented by the co-efficieot 
+16, and the fourth the quotients of these sums by each of the du 
visors ; this second condition excludes the divisors +8, +6, and —3. 

Thejifth is the preceding line of quotients, augmented by the co- 
efficient —13, and the sixth is the quotients of these sums by each 
of the divisors ; this third condition excludes the divisors 3, 2, —2 
and —6. 

Finally, the seventh is the third line of quotients, augmented by 
the co.efficient —1, and the eighth is the quotients of these sums by 
each of the divisors. The divisors +4 and —4 are the only ones 
which give —1 ; hence +4 and —4 are the only entire roots of 
the equation. 

In feet, if we divide a?*— «*— 18«*+16a?— 48, by the product 
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••> 


••> 


-12, 


••• 


••t 


- 1, 


••• 


••9 


- 2, 


••> 


••• 


••f 


••> 


••> 



3, 


.., —20, 


— 17 


•> 


.., -H 5, 


•• 


•9 


... + 4, 


•• 


•f 


• •, 1, 


.. 
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(jaB—4) (»+4)f or «^— 18, the quotient will be «*— c+S, which 
placed equal to zoro^ gives 



therefore, the four roots are 

4, .4, -5.+-^V=n and -j—V^^li. 



EXAMPLES. 

1st. «*-5«'+25a?-21=0. 

9d. 16»»-19«*+6a;«+l&«»-.19«+6=0. 

8d. 9a!»+30«"+22a?*+10a;^+17a»-20a?+4=0. 

(y Real and Incommensurable Roots. 

807. When an equation has been freed from all the divisors of 
the first, degree which correspond to its commensurable roots, the 
resulting equation contains the incommensurable rooU of the pro* 
posed equation, either real or imaginary. 

The true form of the real incommensurable roots of an equation 
will remain unknown, so long as there is not a general method for 
resolving equations of the higher degrees. Although this problem 
has not been resolved, yet there are methods for approximating as 
near as we please to the numerical values of these roots. 

We shall here consider only the case in which the difference be- 
tween any two roots of the proposed equation is greater than unity, 
omitting as too difficult for an elementary treatise, the cases in which 
this difference is less than unity. 

We will also suppose, in what follows, that we have obtained the 
narrowest limits 4-L and — L', by Newton's method (Art. 294). 

808. Each of the incommensurable roots being necessarily com- 
posed of an entire pari and a part less than imt^, we shall first deter- 
mine the entire part of each root. 
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For this purpose, it is necessary to substitute, in the equatioiiy for 
X, the series of natural numbers 0, 1,2, 3 • • . and —1, — 2, --3.«., 
comprised between +L and — L'. Since there must be a real root 
between two numbers, which, by their substitution produce results 
affected with different signs (Art. 288), it follows that each pair of 
eonseeutive numbers giving results affected with contrary signs, wUl 
con^^hend a realrooi^ and but one^ sbce by hypothesis the difference 
between any two of the roots is greater than unity. The entire 
part of the root wUl be the smallest of the two numbers substituted. 

There are two cases which may occur ; viz. by these different 
substitutions there may be as many changes of sign as there are 
units in the degree of the equation ; in which case we may con- 
clude that all the roots are reaL Or, the number of changes of the 
sign will be less than the degree of the equation, and, in this case, 
it will have as many real roots as there are changes of sign ; the 
other roots will be imaginary. In both cases, this method makes 
known the entire part of each of the real roots. 

It now remains to determine the part which is less than unify. 

Newton's Method of Approximation. 

309. In order that this method may be more easily comprehend- 
ed, we shall take the equation 

ar»-5x-3=0 . . . (1). 

The superior limits of the positive and negative roots being +3 
and —2, we make 



whence 



a?=- 


-2, - 


1, 0, 1, 2, 


3; 


X=z- 


-2 the result is 


-1, 


«=- 


-1 


. . . 


+1, 


x=. 







. . 


-3, 
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1 
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-1, 


a?=: 


2 
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-5, 


«= 


3 
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+9. 
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Afr there are three changes of sign, it follows that the three roots 
of the equation are real ; viz. one positive contained between 2 and 
S, two negative, one of which is contained between and — 1, the 
other between — -1 and —2. 

We shall first consider the positive value between 2 and 3. 

The required root being between 2 and 3^ we will try to coatffwdb 
these limits, by taking the mean 2^, or 2,5, and substituting it in 
the equation ic^— 5a;— 3=0 ; the result of which is +0,125. No^ 
2 has already given —5 for a result, therefore the root is between 
2 and 2,5. 

We will now consider another number, between 2 and 2,5 ; but 
as, from the results given from 2 and 2,5, it is to be presumed that 
the root is nearer 2,5 than 2, suppose a;=2,4; we shall ob^in 
— 1,176; whereas 2,5 has given +0,125. Therefore the root is 
between 2,4 and 2,5. 

By continuing to take the means, we should be able to contract 
the two limits of the roots more and more. But when we haive- 
once obtained, as in the above case, the value of x to at least 0,1, 
we may approximate nearer in another way, and it is in this that 
Newton's method principally consists. 

In the equation a^— 6a?— 3=0, make a?=2,4+tfc 

There will result (Art. 274), the transformation 

X'+Y'tt+|^u«+ti»=0; 

in which X' =(2,4)'-5(2,4)-3=- 1,176, 

Y'=3(2,4)«-5=12,28, 

|-=3(2,4)=7,2. 

The equation involving tt, being of the third degree, canBOt ba^ 
resolved directly, but by transposing all the terms except Y'tt, and 
dividing both members by Y', it can be put under the form 

Z' . 1 , 
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850 ALGBBRA. 

This being the case, since one of the three roots of this equation 
must'be less than — > ^rom the relation a?= 2,4 -|-w, the correspond- 
ing values of u* and v* are less than ^ and , Moreover, 

the inspection of the numerical values of Y' and Z% proves that 

Z' 

^, ia <1 ; therefore the value of u only differing numerically 

X' Z' 1 

from — ^7 ^y ^^® quantity 2"^"*+ y'"'' (which most frequently 

1 \ X' 

is less than 1, is expressed by —=7 to within 1,01. 

As, in this example, 

y_ +1,176 1176 __ 

T" 12,28 ~ 12280 "^^'^^ • • •' 

there will result «=0,09, to within -rjjjTf and consequently 
«=2,4+0,09=2,49, to within -rjr^. 

In fact, 2,49 substituted in the first member of the proposed equa. 
lion, gives —0,011751 ; 

whilst 2,250 gives +0,125. 

To obtain a new approximation, make a:=2,49+tt' in the pro. i 

i 



posed equation, and we have 



X"+Y'V+^u'»+u'3=0; 

in which X"= (2,49)3~5(2,49)-3=-0,011761, 
Y"=:3(249)«- 5= 13,6003, 

— =3(2,49)=7,47. 
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But the equation involving u' may be written thus : 

And since one of the values of v! must be less than , the 

corresponding values of vS\ tt'^ are less than j^^q^^* 1000000 ' 

X" 1 

hence — y7/ ^^^ represent the value of u' to within-rjrrjrr-. 



Since we have 

X" 0,011751 11751 



Y" 13,6003"" 13600300" 



=0,0008 . . ., 



it follows that tt'=0,0008,to within ^ , and consequently 
a?=2,49+0,0008=2,4908, to within- 



10000 • 



Again, by supposing «=2,49084-tt", we could obtain a value of 

« to within 100000000- 

Each operation commonly gives the root to twice as many places 
of decimals as the previous operation. 

310. Generally, let|> andjp+1 be two numbers between which 
one of the roots of the equation X=0 is comprised. 

First determine the value of this root to within — > by substituting 

a series of numbers comprised between p and p+^s until two 
numbers are obtained which do not differ from each other by more 

ihan^. 
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1 

Then, calling £ the value of « ohUxined to within — suppose 

c:=«^+« in the equation X=0 ; 
which gives 

which can be piU under the form 

X', Y' Z' .'. . being easQy calculated. (Art, 309). 

X' 

Since the mxm of the tenns, which follow — y7 in the second mem- 
ber of this equation ifl» commoDlyy less than ^ , they can be 

X' 1 

neglected, and calculating — ^7 ^® within -Tqq-* we add the result to 

i^f which gives a new value x" approximating ft> within ■ ^ of the 

, 100 

exact value. 

To obtain a dd approximation, we suppose x=:x"+uf in the pro- 
posed equation^ which gives 

X"+Y'V+^tt'«+ . . .tt'-=0 ; 

, X" Z" ,^ 1 

whence ** = ""y^''"2rr^ Y^'**'" 

Z" 1 

Neglecting the terms -g-:^'*-. . . . -^,»"« which are suppo- 

X" 
sed to be less than 0,0001, we calculate the value of — :y7„ continuing 
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tlie operation to the place of decimals, and add the result to 

sc'^ ; this gives a third approximation a/", exact to within ryt^r.^. * 

E-epeat this series of operations for each of the positive roots. 
As for the negative roots, they are found in the same way as the 
positive roots, by changing x into —a; in the proposed equation, 
ivhich then becomes, 

--a!3+5a?--3=0, or aj»-.5j;4-3=0 

in which the positive roots taken with a negative sign, are the nega- 
tive roots of the proposed equation. These roots are 

a?=: — 1,8342 and a?— =0,6566 

to within 0,0001. « 



THE END. 
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